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Abstract

The graph is called equitably k& — colorable if the vertex set of the graph can be partitioned
into k£ non empty independent sets Vi, Va,- -+, Vi such that ||[V; — V}|| < 1, for every ¢ and j.
The smallest integer k£ for which the graph G is equitably k — colorable is called the equitable
chromatic number of graph G and is denoted by x.(G). If the connected graph G is neither
a complete graph nor an odd cycle then the Equitable Coloring Conjecture (ECC) states that
Xc(G) < A(G). In this work we investigate the equitable chromatic number of some cycle
related graphs like middle graph, shadow graph and splitting graph of cycle.
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1. Introduction

We begin with finite, connected, simple and undirected graph with vertex set
V(@) and edge set E(G). For any undefined term in graph theory we refer to Bondy
and Murty [6]. A proper k—coloring of a graph G is a function ¢: V(G) — {1,2,...,k}
such that c(u) # c(v) for all uv € E(G). The chromatic number x(G) is the minimum
number k for which G admits proper k-coloring. There are many variants of proper
coloring like b-coloring, total coloring, dominator coloring, equitable coloring etc.
The present work is intended to report some investigations on equitable coloring of

graph.
The graph G is called equitably k — colorable if the vertex set of G can be
partitioned into k non empty independent sets V1, V5, - -+ |V} such that ||[V;]| — V]| <

1, for every ¢ and j. The smallest integer k for which G is equitably k- colorable is
called the equitable chromatic number of G and is denoted by x.(G). If the connected
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graph G is neither a complete graph nor an odd cycle then the Equitable Coloring
Conjecture (ECC) states that x.(G) < A(G) [5, 3.

The notion of equitable coloring is first introduced by Meyer [5]. The equitable
coloring of trees and bipartite graphs are studied by Chen et al [I] and Wu et al [4]
respectively. The equitable coloring of graph products is discussed in [2]

Proposition 1.1 [§] If G and G' are simple graphs on the same set of vertices and
E(G) C E(G), then x.(G) < x.(G").

Proposition 1.2 [7] If G contains a clique of order n then x(G) > n.

Proposition 1.3 [5] Since an equitable coloring is a proper coloring, x.(G) > x(G).

2. Main Results

Definition 2.1 The middle graph M (G) of a graph G is the graph whose vertex
set V(G) U E(G) in which two vertices are adjacent if and only if either they are
adjacent edges of GG or one is a vertex of G and the other is an edge incident on it.

Theorem 2.2 x.(M(C,)) = 3, for all n.

Proof: Let V/(C,,) = vy, vq, -+ ,v, and E(C,) = €1, €3, -+ , e, where ¢, = v;0;41; 1 <1
<nland e, = v,v; . By the definition of middle graph, V(M (C,)) = V(C,) U E(C,,)
and E(M(C,)) = vie;; 1 <i<n Ueuir;1 <i<nl Uey <eep;l<i<nlU
eper. Thus |V(M(Cy))| = 2n and |E(M(C,))| = 3n.
As M(C,) contains a clique of order 3, x(M(C})) > 3 according to Proposition
1.2 and so,
Xe(M(Cr)) = 3. (1)

Case 1: when n = 0(mod3):
Consider the color function ¢ : V(M (C,,)) — N as
c(vsk) = c(es2) = 15 c(vsp1) = clesr) = 3; c(var2) = c(esp1) = 2 where k =1,2,--- | 2.
Now, partition the vertex set V(M (C),)) as

Vi ={e1, eq, ..., €n2, V3, Vg, Vo, ..., Un },

Vo = {ea, €5, €8, ..., €1, V1, Vs, U7, .., Una },

V3 = {es, e, €9, ..., €n, V2, Vs, Vg, ooy Up_1 |-
Clearly, V4, V, and V3 are independent sets of M(C,,). Also, |Vi| = |Va| = V3] = 2.
Thus, x.(M(C,)) < 3.
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Case 2: when n = 1(mod3):
Consider the color function ¢ : V(M (C,)) — N as
c(vn) = 1,¢(en) = 2,¢(vr) = 3, c(v3ps1) = 2k =1,2,- -+, 254,
c(vsk) = clesr2) = 1;c(eser) = 25¢(esy) = c(vapr) = 3k =1,2,--- , =
Now, partition the vertex set V(M(C,,)) as

