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Abstract

In this paper, we present some basic definitions and preliminary results —¢ alpha difference
operator and inverse. We derive the sum of infinite —¢ alpha series and infinite —¢ alpha
multi-series formulae by equating summation and closed form of the generalized higher order
—/ alpha difference equation.
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1. Introduction

In 1984, Jerzy Popenda [1] introduced the difference operator A, defined on u(k) as
as Aqu (k) =u(k +1) — au(k). In 1989, Miller and Rose [2] introduced the discrete
analogue of the Riemann-Liouville fractional derivative and proved some properties
of the inverse fractional difference operator ([3] [4]). Several formule on higher order
partial sums on arithmetic, geometric progressions and products of n-consecutive
terms of arithmetic progression have been derived in [5].

In 2011, M.Maria Susai Manuel, et.al, [7] extended the operator A, to
generalized a—difference operator as A,pv (k) = v(k+1) — av(k) for the real
valued function v(k). The generalized difference operator with n-shift values ¢ =
(ly,0943,--- ,0,) # 0 on a real valued function v (k) : Rn — R is defined as

A(g) = 'U(kl—i-gl,kg—i-gg, ...... ,kn—i-gn)—’U(l{)l,kg,.....,kg) (1)

A linear generalized partial difference equation is of the form Agyv(k) = u(k), then
the inverse of generalized partial difference equation

v (k) = A" u (k) 2)

Definition 1.1 Let u(k) be a real valued function on (—oo, 00) and ¢ # 0. Then the
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—{ alpha difference operator, denoted by A , on u(k) is defined as

(=)«

A v(k)=v(k—-10) —av(k) (3)
(=0«

~1
and the inverse of the —¢ alpha difference operator, denoted by A , on u(k) is
(=)
defined as if A v (k) =u(k), then
(=D

v(k) =AY, u(k) (4)

Result 1.2 Let k € (—o0,00) and o # 0. Then we have

(1) Alpa (k) = ﬁ (5)
ok
(i7) A(:lg)a (€") = ) (6)

Proof: The proof follows by replacing u(k) by k° and e* respectively in equation
and applying (4)

2. Solution of —/ alpha difference equation

Theorem 2.1 Let [ # 0, m € N(1) and wu(k) be a real valued function on (o0, 00).
Then we have

-1 m

A u(k—10)—a™t? _Al u(k+m€):Zapu(k+p€) (7)

(~0a (~0)a =

is a solution of —¢ alpha difference equation A v (k) = u (k) and hence
(=Oa

—-1 -1 "
o A ulk+(s—1D)—a™t A u(k+ml) :Zap u(k 4+ pl),for s <m. (8)
(=D (D

p=s
Proof: By definition (), we have A_pqv (k) = v (k+ £) — av(k)
v(k—=40)=u(k)+ av(k) 9)
Replacing k by k + ¢ in equation (9) we get,

v(k)=u(k+1)+ av(k+1) (10)
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Replacing k by k+20,k+30, k+44... ... k4 (m — 1)¢ in equation (9) continuously
and substituting the resultant expression in @[) we get

vik—0) =uk)+aulk+0)+a*u(k+20)+a® u(k+30)+a* u(k+40)
o +a™ u(k +ml) + o™ vk + ml)
v(k—=1) =™ ok +ml) = >0 o u(k +pl)

Alpa ulk =0 = a™ ALy uk+ml) =) o ulk+pl) (1)

p=0

Replacing m by s — 1 in equation (1) where s < m, we arrive

—_

Ss—

_Al u(k—0)—a’ _Al ulk+(s—1)0) = caPu(k+pl) (12)
(=0 (=)

Subtracting (12) from (1)), we get

OzSA(’_ll)a u(k+(s—11) —amt! A(:ll)a u(k+ml) =" af u(k +pl),for s < m.

=3
I
o

Corollary 2.2 Let { # 0, m € N(1)and u(k) be areal valued function on (—oo, 00).
Then we have

A (kD) _ gmt *Al (ktmb)y _ p ((k+pl)
At B () = 3o )

is a solution of —¢ alpha difference equation A, v (k) = u (k) and hence

a® _Al (e(k-l—(s—l)f)) —gmt! _Al k+mé Zap k—i—pé fors<m (13)
(=) (=0

Proof: The proof follows by u(k) = e in (8).

