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Abstract

Single server queueing system in retrial is investigated, as well as optional re-service,
customer search and delayed repair. Furthermore, the server is permitted to take a vacation
under Modified Bernoulli vacation. In this model, some of the customer’s seek voluntary re-
service for the identical service taken, dissatisfied with the first attempt without entering the
retrial group (probability r1) or leaving the service area (probability 1 — r1). The failing
server's repair begins after an arbitrary length of time termed delay time has passed. The
supplementary variable technique is used to calculate orbit size, server status, and
performance metrics. We explore several special situations of our suggested model and
compare the results to previous research.
Key Words: Orbital search, Retrial Queue, Delayed repair, Optional re-services, Modified
Bernoulli vacation.
AMS Classification: 90C05, 90C46, 90C90.

1 Introduction

When a customer notices that a server is free in a retry queueing system, it begins
serving that customer. If the server is overburdened, exit the service area and become a
member of the retrial group to receive service later. Vacation time and server breakdowns in
which the server has other jobs have piqued the curiosity of many academics. Network
systems in computer and wireless, switching systems in telephone, all use retrial queues as
mathematical models, and they perform well. In some cases, the assistance facility of a
queueing system is disrupted, and the service channel is broken during brief periods of time.
Artalejo [1, 2] conducted extensive surveys of retrial waits. For a full analysis of the
principles of queuing in retrial, see Artalejo and Gomez — Corral [3]. Rehab F. Khalaf,
Kailash C. Madan and Cormac A. Lukas [10], PavaiMadheswari, Krishnakumar, and
Suganthi [12] all considered a modified Bernoulli vacation schedule. Wang and Li [14]
investigated a similar model that included breakdown and repair. Finally, Gomez-Corral [7]
took into account the single server retrial queue, as well as the overall guideline on retrials, as
well as the general service and seeking times.
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As a result of the disturbance, there is a delay in starting repairs. Repairs and interruption
have been examined by authors such as Choudhury and Deka [4]. One of the most significant
aspects of queueing theory is reserving, which has a variety of real-world applications. Re-
service is necessary in a variety of situations, including hospitals, banks, and post offices,
where a customer receives poor treatment on the first attempt and requests re-service.
Jeyakumar and Arumuganathan [8] investigated the concept of re-service. The idea behind
introducing orbital search of consumers after service completion is to minimize the server's
free time. Neuts [11] published check for orbital arrivals, in which authors explored the
effects of combining a traditional queue with orbital search on service fulfilment. Search of
consumers after service has looked into Krishnamoorthy [9], Deepak [5], Gao and Wang [6]
and Rajadurai [13]

The following is the rest of the paper: The mathematical model is described in section 2
under consideration, provides practical explanation for our paradigm. Section 3 investigates
our model's stability requirement. Section 4 calculates the steady state joint distribution of the
server state and the number of customers in the service area and in retrial group. Section 5
discusses the system's performance. Section 6 looks at a few unique situations. Finally, the
last Section brings the paper to a close.

2 The Model

We explore a single server queueing system in retrial with regular and voluntary re-service,
orbital search categorized as modified Bernoulli server vacation where the regular, optional
re-service is due to delaying repair, and repair in this section

Pattern of Arrival: Customers arrive to the system as mentioned by a Poisson process with
rate 4

Rule of Retrial: If an arrival note that the server is not free, He enters the service station
right away to begin his servicing. Otherwise the arrival will be added to the orbit group of

barred customers and will request service again until the server becomes available. The retrial
time’s is determined by arbitrary distribution A(x) and LST A*(x)

The method for giving service: The assistance time, according to random distribution, S1(x)
for regular service, Sx(x) for voluntary re-service with corresponding LST S; (x), S5 (x). The
moments of normal and optional re-service are denoted by s1, s2

Searching in Orbit: During the end of vacation, the assistance starts searching for the one in
the group of retrial accompanying probability 6, or at rest accompanying equivalent
probabilityl— &, . The search period is considered to be insignificant

Taking a vacation: The server is on vacation if the queue is free after service is performed.
If in the empty queue, service will commence accompanying probability of 1 - a3, or a period
in vacation will begin with probability a;. If a customer is in line at the end of a vacation
period, service will begin. Otherwise, the server awaits the arrival of the initial customer. The
vacation time follows random distribution with the probability distribution function V(x),
LST V*(x). The moments are denoted by v1, v2

