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Abstract

Lie symmetry analysis is an established method for generating symmetries of differential
equations. We apply this method together the generalized fundamental theorem of double
reduction. In particular, Noether symmetries and some associated conservation laws are
constructed in our investigation to find exact solutions of higher order partial differential
equations and complex partial differential equations.
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1 Introduction

In this paper we use the method of double reduction to find the exact solutions
of a Cubic nonlinear Schrédinger Partial Differential equation. Experiments on
compressional dispersive Alven(CDA) waves have been done before on [10] and [11]
where the relationship between CDA waves and the pertubations were analysed.
Further in [11], the amplitude of the waves in a magnetic electron-positron plasma
was discussed. In both experiments it was concluded that the system of equations

under investigation can be written as the following equation:
Ut — (3@2 + CZ)U/mz — 62uw:mcm — (SZUmztt =0. (1)

This equation was analysed in [13].
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In order to get an envelope of CDA waves we need an interaction of a CDA pump
and a quasi stationary compressional magnetic field. When the CDA envelope evolves
we get a cubic nonliniar Schrodinger Partial Differential equation (NLSE) written as:

iqs + Biqe — Yqer + 6q|q)* = 0, (2)

where ¢ is the complex valued dependent variable, and v is the coefficient of the
GVD, 7 is the self-phase modulation (SPM) owing to /kerr law 3 is the inter-modal
dispersion(IMD). We find that if we balance SPM and GVD, we get solitons.

To create a system of equation, we substitute ¢ = u+iv into (2) where u = u(x,t),
v =v(xz,t) and separate into real and imaginary parts to obtain:

G = u; + Bug — YUz + Ov(u* +0*) =0, (3)
G? = —v; — Buy — YUge + 6(u? +0v?) = 0.

Conservation laws and conserved quantities of Cubic Schrodinger
Partial Differential equation

To find multipliers and conservation laws, the condition below must hold.

q1 (ut"i_ﬁu:r — VVzz +6U(u2 +U2)) +q2(_vt _va —VUzx —|—(5(U2 +U2)> = DtTt +D$T$
where ¢', ¢* are multipliers of (@) and 7", T* conserved vectors of (2).

From total divergence we set

%[ql(ut + Bty — YUz + OV (u? +02)) + ¢ (—vp — By — Yy + 6 (u? +v%))] = 0 then
use Maple and Mathematica to get the following results,

(i) (¢ ¢*) = (va, uz)

1

Ty :Z(5u4 + 20u*v? + dv* + 2vuy — 2uv; — 2y(uZ + v2)), (4)
1

Tt 25(—1)% + uv,).

(i) (¢, ¢%) = (u,—v)
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1
sz 25(/87,62 + U(/BU + 27“/1') - ZVUIU:B);

Ts :%(u2 + 7). (5)
(iii) (¢",¢%) = (us, vy)

1
T:f :§<_7(utua: + Uacvt) + U(th + ’yuxt) + U(_ﬁut + /yvact))a

1
T: :Z<5U4 + 20uv® — 2u(Buy + Vg ) + V(60 + 2Buy — 27V4s)). (6)

(iv) (¢",¢*) = (=Bu+ zu + 2ytv,, ftv — 2v + 2tuy,)

Ty :%[t’yévf + Bz — tB)v* + tydv* + u(B(x — tB) + 2ty6v?)
2yv(tuy + (z — tB)u,) — 2yu(ty, + (x — tB)vy) — 2ty*(u2 + v2)],
1

Téf :E((x - tﬁ)UZ + ’U(((E - tﬂ)v o 2t7ux) + 215’}/161}93) (7)

Symmetries of Cubic Schrodinger Partial Differential equation

A one-parameter Lie group of transformations that leave invariant will be
written as a vector field

X =71(z,t,u,v)0 + &(z, t,u,v)0, + nl(x, t,u,v)0, + nQ(x, t,u,v)0, (8)

Equation (4) has the following variational symmetries:
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Xl :ata
X2 :8337
X3 :Uav — Uau,

Xy =2vt0, + (Bt — x)ud, + (=Bt + x)vd,,
X5 =2t0, + (Bt + )0, — udy, — v0,.

Double reduction of Cubic Schrodinger Partial Differential equation

In order to perform a double reduction, we need to show association between the

symmetries and the conservtion laws calculated in the previous sections.

To check if a Lie-Backlund symmetry X of differential equation is associated with
conservation lawT = (T, T?,...,T") the following equation must hold

T =X(TY+T'D;& —T'D;& =0 (9)

fori=1,2,....n.

Double reduction of Cubic Schréodinger Partial Differential equation by symmeties X; and

X3

In this section we use symmetries < X;, X3 > and conserved vectors given in (9)) to

reduce the Cubic nonlinear Schrodinger Partial Differential equation.