Example 2.3 Here s =4, m =7, = 3,k = 4,{ = 5 in equation

7
4 k30 8 A k470N _ p (. (k+pt)

A —a® A =5 14
“ (=0 (e ) “ (=0 (e ) p=4 “ (e ) ( )

By result (1.2), we have

(15)
(
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Using in we get,
o (e(k+3l)) o8 (€(k+7l)) 7
(cl=a) (el=a) > _ab (") (16)

1.89806068 £20 = 1.89806068 220

Theorem 2.4 Let £ # 0, m € N(1) and kK € —00, 00 and a # 0. Then we have

Zo‘fﬁl Z H 0 A (Z (k—0,) +Z rply) + mliyy)

(1)1 P=1 p=it
Ly Ha“’uHZ
(1)1 P=1
—1 ¢ -1 ¢
= A u) (k=) —aP™ A ud (k- +mb) (17)
(—l0) 1y i=1 (=ba)y_yy p=2

Proof: From theorem (2.1) we have,

AT ulk—1) =™ AT u(k+ml) =S o uk + )

r=0
Replacing [ by [y and a by «; in previous equation
u(k)+oquk+h)+afulk+20)+ab u(k+30)+.......... + o™ u(k+mly)
= A7 1l1 Jar (k; — ll) — a1m+1 A(_—lll)al U (l{? + mll) (119)

Replacing u (k) by A(__llQ)OQ u(k—1), u(k+1) by A(_—lzg)ag u(k+1 —1y),

u (k + 2l;)by A 1
in (1.19)

(k’ + 2[1 — lg) s (k’ + mll) by A( I)ax (k? + ml1 — lg)

Yoo

A(_—lh)ag u(k —l2) + 041A(__1,2)a2 u(k+1 —1l)+ alA ll - u (k420 — 1))

+O‘/?A(_—1l2)o¢2 u (k’ —I— 3[1 — lz) —I— O[TA 1 (k’ + ml1 — lg)

(=l2)a2

(—l)ou A(_jzg)aQ u(k =l —ly)—ay™"! A(_,l AT u(k+mily — 1) (1.20)

l1)o (—l2)a2

ol AL ., ulk+rh — 1)
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= A~ 1l1 - A(_lzg) ulk —1l —1ly) — ™ A(_-lzl)al A(—_lb)a? u (k +mly —Iy)
Changing the subscripts 1 to 2 in (1.19)

u (k) + ag u(k+1y) + a3 u(k+2l) + a3 u(k+3ly) + -+ ™ u(k +mly)
- A(jlz)a2 u(k =) —ap™ " A(jlg u (k + mly) (1.21)

Jaz

Replacing k by k + rl; and multiplying of,r =1,2,3,...m in (1.21)

aiu(k+rh)+agu(k+rly + ) +as u(k+7rl +20)+ -+ o™ u(k +rly +mly)]

= 04714 A(_jl2)a2 u (k + 7”11 — lg) — Oégm—H A(_jl2)a2 u (k + 7”11 + mlg) (122)

Adding equation (1.21) and (1.22) for r = 1,2,3,...m and then applying (1.20), we
arrive

u(k)+aju(k+rl) +as u(k+ 1)+ afas u(k+rl + o) + a3 u(k + 2ls)

+alad u(k +rly 4+ 20) + .. ™ u (k +mly) + oo™ u (k + rly + mly)
= A0, Uk —12) + AL 1l o Wk Tl —1o) — ™ AT (kA mily)
_a;a2m+1 A(_—llQ)ag u (k +rl; + mlg)

Z Z Oél 062 k + Tlll + TQZQ) A(jll)al A(—llg)ag u (k — ll — l2> — a1m+1

r1=07r2=0

A e Al L, u(k+ml —15)— m“Zam L u (k4 iy +mly) (1.23)

r1=0

Changing the subscripts 1 to 2 and 2 to 3 in (1.23)

Z Z g’y u (k4 1oy +73l3) A( 112)a2 A(_,lzg,)a3 u(k—ly—l3) — ag™ "

ro=01r3=0

A( 1l2) A(—113)a3 u (k +mly — I3)—az™ ! ZO QQQA(_113)Q3 u(k 4 roly +mly)  (1.24)
ro=

Replacing k by k+ rl; and multiplying of,r = 1,2,3,...m in (1.24) and then adding

Corresponding expressions, we arrive

Z Z Z Oélquéngégr?’u (k’ + Tlll + T2l2 + T3l3) = A(_—lll)oq A( 1l2 A(__ll3)a3 u (l{? — ll — l2 — lg)
r1=07re=07r3=0
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m+1 —1 —1 -1
—Qq + A(—ll)oq A(—lz)az A(_l3)a3 u (k —f- ml1 — l2 — l3)

_a2m+1 Z aglA(—ll2)az A(jls)aa u (k +rily 4+ mly — l3)

r1=0

—az™ ! Z Z a?ang(__ll?))ag u (k4 rily + raly + mls)

r1=0172=0

Continuing the above process and rearranging the terms, we get proof.

