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Abstract

In this paper, we made an attempt to study the algebraic nature of fuzzy normal subnearring

and its properties.
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Introduction

There are many concepts of universal algebras generalizing an associative ring

(R; +, .). Some of them in particular, near rings and several kinds of semi rings have

been proven very useful. An algebra (R; +, .) is said to be a near ring if (R,+) is a

group and (R, .) are semi group satisfying a.(b + c) = a.b + a.c, for all a, b and c in

R. After the introduction of fuzzy sets by L.A.Zadeh, several researchers explored

on the generalization of the concept of fuzzy sets. The notion of Fuzzy subnear rings

and ideals was introduced by S.Abou Zaid. In this paper, we introduce fuzzy normal

subnearring of a near ring and prove some properties.

Properties of fuzzy normal subnearrings

Definition 2.1 Let R be a nearring. A fuzzy subset A of R is said to be a fuzzy

subnearring (FSNR) of R if it satisfies the following conditions:

(i) µA(x− y) ≥ min{µA(x), µA(y)},
(ii) µA(xy) ≥ min{µA(x), µA(y)}, for all x and y in R.

Definition 2.2 Let R be a nearring. A fuzzy subnearring A of R is said to be a

1∗mohamedalihashim@gmail.com and 2soundar.rajan2002@yahoo.com Page 44 of 49



ISSN: 2456-8686, Volume 4, Issue 2, 2020:44-49
DOI : http://doi.org/10.26524/cm79

fuzzy normal subnearring (FNSNR) of R if it satisfies the following conditions:

(i) µA(x+ y) = µA(y + x),

(ii) µA(xy) = µA(yx), for all x and y in R.

Theorem 2.3 Let (R,+, ·) be a near ring. If A and B are two fuzzy normal

subnearrings of R, then their intersection A ∩ B is a fuzzy normal subnearring of

R.

Proof: Let x and y in R. Let A = {〈x, µA(x)〉 / x ∈ R} and B = {〈x, µB(x)〉 / x ∈ R}
be a fuzzy normal subnearring of a nearring R. Let C = A ∩ B and C =

{〈x, µC(x)〉 / x ∈ R}. Then, clearly C is a fuzzy subnearring of a nearring R, Since A

and B are two fuzzy subnearring of a nearring R.

And, (i)
µC(x+ y) = min {µA(x+ y), µB(x+ y) },

= min {µA(y + x), µB(y + x) },
= µC(y + x),

Therefore, µC(x+ y) = µC(y + x), for all x and y in R.

(ii)
µC(xy) = min {µA(xy), µB(xy) },

= min {µA(yx), µB(yx) },
= µC(yx),

Therefore, µC(xy) = µC(yx), for all x and y in R. Hence A ∩ B is a fuzzy normal

subnearring of a nearring R.

Theorem 2.4 Let R be a nearring. The intersection of a family of fuzzy normal

subnearring of R is a fuzzy normal subnearring of R.

Proof: Let {Ai}i∈I be a family of fuzzy normal subnearrings of a nearring R and

let A =
⋂
i∈I

Ai.

Then for x and y in R. Clearly the intersection of a family of fuzzy subnearrings of

a nearring R is a fuzzy subnearring of a nearring R.

1∗mohamedalihashim@gmail.com and 2soundar.rajan2002@yahoo.com Page 45 of 49



ISSN: 2456-8686, Volume 4, Issue 2, 2020:44-49
DOI : http://doi.org/10.26524/cm79

(i)
µA(x+ y) = inf

i∈I
µAi

(x+ y)

= inf
i∈I

µAi
(y + x)

= µA(y + x)

Therefore, µA(x+ y) = µA(y + x) for all x and y in R.

(ii)
µA(xy) = inf

i∈I
µAi

(xy)

= inf
i∈I

µAi
(yx)

= µA(yx)

Therefore, µA(xy) = µA(yx) for all x and y in R. Hence the intersection of a family of

fuzzy normal subnearrings of a nearring R is a fuzzy normal subnearring of a nearring

R.

