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Abstract
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1. Introduction

A differential equation is a mathematical equation that relates some function
with its derivatives. In applications, the functions generally represent physical
quantities, the derivatives represent their rates of change, and the differential equation
defines a relationship between the two. Because such relations are extremely
common, differential equations play a prominent role in many disciplines including
engineering, physics, economics, and biology. In pure mathematics, differential
equations are studied from several different perspectives, mostly concerned with their
solutionsthe set of functions that satisfy the equation. Only the simplest differential
equations are solvable by explicit formulas; however, some properties of solutions of
a given differential equation may be determined without finding their exact form.
If a closed-form expression for the solution is not available, the solution may be
numerically approximated using computers. The theory of dynamical systems puts
emphasis on qualitative analysis of systems described by differential equations, while
many numerical methods have been developed to determine solutions with a given
degree of accuracy.

Theorem 1.1 [10] Let (X,d) be a complete generalized metric space and let T' :
X — X be a strictly contractive mapping with Lipschitz constant o < 1. Then for
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each given element z € X, either
d(T™, T"'z) = 0
for all nonnegative integers n or there exists a positive integer m such that

1. d(T", T"'z) < co,Vn > m;
2. the sequence {T"x} converges to a fixed point u* of T;
3. u* is the unique fixed point of T in the set Y = {u € X : d(T™z,u) < 0o} ;

1
4. d(u,u*) < 1—d(u,Tu) for all u € Y.
-«

Definition 1.2 [3] A Multi- norm on {p":keN} is a sequence
(II-1) = (Il : ¥ € N) such that ||.||, is a norm on @* for each k € N, ||z||, = ||z|| for
each x € p, and the following axioms are satisfied for each k € N with k£ > 2:

: H(x(,(l)...xg(k))Hk = [(z1..zp) ||, , for o € Uy, x1...25 € @;

Neazy ..oz, < (maxien, i) [[(21...2x) ], for ay...op € C,zq, ..., 2, € g
@1y e xk—1, 0) ||, = (e, - —1) ||y fOr 21, i € g

@, zem) ] = | (21xkm1) |, for 2.z € .

O R

In this case, we say that ((*, ||.|,) : k¥ € N) is a multi - normed space.
Suppose that ((¢", ||.||,) : ¥ € N) is a multi - normed spaces, and take k € N. We
need the following two properties of multi - norms. They can be found in [3].

(@) (2, o)l = |zl , forz € o,
k

(b) max il < (@1 s )], < 2 ]| < ki max ||| , forey, ..., zx € p.
1=

It follows from (b) that if (g, |.||) is a Banach space, then (p*, |.||,) is a Banach
space for each k € N; In this case, ((p", ||.|,) : k¥ € N) is a multi - Banach space.

Definition 1.3 [9] Suppose that X is a vector space (algebraic module) with
dim X > 2, and L is a binary relation on X with the following properties:

Totality of L for zero: 10,0 Lz for all z € X;

Independence: If x,y € X — 0 and z_Ly, then x and y are linearly independent;
Homogeneity: If x,y € X and x Ly, then ax 1Sy for all o, f € R;

Thalesian properity: If P is a 2-dimensional subspace of X, z € P and A € R,
which is the set of non-negative real numbers, then there exists yy € P such that

= W=
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rlyo and = + yo LAz — yp.

The pair (X, 1) is called an orthogonality space (resp., module). By an orthogonality
normed space (normed module) we mean an orthogonality space (resp., module)
having a normed (resp., normed module) structure.

In this paper, we achieve the Hyers - Ulam stability in orthogonally quintic functional
equation in Multi-Banach Spaces

Df(z,y) = fBr+y) =5f2x +y)+ f(2x —y) +10f(z +y) = 5f(z —y)
—10f(y) — f(3x) + 3f(2z) + 27f(x). (1)

Theorem 1.4 Let X be an orthogonality space and let ((Y*,|.]): K € N) be a
multi-Banach Suppose that 3 is a nonnegative real number and f : X — VY is a
mapping satisfying

Sup (D f(z1,91), s Df (wr, )|, < B (2)

X1y ey Thy Y1, o, Yk € P and x; Ly; (i = 1,2..k) and f(0) = 0. Then there exists a
unique orthogonally quintic mapping Q)5 : X — Y such that

sSup ”(f(x1> - Q5<£L'1), 7f( ) Q5(xk))”k >~ 31 (3)
keN

1, %2, ...,xr € X. Proof: Letting y; = yo =,...,= yp = 0 in , we obtain that
Sup 132f (1) — f(221), ..., 32f () — f(22))|| < B (4)

for all z1,...,xx € X, 2; L0 where(i = 1,2, ..., k). Dividing on both side by 32 in (4)),
we get

sup
keN

(7601) = g 2n)e ) = g2 )| < 350 ®)

Let A = {g: P — Q|g(0) = 0} and introduce the generalized metric d defined on A
by
d(l,m) = inf {)\ € [0, 00]| sup ||l(z1) — m(x1), ..., l(zx) — m(zr)||, <A Vo1, ..,z € X}
keN

Then it is easy to show that A,d is a generalized complete metric space. See [§].
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We define an operator J : P — P by

1
—1

JUw) = 35

(27) xr e X.