Theorem: 2.5. Let a be a non zero real, | # 0 and k € (—oo,00) . Then we have

(r+t—1 m ),

Z(’r’t_l )aru(k}—f-rl)+am+12(m T"f’) A(l)((tx )U(k’-i-(t—r)l—f-(m—i—l)l)
r=0 r=1 ’

= A(_l)lau (k + tl) —am“A(_lfau (k+tl+ (m+1)1) (1.25)

Proof: From theorem (2.1.) we have

w(k)+auk+D)+a?u(k+20)+a®u(k+30)+a* u(k+40)+........ +a™ u(k+ml)

= A, u(k—1) =™ AL u(k+ml) (1.27)
Replacing k by k + [ and multiplying by « in equation (1.27)
ou(k+0)+a?u(k+20)+a®u(k+30)+a* u(k +4)+......... +a™ M u(k+(m+1)1)

= aA(_fl)a u (k) — a™? A(ill)a u(k+ (m+ 1)) (1.28)

Replacing k by k + 21 and multiplying by a? in equation (1.27)

o?u (k +20)+a® u (k +30)+a* u (k +4)+a” u (k +50)+......... +a" 2 u(k+(m+2)1)
= A, ulk+1) — o™ AT u(k+ (m+2)D) (1.29)

Replacing k by k + 31 and multiplying by o? in equation (1.27)

Au (k+ 30 +a* u (k + 4l)+a® u (k + 50)+a’ u (k + 61)+......... +a™ 3 wu(k+(m+3)1)

= @PA e ulk +20) — ™ AT u (k4 (m+3)]) (1.30)
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Again replacing k by k + 41,k + 51,k + 61, ..., and multiplying by a*,a® a% ... in

equation (1.27) repeatedly and then adding all resultant expressions, we have
e r+1 r —2 m+1 -2
> L )otu k) = AZ u (k4 20) — o™ AT Ju (k+ (m = 1))
r=0
+(m+1) A u(k+mi) (1.31)
Applying the above process mentioned above to (1.31), we find that

i 2
3 (r ‘; )ofu (k +rl) = AT u(k+31) — o™ A, u (k4 (m - 2) 1))
r=0

(m+2® (k + ml)] (1.32)

Hm +1D)AZ) u(k+ (m—1)1) + 5 A

Proceeding like this, we get proof of this theorem.

Corollary: 2.6.. Let [ #0, m € N(1) and k € (—o0,00) and a # 0. Then we have

t—1 m %
m+1 § ' H  A—1 w(Xt .o (k=1p) 3520 (rplp)+milig1)
[o%% [0 A e p=i+2 P p=1 \"P’P
Z i+1 P (—l:a)i+1_>t
=1

()i P=1
m t
+ Z Haprp eu(k+zf:1 (rll’b)) f— A(_jLa) 6“(2::1 (kill)_oé?l+1 A(_—llya)l teu(Z;:Q (k_lp—"_mll)
(M) p=1
Proof: The proof follows by taking u (k) = ¢F in (1.25).
Corollary: 2.7.. Let [ # 0 and k € (—00,00) . Then we have

m t—1 (r)
Z(Ht_1)U(k+ﬂ)+2%%>(t_%(k+(t—r)l—(m“)l)

r=0 t—1 r=1
= Ayyu(k+t) = Agu (k 4+t + (m +1)1) (1.33)
Proof: The proof follows by taking a = 1 in (1.25).

Example: 2.8. Here m =2,a =3,k =4, =2 in Corollary: 2.6. we get,

8 6 38
et ot = o5 (- )
(72— 3)° (e2=3)" (e =3)

83324.16691 = 83324.16691
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3. Summation formula of Alpha multi infinite series

Theorem: 3.1. Let [, # 0, and u(k) be a real valued function on (-8,8). If

1
lim —A !