The process of delaying repair: Exogenous Poisson stream with mean breakdown rates as
stated by «, for regular service and «, for optional re-service when the work fails. The delay

time take it an arbitrary distribution Q1 (t), Q2 (t) and LST D; (y), D;(y)for regular service

and optional re-service respectively. The moments of delaying repair on normal and optional
re-service are denoted by ds, d>
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The procedure for repair: Following the repair process, the server is as good as new. The
repair period succeed with probability distribution R1 (t), Rz (t) for regular service, and
optional re-service are taken it to be arbitrarily distributed and LST G/ (y), G; (y) respectively.

The moments of repair on normal and optional re-service are denoted by g1, g2

Explanation of the recommended Model in Detail

The Inventory incorporates the requested model's practical application. Inventory refers to all
of the materials or items that are entered in a register and kept in stock for a specific amount
of time so that they can be used whenever and wherever they are needed and to meet the
customer's service. Raw supplies such as milk, sugar, and flour are obtained from a dealer
(server) in a cookie or biscuits producing facility so that work does not bear at the time of the
customer's requirement. Raw materials are shared by all units of a shaped machine
(comparable to positive customers). If the machine is running when the new arrivals are
shaped, they are brought in for quality inspection before final packaging, and a new positive
entry is added to a queue that is similar to the retry queue. Otherwise, the section will be
given immediately. All of the biscuits or cookies are in line for a quality check and are
expected to work in sequence. The machine is shut off by the manufacturer if there is no
section (the system is idle) at the service end. Otherwise, the manufacturer will approach the
new section on the list, with the exception of an additional external section that arrives before
the approach. The approach time is thought to be randomly distributed (comparing to the
retrial time). The shaped dough is then placed in the oven to bake.

In the case of a machinery-related issue, the machine may fail unexpectedly while in
operation. If we want to prevent machine failures, we may have to wait longer for the food to
cook (comparing to the delaying repair). To ensure the highest level of service, many extra
pieces of moulded dough may be sent to the oven for cooking as long as the machine is
serviced (comparing to repair). Because the raw materials are not correctly moulded, a
quality inspection is required before final packing (comparing to optional re-service). After
the service is terminated, there are no units in the system, the huge production skill comes to
an end, and the skill is available to carry out the next unit to enter (comparing on vacation).
Furthermore, to reduce the server's free time, he will check if there are units in the retrial
group as soon as the vacation is over, same like (FCFS), and the checking time is assumed to
be in the general distribution. The final cookie or biscuit packets that are shipped to retail for
sale should be subjected to a quality inspection and be treated as a satisfactory result.

3.Stability Criterion

Let A°), S(t), So(t), DO(t), DO(t), G (1), Go(t), vO(t) be the passed time in retrial, time in regular
service, time in voluntary re — service, delaying repair time on normal service and re —
service, repair time on normal service and re — service and vacation period sequentially at
time t.

To a greater extend assume that

A(0) =0, A(e0) =1, $,(0) =0, Sy(0) =1, S,(0) =0, S,(0) =1, V(0) =0, V(x0) =1 at X = 0, are continuous
and p,(0) =0, D;(0) =1, G,(0) = 0, Gy(e0) =1, D,(0) = 0, D, () =1, G,(0) =0, G,(:c) =1 are continuous at y
=0.

Let {t,; neN} be a sequence in which either completion of service (regular and optional
re-service or vacation) times or the time it takes for a repair to be completed. The
queueing system’s series of random variables is then placed in a Markov chain. The
system condition at time t can be related by the Markov process {C(t), X(t), t >0} where
the state of the server is denoted by C (t) =0, 1, 2, 3, 4, 5, 6, 7 mentioning to the server is
inactive, active with regular, optional re-service, is delaying repair with regular service, is
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delaying repair with optional re-service, repair with regular service, repair with optional
re-service, on vacation.