Vi ={e1,eq,€7,...,€,3,03, V6, Vg, ..., Un1, Up },

Vo = {ea, €5, €8, ..., €n2, €,y Vg, U7, 010, ..., U3 |,

V3 = {es, €6, €9, ..., €n1, V1, U2, Us, Ug, -vvs Up2 }-
Now, |[Vi] = 22 + 22t 41 = 2850 |5 = 2 1 4+ 224 = 2222 and
V3] =2 14 201 = 2n8l
Clearly, V1, V3 and V3 are independent sets of M (C,,).
Also, [Vi| = |V3| and [[Vi] — [Val| = [[Va] — [V3]| = |*5 =
inequality ||V;| — |V;|| < 1, for every i and j. Thus, x.(M ( ) < 3.
Case 3: when n = 2(mod3) :
Consider the color function ¢ : V(M (C,)) — N as
c(v1) = 3;clesp) = 1;c(espt) = 2; c(vapy) = 3 where k = 1,2, ..., L
c(vsr) = 1;¢(vsgs1) = 25 c(eg) = 3 where k= 1,2, ..., "3—2
Now, partition the vertex set V(M(C,,)) as

Vi ={e1,eq,€7,...,€n1,03, V6, Vg, ..., Una },

Vo = {ea, €5, €8, ..., €n, Vg, 7,010, ..., U1 },

V3 = {es, €6, €9, ..., €n2, V1, U2, Vg, Ug, vy Up -

NOW |‘/'1|:n+l+n 2+1_2n 1 |‘/2|_n+1+n_—2:2n—1
2n+2 3 3

—_

1. It holds the

_ n—2 n+l
| ="l =

Clearly, V1, Vo and V3 are independent sets of M (C),).
Also, [Va| = [Va] and [[Vil — V]| = IIVa| — [Va]] = |22 — (222)| = 1. Tt holds the
inequality ||V;||V;]| < 1, for every i and j. Thus, x.(M(C,)) < 3.
Thus,

Xe(M(Cy)) < 3, foralln. (2)

Therefore from (1) and (2) we get, x.(M(C,)) = 3.

Definition 2.3 The shadow graph Dy(G) of a connected graph G is constructed by
taking two copies of G, say G". Join each vertex v’ in G’ to the neighbors of the
corresponding vertex v” in G

Theorem 2.4
2, n 1is even

Xe(DQ(Cn)):{?) n 1s odd
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Proof: Let V(C,)) = {vi,va,---,v,} and E(C,)) = {ei, ez, - ,e,} where
e; = viviy1; 1 <1 <n—1and e, = v,v;. The shadow graph of C,, Dy(C,,), has two
copies, say C, and C, with V(Dy(C,)) = {viv;1 < i < n}. In
Dy(C,), N(v;) = N(v;) and v¢ and v; are non adjacent vertices.
Case 1:
when 7 is even:
consider the color function ¢ : V(Dy(C),)) — N as
c(Vy_1) = clvg_y) = 1 and c(vyy) = c(vy,) =2
Now, partition the vertex set of DQ(C’ ) as
Vi= {Ulavhvévvgl? U 7U}L 15 Un— 1} and
Vo = {vy, 0y, 05,0y, 0L, 0, }.
Clearly, V; and V5 are independent sets of Dy(C),) and ||Vi| — |V2|| = 1. It holds the
inequality ||V;| — V;|| < 1 for every pair (4, j). Thus x.(D2(C,)) = 2.
Case 2:
when 7 is odd:

As D, (C,,) contains an odd cycle, it is not a bipartite graph. So it is not possible to

partition the vertex set of D,(C,) into two independent sets. Therefore
Xe(D2(Cp,))—2. Thus we have the following three subcases:

Subcase 1:

n = 0(mod3) :

consider the color function ¢ : V(Dy(C),)) — N as

C(v3y_p) = c(vgy_p) =1
c(Vy_1) = c(vg_y) =2
C(Uék):dvgk)_gk_lz '73
Now, partition the vertex set Dy(C,,) as

Vi= {Uék—zavgk—Q}v Vy = {Uék—lvvgk—l} and V3 = {U;ﬂmvgk}; k=12, ?%

Clearly, V1, V5 and V3 are independent sets of Do(C,). Also,|Vi| = |Va| = |V3
Thus, x.(D2(Cy)) = 2.
Subcase 2:
n = 1(mod3) :
consider the color function ¢ : V(Dy(C,)) — N as
c(vl) c(v,_ o) = 1;c(vy,) = c(v3k) Lk=1,2,--. =4
)—20(v3k1)—2k—12 ;4.

2n
5

(o,
cv)) =2,c(vg ) =2k =1,2,
clv, ;) =3, c(vgkﬂ) 3 k=1,2,- ;.
(V1) = 3,c(vy_y) = 3k = 1,2,
Now, partition the vertex set of DQ(C’ ) as
Vl - {UIIJ ’:’L QJU;)ngk;k 1 2 nT4}v
Vo ={v, 1,0, v35-1(k=1,2,-+ , 24) oy (k=1,2,---, %)} and
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‘/3 = {U;717U;717U3k+1(/€ = 17 27 ) n§4> ng 2<k - 17 27 ’anl)}
Clearly, V1, V3 and V3 are independent sets of Dy(C),)

Also, [Vi] = 222 115] = 22 and [V3] = 222 Now, [V3] = |[V4] and
Vil = Vall = Wil = [Val| = |#52 — (®%F)] = 1. Tt holds the inequality
||Vil = |V;]| <1, for every pair (v;,v;). Thus x.(D2(C,)) = 3.

Subcase 3:

n = 2(mod3) :

consider the color function ¢ : V(Dy(C),)) — N as
(U%H) =1Lk=1,2--- 2%
c(vgpq) = Lik=1,2,--- ,”T_Q.

C(U;’k—l) = C(ng_l) =2k=12---, nTJrl

o(vy) = B c(vy) = c(vg) = 3ik = 1,2, , 252,

Now, partition the vertex set of Dy(C),) as

/ / / I " 17 17
Vi= {Ul,U4,U7,"‘ 7Un17v4av77"' 7Un1}7
I ! /7 " " "
Vo= {U27U57U87"' 7Un7027v57"' ,Un},
V o ’ ! 17 4 " "
3= {U37v67"' 7vn27U1>U37U67"' 7Un2}'
Now, Vi, V, and V3 are independent sets of Dy(C,,)
_ 1)
AISO ’%’_n-‘rl_{_n 2 2n 1 ’V| n-‘r and ’V’ )_|_1_

3 3

Now, [V1| = |V3| and ||V2! !VéH = HVQ\ Vil = |2”+2 - (2" 1)] = 1. It holds the
inequality ||V;| — |V;|| < 1, for every pair (v;,v;). Thus x.(D2(C,)) = 3.

Definition 2.5 The splitting graph S'(G) of a connected graph G is obtained by
adding new vertex v" corresponding to each vertex v of G such that N(v) = N(v')
where N(v) and N(v') are the neighborhood sets of v and v respectively.

The following theorem can be proved by the arguments analogous to the previous
Theorem 2.4

Theorem 2.6

, N 18 even
. (3)
3, n 1is odd

Proof: We have V(S'(C,)) = V(Dy(C,)) and E(S'(C,)) C E(Dy(C,)). Then by
proposition 1.1, x.(S (C, )) < Xe(D2(Cy)). Now, we can assign the same coloring as
in Dy(C,) and hence, x(S'(Cr)) = xe(D2(Cn))-
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3. Conclusion

The equitable chromatic number of some standarad graphs like cycle, path, wheel,
etc., are known. We have investigated the equitable chromatic number for the larger
graphs such as M(C,,), D(C,,) and S'(C,,) obtained from cycle C,,.
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