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Abstract

In this work, by introducing the generalized mixed ¢-¢ difference equation with the product
of generalized difference operator A, and the g-difference operator A,, we derive mixed
multi-summation formula and mixed higher order summation formula for certain functions.
Suitable numerical examples verified by MATLAB are also provided.
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1. Introduction

The modern theory of differential or integral calculus began in the 17" century
with the works of Newton and Leibnitz [10]. In 1984, Jerzy Popenda [I] introduced
a particular type of difference operator A, defined on u(k) as A u(k) = u(k+ 1) —
au(k). In 1989, K.S.Miller and Ross [11] introduced the discrete analogue of the
Riemann-Liouville fractional derivative and proved some properties of the fractional
derivative operator. The general fractional h-difference Riemann-Liouville operator
and its inverse A, f(t) were mentioned in ([2],[3]). As application of A, ", by taking
v = m (positive integer) and h = £, the sum of m'* partial sums on n'* powers of
arithmetic, arithmetic-geometric progressions and products of n consecutive terms of
arithmetic progression have been derived using A, ™u(k), where Ayu(k) = u(k+£) —

In 2011, M.Maria Susai Manuel, et al.[5] have extended the definition of A,

to A which is defined as A v(k) = v(k + ¢) — av(k) for the real valued function
() a(l)
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v(k), £ > 0. In [6], the authors have used the generalized a-difference equation
vk +0) — av(k) = u(k), k € [0,00), £ > 0 is fixed, and obtained a summation
solution in the form

[k/0)

o(k) = A" u(k) — a[%] Z o u(k = rl), i(k) =k — [k/0)L.

a(f)

In 2014, G.Britto Antony Xavier et al.[7] introduced a g-difference operator
A, which is defined as

Aqv(k) = U(qk) - U(k)v 4q 7é 17 (1)

and obtained a summation solution of the g-difference equation Alv(k) = u(k), k €
(—00,00) and ¢ # 1, in the form

k
A_tu(k)‘

q

> (qu )

k
o
a ()1t

With this background, in this paper, we obtain multi-series solution for the
generalized mixed ¢-¢ difference equation

A A v(k)=u(k), k€|0,00), 2)

lisn qit

where A A v(k) = Ay (B (- e, (Bgy (B (- By, (0(R)) ) -++).

lisn g1t

2. Preliminaries

In this section, we present some notations, basic definitions and preliminary
results which will be used for the subsequent discussions. Let u(k) be a real valued
function defined on [0,00), l;(k) = k — [k/4;]¢;, [k/¢;] denotes the integer part of fﬁi
and m is a positive integer. For simplicity, we use the following notations:

W Rty [nasmeerieitio]

m mi ma mt 1 ;

Q) > =3 > > M Y =3 3 .. 5 ;
(M1 h=0ha=0 " he=0 (-1 T1=0 r2=0 ri=0

(i) AT = AJAJAZN AN () ATD = AZIAIAZLAZL and

CIIN‘]tN(k+2n: £y) ak ak (k+2n2 )

(v) A™H AT (k) = = AT AT (k) =
lin q1ot qm%Nq%tN(ﬁl(k)-ﬁ-z L) lin q1ot qm% S+ s 0

! t J=2 1 J=2
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Lemma 2.1 [§] Let s and S be the Stirling numbers of first and second kinds
-1

n 1\ () n—1 1
respectively, n€ N(1). If k(gn) =[] (k —iq) and (E) =] (E — iq), q # 0, then
=0 q =0

e e S (- S (). o

Lemma 2.2 [9] For k € (0,00) and ¢ > 0, we have

g (m) k"
AR T @
and
A [k/4
A ulk 4 0) = A u(l(k) = u(k = re). (5)
r=0

3. Main Results

The purpose of this section is obtaining the sum of mixed ¢-¢ multi-series by
equating summation and closed form solutions of mixed difference equation ({2).