Firstly we show that Lie-Backlund symmetries X; and X3 are associated with
conservation law T = (7%, T") given in using the following version of (9) for
i=1,2:

Tt Dt D&t Tt . Tt
T =X — + (th + Dmfx)
T= D" DE” T T
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We obtain
T3t Tt 00 Tt Tt
2 _ Xl[l] 2| 2 +(0) 2
5" Ty 00 Ty Ty
L2 402
_ Lo +02)
L(Bu® + v(Bv + 29u,) — 2yuw,)
0
0
and
T3t Tt 00 Tt Tt
2 _ X;El] 2| 2 +(0) 2
5" 5 00 Ty Ty
L2 +0?
o b0 02)

L(Bu? + v(Bo + 27u,) — 27uny)
u%?v — U%Qu

u (280 + 2yu,) — v3(20u + 290,) + tgg(—2vu) — vy(32790)
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where

X{l] :at
X?[,l] =ud, — v0, + utavt + uxavz - Utaut o vxauZ

Thus X; and X3 are both associated with T5. We then consider a linear combination

of X; and X3, of the form X = X;+¢Xj3 and transform this generator to its canonical

9

form Y = o

where we assume that this generator is of the form

o 9 9 9
Y =05 45 +05-+05

From X(r) =0, X(s) =1, X(w) =0, and X(p) = 0, we obtain

dt dx du ds dr dw dp dv (10)
1 0 —cw 1 0 0 0 cu

We then solve (T0) using the method of invariants, and the results are summarized
in the table below.
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Invariants of X = a% + c(ud, — v0,)
% = % by =s—1
_d_Z, = Z_Z by = u? + v?
o & bs = arctan(?) — ct
% bi=r
% bs =p
C%” bg = w
%” b; =x
Table 1

By choosing b; = 0, by = bz, bg = v/by,and bs = b5 we get

t
w = Vu?+v?

p = arctan (%) —ct
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The matrices A and A~! can be computed using the canonical coordinates above

A= - = (A7) (11)

and J = det(A4) = 1.

The inverse canonical coordinates are presented below

u = wcos(p + cs),

v = wsin(p + cs).

The first and second partial derivatives of u and v in terms of new dependent variables
w and p are,

Uy =w, cos(p + ¢s) — wp, sin(p + ¢s),

Uge =Wy cOS(P + €8) — 2w,p, sin(p + cs) — wp? cos(p + ¢s) — wp,, sin(p + ¢s),
u = — cwsin(p + ¢s),
v, =w, sin(p + ¢s) + wp, cos(p + ¢s),

Ve =Wy Sin(p + ¢8) + 2w,p, cos(p + ¢s) + wp,. cos(p + ¢s) — wp? sin(p + cs),

vy =cw cos(p + ¢s).
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The reduced conserved form will be

Ty

%(u2 + v?)

%(5u2 + v(Bv + 2vuy) — 2yuvy)

Substituting the first and second partial derivatives of v and v into (12) we get

Ty $(2Bw(r)? + yw(r)w(r), sin(2(p + ks)) 4+ 2yw(r)? cos(2(p + ks))

where the reduced conserved form is also given by

DJTs = 0. (13)

The second step of double reduction can also be given as
w(r)? = e (14)

€ is constant, or equivalently
w(r) = Ve (15)
Differentiating implicitly with respect to r we get

%w(r) = 0. (16)
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Our original system is equivalent to

11 2.2
Q +g91°Q° =0,
sysy = 5 o (17)

9'Q' — g*’Q* = 0.

This system can be rewritten as

DtT2t+Da:T2$ = 07
Gi'Q' - G*Q* = 0. (18)

The second equation of sys; from is given by

w(ug + By — YUze + 5v(u2 + 112)) — (—v)(—vy — Bvp — YUgy + 5(u2 + 112) =0 (19)

Substituting (15),(16),(T9) and the first and second partial derivatives of u and v in
terms of w(r) and p(r) we get

— cesin(2p(r) + 2cs) — Bep'(r) sin(2p(r) + 2¢s) — yep” (r) cos(2p(r) + 2¢s)
+ vep'(r)?sin(2p(r) + 2¢s) + 6€® sin(2p(r) + 2¢s) = 0 (20)

When computing the final solution to equation (20) we get tedious solution. We
then compute the solution of for the following cases.

Case 1: c=~v =
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p(r) =0,
0
p(/’n) - 57
T
p(’f’) _57
roe
p(r) =5 +c
From (21), p(r) = 0:
u= e,
v =0,
g =€
From @), plr) = —5
u =0,
U= _\/E7
q = —iye.
From @7 p(r) = 3
u =0,
V= Ve
q=ie.

From (24), p(r) = %E +c
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u = \/Ecos(%s6 + 1),
v = \/Esin(x756 +c1).

From canonical coordinates

- xde

g = /e 5

Case2c=p0=0:

p(r) =0,
p(r)=— X
p(r) —g,
p(r) =c.

From p(r)=c

u = /e cos(cy),
v = esin(cy),
q=ee'".

Case 36 =v=0:
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p(r) = — s, (30)
)=~ T es @)
p(r) :g — cs, (32)
p(r) = — % +e (33)
From (30) p(r) = —% + ¢,
u = ecos(CPE=T) Lo

= 4/€esin —c(ﬂs—r) c
v = /esin( 3 + 1)

From canonical coordinates
. c(Bt—x)
g = e F T (34)

3 Conclusion

n this paper we have calculated multipliers and conservation laws of the
respective Cubic Schrodinger partial differential equation. Further, we showed that
if a symmetry is associated with a conservation law we can apply the fundamental
theorem of double reduction obtain an ordinary differential equation. Consequently

we used Maple and Mathematica to calculate exact solutions for special cases.
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