Hm A, u (k—ql) =0 (1.34)
_ —1n 1
then A(fl)a = Z@ (k—ql) (1.35)
q=0

Proof: By definition 1.1 we arrive

Acpa v (k) =v(k—1)—av(k)

o (k) = o (k=)= u(k) (1.36)

a o
Replacing k by k& — [ in equation (1.36) and then (1.36) becomes,

’U(k—l):$v(k—2l)—éu(k—l)
'U(k)—%v(k—Zl)—%u(k—l)—éu(k) (1.37)

Replacing k by k — 2[ in equation (1.36) and then (1.37) becomes,

v(k:—2l):$v(k:—?)l)—éu(k:—Ql)
k=) (1.38)

Again replacing k by k — 3l,k — 4l,..... in equation (1.36) repeatedly and putting
the resultant expressions in (1.38), we arrive

—I 1
= gk —d)
q=0
Which completes proof of this theorem.
Corollary: 3.2. Let [, # 0, and u(k) be a real valued function on (-8,8). If

oo

1 1
lim —A 1 L e =0 then A(_jl)au — (1.39)
g—oo poar oﬂ
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Proof: The proof follows by u(k) = € in (1.35)
Theorem: 3.3. Let k € (—00,00) and l;, a; # 0. If
lim %A(_fl u(k —s;l;) =0,fori=1,2,... t then we have
§;—>00 Tt
Z(O:)Ht H;:1 a7 22:1 (k= splp)) = (=1)" Ht 1 AL ll )y, Y (k) (1.40)
Proof: From theorem (3.1.) we have
—1 <=
v (k) = L (k — sl) (1.41)
(6 Jpyry)
Replacing [, v, s by lg, g, s9 in (1.41)

»a)l—n'

1)(/@):;—212 ! u(k — soly)

s2=0 04252
1 1 1 1
_QQA(_ZQ)OQ u (k)) = U (k)+—u (IC - l2)+— u (/{Z 2[2)+— u (k 3[2)+ -+00 (142)
(65) 2 2
Replacing k by k — s1l; , and dividing by 1 | 53 =1,2,....00 in (1.42)

-1

—Qy 1 1
g s U (k’ — Slll) = ot [U (k‘ + slll)+@—2u (k’ — Slll — l2)+a—22 U (/{; — Slll — 2[2)
1
—|—— U(k’—Slll —3l2)—|—+00]
rp?

Summing the above equation with (1.42), we arrive

- slll — S9l5) = 1 u(k — s1ly)
=(— A _ 1.43
Sy ulesho ) S e e

s1=0 s2=0 s1=0

Applying (1.35) in (1.43), we obtain

— 5111 — 89l
Z Z E = p 22 = (=) (—ay) A(_—111) AL 112 u (k) (1.44)
1 a2 2

$1=0 s2=0

Changing the subscripts 1 to 2 and 2 to 3 in (1.44)

oo o0

>0, ulh = sah —sls) _ (L) (=) A0, Ay w (k) (1.45)

252 @333

s2=0 s3=0
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Replacing k by k — s1l; , and dividing by ay* |, s = 1,2,....00 in (1.45) and then
corresponding expressions

— Slll — 52l2 — 83[3)
Sy y sl

s1=0 s2=0 s3=0

Proceeding like this, we arrive

o0

Z Z Z u — 81[1 — 3212 — Stlt)
$1=0 s2=0 s¢=0 181 04252 T atSt
=(—1) (—a)...(—ay) A(__lll)a AL 112 . ‘A(__llt)at u (k) (1.47)
Which yields the theorem 3.3.
Corollary: 3.4. For any real valued function u (k) on (—o0,00). If o, l; # 0

. 1 —1
limy; o0 o ACra), L,

u(k —sl;) =0,fori=1,2,...,t then we have

S Tl a7 (S, (k= b)) = (—a) ATY w(k)  (148)

(S)lat

Proof: Put oy = @y = a3 = - - - = « in the theorem 3.3.
Corollary: 3.5. For any real valued function u (k) on (—00,00). If I; # 0

limg, 00 AL

0, U (k—sil;) =0,fori=1,2,... t then we have

o] t

> oud (k=shy)) = (1) Ay u(k) (1.49)

()1, P=1

Proof: Put @ =1 in the equation (1.48)

Corollary: 3.6. For any real valued function u (k) on (—o0,00). If
lim,, oo AT u(k —s;l) =0, fori=1,2,...,t then we have

o] t

S ul> (k= s,0) = (-1 AZfu (k) (1.50)

(8)15 P=1

Proof: Put [; = [ in equation (1.49).

! dominicbabu202@gmail.com,?rejinrosejustes1980@gmail.com Page 112 of



ISSN: 2456-8686, Volume 4, Issue 2, 2020:103-113
DOI: http://doi.org/10.26524/cm86

Conclusion: We have obtained alpha summation formula, alpha multi-series
formulae by equating summation and closed form of higher order alpha difference
equation which will be used to our further research.
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