Theorem 3.1 [Finite mixed summation formula] Let ¢ # 0, £ > 0, m € N(1)
and u(k) be a real valued function defined on [0, 00). Then

[k/1]

" —rl g~ (k-+0)
;Zou( ) ASUA; (k) I (6)

is a solution of the mixed difference equation A;Av(k) = u(k).
Proof: From (1) and by taking A, v(k) = u(k), we have

v(gk) = u(k) + v(k). (7)
Replacing k by k/q in (7)), we get

(k) = u(5> + U(E). (8)

Again replacing k by k/q¢", h =1,2,--- (m — 1) in (8) repeatedly and substituting
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the resultant expressions in , we arrive

u(k) + u(%) + u(q—k;) +oe u(q%) = v(qk) — ”(Q%)’
ie., iu<£> = A;lu(qk) — A;M(%). (9)

— \¢" q

For r = 1,2,3, -+, [k/{], replacing k by k — ¢ in (9) and adding all the resultant
expressions, we find that

(k/€] m g [k/4] [k/4]

ZA k—r0)) ZA u(k M) (10)

> 3 u(kt) = 8718, {ula(k+ 0) — ulai(k) — (u(5) —u(2))},

which completes the proof of the Theorem.

Theorem 3.2 [Multi mixed-summation formula] Let k € [Y7  ¢;,00), ¢ # 0,
¢; > 0 and m is any positive integer. Then equation has a solution of the form

[¥]

Z >, 47 ATu
4; n 41
_ (rﬁ)l_” +1— —t o

Q1~qt~( Liy1(k— Z ryly)+ Z EJ)
J=i+2

n
q1~qe~(k+ Z Ly)

W (11)

(K] m k ZT’J
S ) s atup)”
(T€)1—>n (h)1—>t th 1-on 91—t

p=1

q1NQt~(2i+1(k—Z ryly)+ Z ZI)

J=i+2

where A~ A~ u(k

lisn qiost

1 1
—my m
7 q t

a9 t
a1k g2k qtk (Zz-s-l(k' Z ryly)+ Z ZJ)
= AT AL ’U,(k’) cee J=it+2 ]
ln q1ot k| k —k_
my | g ™y
91 a2 9t

Proof: Replacing ¢, m by gz, ms in @D, we get

u(k)+u<q—k;)+u<qi>+~-+u<q§n2> A u(gek) — A21u<qﬁ;2>. (12)

2
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Again replacing k by k/¢!" for hy =1,2,--- ,my in (12) , we find

u<£> +U(Qifqz> +u<q;q2> T +u<q’“l;m2> - A‘;u@?f) - Ag?lu<q?llzgl2>'

13)

Adding and for hy =1,2,--- ,my and applying @, we arrive
_ A-1A-1 (= k
53 ( o ) = agtag {utah) - o (55) |

h1=0 h2o=0 1

T AT B

For r; =1,2,3,--- ,[k/t1], replacing k by k — r1¢; in (14]), we find that

Z Z ( T1€1> _ A;A;gl {u(qﬂp(k — b)) — u(%)}

h1=0 ho= 1
k—rf k —
_A;qu {U<Q2 ( m17‘1 1)) —u( - 7“;?)} (15)
4 41 42
Adding and , we obtain

[k/€] mi mo [k/t]

Z Z Z < _r1€1> Z AIA { qlqg(k—ﬁgl))_u<q2(/€—;lrlfl)>}
r1=0 h1=0 ha=0 =0 ql
[k/t1]
- : gz (k—nb)y _ k-nb }
TIZO Aql A { < e ) U( q?lq;m ) . (16)

Now, applying in , we get

k/61] m1  mo

YoM u< _ Ml) = A A A (k) L

71=0 h1=0 hy=0 ap b g2

qi~qa~(k+L1)

Replacing 71, ¢1 by 79, {5 in and repeating the above procedure, we get

£ 529 ) ) [£] i)
—7’1 1 — Tolo 1 A—1 A —1 q1~qa~Et2(k—rity

§: E: E: ( E:AZQA(IlAQQUI(k) o1

r1=0 19=0 h1=0ha=0 r1=0 ap b gy
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A_IA_IA_IA_l (k’) qi~qa~(k+01+£2) (18)
= u .
6 Tl Do T2 k(G (R) )
a a5
. : ha
Also replacing q1, g2, m1, Mg, by, ha by @2, g3, M2, M3, ha, hs in (14)), and then k by k/q}

for hy = 1,2, -+ ,m; and so adding all the resultant expressions, we arrive

q q A, A q2q — A" - — k
( q q ) 11 q21 31u (QI 2 3k) AqllAquAq3lu (ngi )
1 q

h1=0 ha=0 h3=0 q

_fyggﬁ(ﬁi) Z}}Au( Zm) (19)

h1=0 q1" 92 h1=0 ha=0 Q1 'q5°q3

Again using the above steps on (19)) as we use to get the equations from (15]) to ([18)),
we obtain

