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Abstract

Under the given probability distribution and known expectation of a random variable, the
functional variants of a particular type of weighted deviation have been maximized and many
well known entropies in the existing literature have been obtained as functional variants of the
mean deviation in Euclidean normed space.

Key words: FEuclidean normed space, Functional variants, Mean deviation, Maximum,
Lagrangian.
AMS classification:

1. Introduction

Let X be a discrete random variable taking finite number of possible values
Ty, To, ..., Ty With probabilities py,pa,...,ppm(p1 > 0,i=1,2,....,m,> " p;=1).
Let R™ be the Euclidean m -dimensional real normed space. Let A,, =
{P=(p1,p2s- - pm),pi >0,> " pi= 1} C R™ be the set of complete finite
discrete probability distributions.

Let wy,ws, ..., wy, (w; >0,i=1,2,...,m) be the weights quantifying the
quality of xq,xs,...,z,, respectively, then W = (wy,ws,...,w,) € R™ If ¢ is a
real constant then vector (c,c,...,c) € R™ is denoted by the same letter c. If
Y = (y1,%2,- -, Ym) and Z = (21,22,...,2y,) are from R™ and f is real valued

function defined on R then we denote f(Y) = (f (v1),f (¥2), .-, f(ym)) € R™.
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Guiasu defined the deviation of Y from Z weighted by W by
DY : Z)W) = Z w; (y; — 2i) (1)
And f -variant of the deviation of Y and Z weighted by W by
D(f(Y): f sz vi) — f (2)) (2)

The following results are direct consequences of

D P/P)=1-5 P =1 |P|! 9
Where || - || is Euclidean norm in R™.
D(L:Q/F) =1 pgi = 1 = (n/a) @
Where (-/-) is inner product in R™.
D(P:Q/P)+ D(Q: PQ) =Y (s~ 0= 1P~ QI ©)

(the Euclidean distance between P and @ ).
When W = P, the corresponding weighted deviation becomes a mean deviation with
respect to P.

In section 2 , the functional variants of (1,3) have been maximized.

In section 3, the particular cases of these functional variants have been
discussed and different well known measures of entropy are obtained.

2. Maximizng Functional Variants

We maximize
m

D(f(1): f(P)/P) = [f( ) pi (6)

=1

1% 2
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subject to the constraints

Zpi =1 and inpi = (7)
=1 =1

where p is the expectation of the random variable X. The corresponding Lagrangian

L:Z(f(l)_f(l)i))pi—l/(Zpi—1> —5(2%1?@-—#) (8)

i=1

1S

Differentiating with respect to p;(i = 1,2,...,m), T and J, the Lagrange’s equation
are:

F i) +pif (pi) = f(1) — v — o, 9)
Yoy pi=1land Y7 wip; = p
Taking g (p;) = [pif ()], (9) becomes
g(p) =K (10)

Where K = f(1) — v — dx;.
A unique value of p; will exist if the function g is strictly monotonic on (0,1) and this
happens only if f is twice differentiable on (0,1) and the derivative

g (pi) =2f" (pi) + pif" (02) (11)

Is either strictly positive or strictly negative on (0,1). Thus equation
gives p; = g~ '(K) which is the required solution. Below we discuss the concavity of
the functional variant D(f(1) : f(P)/P) : We have

D(f(): F(P)/P) =3 v () (12)
Where
¥ (i) = (F(1) = f (p)) i (13)
Now
¥ () = =3 (p1) (14)

Obviously ¢ (p;) is a concave function of p; if ¢’ (p;) > 0 on (0,1).
Thus equation implies that D (f(1) : f(P/P) is concave function
of pj;i=1,2,...,m.
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Hence any solution of @ found by the method of differential calculus yields an

absolute maximum rather than relative maximum.

Particular Cases
I) Taking
f(t) =logt,t € (0,1)

Equation @ becomes

D(f(1): f(P)/P) = _ZIngi

Which is Shannon’s entropy.
Guiasu called it logarithmic variant of 1 — || P||?.

IT) Taking oy oy
+ +
F(t) = 1 1
(0= o (T ) e 01450

Equation @ becomes

D) f

= 1+ Ap;
Z (14 Ap;) log (%)

>/I+—‘

Which is Ferrari’s entropy.
III) Taking

f(t) = _1J#Lr>0

Equation (@ becomes

221 p; —1

D(f(1): f(P)/P) = =2

, which is
Ha varda and Charvat’s entropy.
IV) Taking

1+ at
f(t) =logt — (+_ta) log(1+ at),a # 0,a > —1
a

(13)

(17)

(18)

1= 2
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Equation @ becomes

D(f(1): f(P)/P) == pilogp; + L[>, (1+ap;) log (1 + ap;)

—(1+a)log(l + a)p;

Which is Kapur’s entropy of first type.
V) Taking

£(#) = logt — %[(1 o) log(1 4+ b) — (14 b)log(1+B),6>0  (19)

equation @ becomes

DU = F(P)/P) = =Y pilogpi+ 35 | 32 (1 +bpi) o (1+ by

—(140)log(1+b)]

Which is Kapur’s entropy of second type.
VI) Taking

mw:&iﬁﬁ%h4&ﬂﬁ<a<Lﬂ>1ma>L0<ﬁ<L (20)

Equation (@ becomes

D) f(P)/P) = = [Zp?—zpf]

f-a i=1

Which is Sharma and Taneja’s entropy.