We assert that J is a strictly contractive operator. Given I,m € A, let A € [0, 00| be
an arbitary constant with d(l,m) < A. From the definition d, if follows that

iug 1U(z1) — m(z1), ..., l(xxk) — m(ze)|, <A 21,2 € XL
€

Therefore,

sup [|(T (1) = Tm(a1), ..., TUwr) — Tmlae)l,

keN
1 1 1 1
< —I(2x1) — —=m(2 ey —1(22,) — —=m(2
<
- 32
T, ..., € X.

Hence,it holds that
1 1
d(Jl,Tm) < 3—2Ad(jl,jm) < ﬁd(l,m) Vi,m € A.

This Means that J is strictly contractive operator on A with the Lipschitz constant
1

_2.
1
By 1) we have d(Jf, f) < 3—25 < 00. According to Theorem 1} we deduce the
existence of a fixed point of J that is the existence of mapping ()5 : P — ) such

that

Qs5(27) = 32Q5(x) Ve X.

Moreover, we have d (J" f,Q5) — 0, which implies

Qs(z) = lim J"f(z) = lim f(2")

for all z € X.
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1
Also, d(f,Qs) < ﬁd(jf, f) implies the inequality

A(f,Qs) € ——d(T 1. f)

1— —
32
1
< —p.
< 3P

Considering Definition, we have 2"x12"y. Set 1 =,--- ,= x, = 2"z, y; =, -+ ,=

yr = 2"y in ([2)) and divide both sides by 32". Then, using property (a) of multi-norms,
we obtain

: 1 n n
|DQs (2, y)|| = lim —[|Df (2"z,2"y)|
n—oo 32

for all =,y € X. Hence )5 is Quintic.
The uniqueness of ()5 follows from the fact that Q5 is the unique fixed point of J
with the property that there exists £ € (0,00) such that

sup | (f(z1) — Qs(x1), -, f(21) — Qs(xn)) ||, < ¢

keN

for all 1, ..., x; € X. This completes the proof of the Theorem.

Theorem 1.5 Let ¢ : X?* — [0,00) be a function such that there exists an o < 1
with

O(T1, Y1, - T Yio) < 32000 (x1 g Tk yk)

?a?ww?a? (6)

for all z;, y; € X with z; Ly;, wherei =1, .., k. Let f : X — Y be a mapping satisfying
f(0) =0 and
||Df(l'1, U, .-#Ek,yk)” < ¢(x17 Yiy oy Tk, yk) (7)

for all z;,y; € X with x; Ly;, wherei = 1, .., k. Then there exists a unique orthogonally
quintic mapping Q)5 : X — Y such that

[(f(z1) = Qs(x1), ..., 1) — Qs(x1))[| < %W%,O, 1) (8)
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for all z; € X, where i = 1, .., k. Proof: Taking y; = 0 in , we get

H(32f($1) - f(2$1)7 B 32f<37k) - f(ka»H < ¢ (xla 0,.., 2k, O) (9)

for all z; € X, since x; L0, where i =1, .., k. So

H (ﬂxl) N 3_12f<2931>, s f(r) (m)) H < a¢(1,0,..,24,0)  (10)

_3_2f

for all x; € X, where ¢ = 1, .., k. Consider the set G : h: X — Y and introduce the
generalized metric on G.

d(g,h) = inf {u € By ¢ [[(g(1) — h(@1), . glax) — h(@e)l| < o (21,0, 20,0) Vi € X}

where ¢ = 1, .., k. It is easy to prove that (G,d) is complete.See [§]. It follows from
that d(f, Jf) < a. The rest of the proof is similar to the proof of Theorem .

Corollary 1.6 Let 6 be a positive real number and p a real number with p > 5. Let
f X — Y be a mapping satisfying

I(DF @, yns - s g )< O (1P + Nyl - lnll” + Tlynl”) (11)

for all z;,y; € X, since x;ly;, where i = 1,..,k. Then there exists a unique
orthogonally quintic mapping Q)5 : X — Y such that

2rg

”(f(‘rl) - Q5<l’1), 7f<$k) - QE’)(xk))H S 39 _ 9

(sl oo [l 1)

for all x; € X, wherei =1, .., k.

Proof: The proof follows from Theorem[I.5 by taking

¢(x17 Y15 - Tk, yk) =0 (Hlep + ||y1||p PEE) ||x/€Hp + ||yk||p) for all Ti,Yi € Xa since IZ—Lyu
where i = 1, .., k. Then we can choose o = 2P~° and we get the desired result.
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