[ ~
] [2) mi  mg m3 k—ril — rols L1711 -1-1-1 q1~qa~qz~La(k—r1l1)

S0y Y Y S u(Tas ) S AAAAuR|T T
r1=0 79=0 h1=0hy=0h3z=0 q1 42743 r1=0 €2 q1 92 43 q;n1~q;n2~q;n3

————— q1~g2~g3~(k+e+L2)

—AAAAAM@l o : (20)
l1 2 q1 g2 g3 TlNTQNTgN(él(k)+Z2)
1 42 93

Similarly, replacing k by k/q™ for hy = 1,2,--- ,my, (t—3) times in and repeating
the above procedure, we get

—1 tqk
) - S (It )- 2% e

p=2 "1

- H+2 qP m
Z Z p=t Z
i=1 (h) Qz+1~>t ( ) + u(
1—i t

H VAR OT

h
Hq”

Now, replacing k by k — rif; for r; = 1,2,3,---,[k/¢1] and applying the above
procedure 'n’ times successively, we get the desired result.

Remark 3.3 Note that, throughout this paper, to evaluate the expressions consisting
of A;'AY, first apply all the limits in terms of 'gj, then operating A_' and then
operating A[jl and at last apply limits in terms of '¢,.

Corollary 3.4 Let u(k) = k?, k € [0,00). Then we obtain

k/61]
[ / 1 mi ma2 q1~q2~(k+€1)

— .l B B B
Z Z Z ( y 1) - A‘leAqllAq;kZ‘ L (61(k)) 2)

r1=0 h1=0 ha=0 ' T q22N
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Proof: The proof is trivial by putting t = 2 and n = 1 in ([L1)).

The example given below illustrates Corollary (3.4)).

Example 3.5 Taking m; = 2 m2 1 El 6,1 = 3,q2 = 4 and k = 10 in (22)), we

[k/] mi  mo _ _ 2
get >0 > X (%) DIDS (kh—r}lfl) = 138.46604942.

r1=0 h1=0 ho=0 q1 45 ) r1=0 h1=0 ha=0 q1 45 )
k k
and so ATIATE? = .
(5 —1) noe (¢ —1)(g5 = 1)

Also, by using the formula for k™ from ({3]), we obtain

By |D we find A 'k? =

Ok + kD
(67 —1)(g5 — 1)

Using the notation given in the Preliminaries section and by Corollary (i3.4]), we write

AZATATE = A (23)

A1 A 12| Bae (k) NSl A—1A 10|k |k ka0
AyATALE ) ALALALE i
P ! T 1
1 1 k+41
— -1 -1 -1 2 _ 2
— Ah Aql Aq2 (ql q%ml )(q2 q§m2 )k 21 (k)

Using in and by applying the limits for k, the above equation becomes

2
q1~gar(ktt1) (qi —

@B — =) D 1B
2my 2 2mg k k k+0q
ALAA K = IR ( 4 >
! o~ G () (@i —1)(g - 1) 2 30/ law
= 138.46604942.

Theorem 3.6 [¢_¢ mixed higher order Summation Formula] Let k& € [0, 00),
7é 0 and £ > 0. Then the equation A} Alv(k) = u(k) has a solution of the form

htt—1Y (r4n—1 k—rt
S e
(R

rl
(m + h)(h) n —(t—h) qtf(h“i’l)kj k+nt
A (),
! q L(k)+(n—1)¢
t=(h+1) o [£(k)+(n—r—1)¢
—(n—r) A —(t—h q
AZ ( )Aq ( )u( P ) ‘

3
|

g~ (Ek)+(n—r—1)¢)

+

Az(n*T)Aq—tu(qt—lk)

™m

+
~-~ > ~+~ 3
A g KN
3

=
3

>
Il
—
<
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q~(k+nf)

= A"A (g )
A ulg ) q%~(£(k)+(n—1)e)

Proof: From @, we have
k k k k
u(k +u(—>+u<—>+-~~+u<—)zA‘1u k —A‘lu(—>. 25
(k) . " = g ulgh) — A, o (25)
Replacing k by k/q¢" for h =1,2,--- ,m in (25) and then summing all the resultant
expressions with , we arrive

f: (h 1— 1)u<qk—h> = A u(q’k) — A;2u<qq—i> — (m+ 1)A;1u<qﬁm>. (26)

Also replacing k by k — r¢ for r = 1,2,--- [k/{] in and then adding all
. . . mo 41\ Bkt
the resultant expressions with (26)), we arrive > ) > u( > =