It can be easily verified that in all the cases discussed above, ¢/(t) > 0 and f"(t)
exists for t € (0,1) and for various values of the parameters specified. Next, we
derive analytical expressions for p; corresponding to the various functions discussed
above:

I) The solution of equation @ corresponding to is

pi =exp(—1—v —ox;) (21)
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Where > p;=1and )", pix; = p, which is .

Using , gives
exp (—0xq)

Pi= S exp (o)

Where § is the solution of

B "L zyexp (—d0x;)
PO = 2 S e (i) &)

We can assume without any loss of generality that random value x,z», ..., x,, are
arranged in ascending order of magnitude, that is,

11 <xg <3 < -0k <1y, (24)

From and (24), we have F(—00) =z, — p1, F(0) = T — p, F(00) = 21 — p.
Also

| T exp (—o) S exp (—om;)

= —0*(X) where ¢*(-) denotes the variance of X.

Py = - | Datew(—dz) {zz"l xmxp(—am@-)}?]

Thus F'(6) < 0. Now F'(0) = 0 iff x; = 29 = 23 = -+ = x,,, which is not feasible.
Thus F'(§) < 0 and F(9) is strictly decreasing function of ¢ decreases from (x,, — )
to (x1 — p) as d goes from —oo to oco.
Now we discuss the different cases:
a) F(0) = 0 has no real solution if u < z1 or u > .
) F'(6) = 0 has positive real solution if x; < u < .
¢) F(6) = 0 has negative real solution if T < p < x,,.
) F'(9) = 0 is satisfied by § = 0 if 7 = p.
Thus we conclude that if 7 < p < z,, then F(J) = 0 has a unique real

o

[oW

solution. If 4 = ;7 or x,,, we get degererate probability distribution (1,0,0,...,0) or
(0,0,...0,1). If u = &, we get the uniform distribution (%, %, e %) frz<p<zy
then § > 0 and probability p; decreases with ¢ and on the other hand if * < u < z,,
then § < 0 and the probability p; increases with 1.

IT) The solution of equation @ corresponding to is

exp (—dz;)
Yo exp (—dz;)

L4+ Ap;=(m+N) (25)
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Where ¢ is the solution of

doim iexp (—0x;)  mIT + M 0
S exp (—dx;) m+AN

G(5) =

Proceeding as above, we see that G'(0) < 0 and G(6) is strictly monotonic
decreasing function of ¢ which decreases from (xm - %ﬁ) to (:L‘l - %"—‘) As o
goes from —oo to oo.

The following cases arise:

a) G(8) = 0 has no real solution if ZZE2¥ < g op MBI ~ 4

m+X T omAA
b) G(6) = 0 has positive real solution if z; < ";nx—i;‘“ < Z.
mT+Ap
m+A < T

c) G(0) = 0 has negative real solution if z <
. . o= mT+A

d) G(§) =0is sa_tlsﬁed by § =0if z = ﬁ

Thus for z; < "ﬁ—if\“ < Tpm, G(0) = 0 has a unique real solution.

I1I) The solution of () corresponding to and are

P [1—(1/—1—5@-) (7’—1)}“1 (26)
r
And . .
;:exp{ +alog(1—|—a)+l/+5a€i]—a;a;éO,a>—1 (27)

Where v, § are obtained by introducing and into the constraints of @

No analytical solutions of @ corresponding to and exist, though ¢g~! exists.
The solutions p; from and may have negative values. In order to

avoid that we have to add p; > 0(i = 1,2, ..., m) to the constraints. Then by applying

the Kuhn-Tucker conditions we obtain the expressions and respectively but

only for those values of index i belonging to a subset J C {1,2,...,m} in which case

the sum ) is taken with respect to ¢ € J while for ¢ ¢ J, we have p; = 0.

3. Conclusion

In this paper, we discussed functional variants and concavity of functional
variants.  Also we derived lagrange’s equation, in particular case we derived
logarithmic variant also we derived entropy of first type and second type.

References

[1] Ferreri C Hypoentropy and related heterogeneity divergence measures, Statistica
(Bologna) 40(2), 55-118(1980).

1

*smalllmaths69@gmail.com,?murugesh5683@Qgmail.com Page 90 of



ISSN: 2456-8686, Volume 4, Issue 2, 2020:84-91
DOI : http://doi.org/10.26524 /cm84

[2] Guiasu S,The least weighted deviation, Inform. Sci. 53, 271-284(1991).

[3] Ha Varda JH and Charvat F, Quantification methods of classification processes,
Concepts of structural entropy. Kybernetika 3,30-35(1967).

[4] Kapur JN,Four families of measures of entropy,Indian J. Pure and Appl. Math.
17(4),429-449(1986).

[5] Shannon CE, A mathematical theory of communication, Bell System Tech J 27,
379-423(1948).

[6] Sharma BD and Taneja 1J , Entropies of type («, ) and other generalized
measures in information theory, Metrika, 22, 205-215(1975).

1*smalllmaths69@gmail.com,?murugesh5683@gmail.com Page 91 of



	1. Introduction
	2. Maximizng Functional Variants
	Particular Cases
	3. Conclusion