Theorem 2.5 Let A and B be fuzzy subnearring of the nearrings G and H,

respectively. If A and B are fuzzy normal subnearrings, then A × B is a fuzzy

normal subnearring of G×H.
Proof: Let A and B be fuzzy normal subnearrings of the nearrings G and H

respectively. Clearly, A×B is a fuzzy subnearrings of G×H.
Let x1 and x2 be in G, y1 and y2 be in H. Then (x1, y1) and (x2, y2) are in G×H.
Now,

µA×B[(x1, y1) + (x2, y2)] = µA×B(x1 + x2, y1 + y2)

= min{µA(x1 + x2), µB(y1 + y2)}
= min{µA(x2 + x1), µB(y2 + y1)}

= µA×B(x2 + x1, y2 + y1)

= µA×B[(x2, y2) + (x1, y1)].

Therefore, µA×B[(x1, y1) + (x2, y2)] = µA×B[(x2, y2) + (x1, y1)].

And
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µA×B[(x1, y1)(x2, y2)] = µA×B(x1x2, y1y2)

= min{µA(x1x2), µB(y1y2)}
= min{µA(x2x1), µB(y2y1)}
= µA×B(x2x1, y2y1)

= µA×B[(x2, y2)(x1, y1)].

Therefore, µA×B[(x1, y1)(x2, y2)] = µA×B[(x2, y2)(x1, y1)]. Hence A × B is a fuzzy

normal subnearring of G×H.

Theorem 2.6 Let A and B be fuzzy subsets of the nearrings R and H, respectively

and A×B is a fuzzy normal subnearring of R×H. Then the following are true:

(i) if µA(x) ≤ µB(e′), then A is a fuzzy normal subnearring of R.

(ii) if µB(x) ≤ µA(e), then B is a fuzzy normal subnearring of H.

(iii) either A is a fuzzy normal subnearring of R or B is a fuzzy normal subnearring

of H.

Proof: Let A×B be a fuzzy normal subnearring of R×H and x, yinR and e′ in H.

Then (x, e′) and (y, e′) are in R×H.
Now, using the property that µA(x) ≤ µA(e′), for all x in R. Clearly A is a fuzzy

subnearring of R. Now,
µA(x+ y) = min {µA(x+ y), µB(e′ + e′)}

= µA×B((x+ y), (e′ + e′))

= µA×B[(x, e′) + (y, e′)]

= µA×B[(y, e′) + (x, e′)]

= µA×B[(y + x), (e′ + e′)]

= min {µA(y + x), µB(e′ + e′)}
= µA(y + x).

Therefore,

µA(x+ y) = µA(y + x),

for all x and y in R. Also,
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µA(xy) = min {µA(xy), µB(e′e′)}
= µA×B((xy), (e′e′))

= µA×B[(x, e′)(y, e′)]

= µA×B[(y, e′)(x, e′)]

= µA×B[(yx), (e′e′)]

= min {µA(yx), µB(e′e′)}
= µA(yx).

Therefore,

µA(xy) = µA(yx),

for all x and y in R. Hence A is a fuzzy normal subnearring of R.

Thus (i) is proved.

Now, using the property that µB(x) ≤ µA(e), for all x in H, let x and y in H and e

in R. Then (e, x) and (e, y) are in R×H. Clearly B is a fuzzy subnearring of H.

Now,
µB(x+ y) = min {µB(x+ y), µA(e+ e)}

= min {µA(e+ e), µB(x+ y)}
= µA×B((e+ e), (x+ y))

= µA×B[(e, x) + (e, y)]

= µA×B[(e, y) + (e, x)]

= µA×B[(e+ e), (y + x)]

= min {µA(e+ e), µB(y + x)}
= µB(y + x).

Therefore,

µB(x+ y) = µB(y + x),

for all x and y in H.

Also,
µB(xy) = min {µB(xy), µA(ee)}

= min {µA(ee), µB(xy)}
= µA×B((ee), (xy))

= µA×B[(e, x)(e, y)]
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= µA×B[(e, y)(e, x)]

= µA×B[(ee), (yx)]

= min {µA(ee), µB(yx)}
= µB(yx).

Therefore,

µB(xy) = µB(yx),

for all x and y in H. Hence B is a fuzzy normal subnearring of H.

Thus (ii) is proved. (iii) is clear.

Conclusion

In this paper, we have defined Fuzzy normal subnearring and proved its

properties
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