" h=0 =0 q"
TZ:O {A;Zu(cf(k‘ —rl)) — A;%(%)
k=t
—(m+1)A, u( qmr )} (27)

5 (h - 1) > u(k _h’"e) = 0,102 {u(@(k+ 0) = u(e(k) } - ;14,2

(1 0) (- st ) o)) e

which yields

m b1\ K ok —pp g~ (k+0) ko (ke
T 2 AA%u(gk — (DA ()]

hzo( 1 )z::ou< q" ) ¢ qu<Q)ﬁm~é<k> (m+ 1), v\ ) i

Again replacing k by k — rf for r = 1,2,--- | [k/{] in and summing all the

resultant expressions, we obtain

m h+1 [k:/f] 71_‘_1 k_rg . L
hZ:O( 1 )7;)( 1 >u( g" >_Af A, ulgk)

g~ (k+2¢0)

(k) +0)
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e nazag() [0 - (1) araguan ]
om0 ([ 1) arag (2" 29)

Replacing k by k/q" for h = 1,2,---  m in (26) and then summing all the resultant
expressions with ([26]), we arrive
2 k
> — (m+ 1)Aq_2u<q—)
qm

in: (h ;— 2)“(%) = APu(¢’k) — A;?’u(i—mk

h=0

- “”*TZ)Q)A;U(—). (30)

Continuing in this way, we obtain

mo(h+t =1\ kY i (m+ )Py g IR
S )G E A e ()

h=0 h=1

= AJu(gh) — A u( tq”“) (31)

And then replacing k by k — r¢ for r = 1,2,--- | [k//{] in and using the above

procedure with A[l, 'n’” times repeatedly, we get the proof of the theorem.

Corollary 3.7 For any bounded real valued function u(k) and ¢ # 0, we obtain

SECICTES) e azuen|

h
r=0 h=0 q

qm

3. (m+h)M —(ah) gD |y (k20 3 (m + h)
+ Y ——A°A ul —— ‘ LA
;; h! ¢ = ( qm > (@(k)+0) hg (e +1)

4—(h+1
A;lA—M—h)u(—q "k

q qm

g~ (k+20)

k) 2A—4, (3
)‘ =A7A, u(q’k)

(32)

Arn(l(k)+0)

Proof: The proof is obvious by putting ¢ = 4 and n = 2 in ([24). The following
example is a verification of Corollary

Example 3.8 Consider u(k) = kf),m =2k=15{=8and ¢ =5 in . Then
using the procedure in Example (3.5)), we get
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AZAS ()| = AT (6 - W — (¢ — )}

7
_ (q8 _ q2) (/{f) . k§3)> B (q5 B q2)ké2)
(¢2—1)*\ 2 3¢ 20(qg—1)* ’
) A=(h+1) o (k+2¢ 3 6
A-2AT(EN) q ‘ _
£ u< qm > i)+ <(q2 —1)3 * ¢*(q® — 1)?
10 RS AS 3 6 10 kP
+ )Cer + )~ (o to )
(> —1)/\ 60 122 (q—1)3  (¢—1)2 q(¢g—1)/ 602

Y S
= R e qm (=1 ¢*(¢? —1)?
k(2)

+q4(q10_ 1>> (kg + ?fﬁ ) - <(q iql)B + (q _61)2 * q(q12 1)) 2€€ }

31
RO KAt e T N s Bt L
Sonti+o | (@@= 1)\ 60 122 602(q — 1)*
Putting these values in and by applying the limits for 'k’, we get

12
h+3\[/r+1\/k—8r\® A (2)
S (M) (1) (), eonaraey

r=0 h=0

3
2+h (h) 2 A —(4—h gD N 2
- )
+Z Be Aq ( qm )5
=1

g~A(k) ‘@(k’)

1
qm

Y

15

7

and

A2A T u(gPk)

15

q~E(k)

1
qm

) k426 3

(2 + h)™)
) RS
i(k)+0 Z h!

h=1

g~ (k+20)

L (i+0) = 37.6315646.
e~ (k) +

A= D\ (2))200)
—(4—h) (q ) ‘ _ AZQA;4(q3k>é2)

4. Conclusion

In this paper, we have derived multi-series summation formula for mixed ¢-¢
difference equation. Moreover, solution for higher order mixed difference equation is
also obtained. Consequently, relevant examples are being given to verify the results.
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