The functions are a(x)dx, g (X)dx, £, (X)dx, v(x)dx, 77, (y)dy, 77, (y)dy, r;(y)dy, r,(y)dy the
conditional termination probability of repetition attempts, regular, re-service, vacation,

delaying repair and repair period is _ _JAX _ 453 _ 48,00
ying rep pairp adx=1 Ty A= (X = e
_ dv(®) __dby(y) __dD,(y) __4G(y) __4G,(y)

MG POV o0y POV o, Y T e gy Y e, )

Theorem: The Markov chain {z,,,n e N}is Ergodic provided
p=A*(A)+A— A*(A)Gay + A{si[1+ o (d; + 9)) |+ BS,[L+ a0, (d, + 9,) ]+ av} <1

4 Steady state Probabilistic Analysis

In this part, the steady state distribution function of the system under study is investigated.
The stability criterion is assumed to be met. We define the process's {¥(t),t > 0} probability

Py (t) = P{C(t) =0,Y (t) = 0} for the limiting densities fort>0, x>0 and n>1
P,(x,t)=P{C(t)=1Y(t)=n,x< A%(t) < x+dx 7, () =P{CH=2Y () =nx=< S2(t) < x+dx}
Zon(X,t)=P{C(t) =3,Y (t) =n, x <S3 () < x+dx}
Qun(x,t)=P{Ct)=4,Y(t)=n, y<DY(t) <y-+dy/S)(t)=x}
Qun(X,t)=P{C(t)=5,Y(t)=n, y<DI(t) <y+dy/SJ(t) = x}
Rin(x,)=P{C(t)=6,Y()=n, y< GP(t) <y+dy/ Slo(t) =x}
Ron(x ) =P{C(®) =7,Y(t)=n, y<G2(t) < y+dy/S2(t) = x}
V, (x,t) = P{C(t) =8,Y (t) = n, x <V O (t) < x +dx}
We assume that the sequence meets the stability condition, allowing us to set
Po = t'ﬂjo Po(t), Ph(X) = tlm Pa (X, 1),V (X) = tlLrQOVn (x1), Qin(xy)= tlfl Qin (% ¥,1), Rin(xy) = tlij; Rin (% y,1)

i =1, 2. We attain the following set of equations as a result that governs the dynamic
behavior using the supplementary variable technique.

AP =(1- el)Tvo(x)v(x)dH r (- al)]c.zrl,o(x) 2 (X)dx+ (1— al)Tﬂzvo(x) 11 (X)lx (1)
L (3 :(x))Pn(x) “0 0 0 )
% = (At e + (X))o (x) +TRLO(X, V)6 (y)dy 3)
;
% = (A oy + 1 () )y () + Ay g2 () + T R (X Y)R(y)dy, n>1 (4)
0
d”gi(x) = (At ay + 11 (X))m00(%) +TRz,o(x, V) (y)dy ®)
0
D20 1y 1000+ A7 40  Ran 90y, 01 ©)
:
dQl%ix'y) = (A +m(Nuo(xY) (7)
dq%(yx’y) = (A4 ()un (%) + AQ 1 (X, ) (8)
dQ%;X'Y) = (A +m(¥)Re0 (%) ©)
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d )

w = ~(2+ ()R (6 V) + 2Qp 11 (X, Y) (10)

0D (245 (Rio0 V) m =0 (11)

de':i(yX' Y _ ~(2+ (V)R (X, Y) + ARy g (X, ¥), N1 (12)

dRZ’g;Xl ) +(2+ rz(y))Rz,o(X: y)=0 (13)

dR, 1 (X,

% = ~(2+1(¥)Ron (%, ¥) + ARp 4 (X, Y) (14)

B9 1 (7 v Mo =0 (15)

%+(ﬁ+v(x))\/n(x)+ﬂvn,l(x) =0 (16)

Boundary criteria are as follows,

Po(0) = =) [V (OVOd+ 1L 2) [ 1 (028 (0+ A=) [ 70 (0122 (X) ¢ (17)

0 0 0
710(0) = APy + 6, J' V, (V(X)dx + j P, (x)a(x)dx (18)
0 0

71.0(0) = 2] Py (x+ 6 [Vt OVO) A+ [ Pry (020 (19)
0 0 0

720(0) =1 7,0 (X)11, () (20)
0

Qun (%0) =y 71, (X) (21)

Q20 (X0) =, 1 (X) (22)

Run(%0) = [ Qua( V)m(y)dy (23)
0

Ran(x.0) = [ Qzn (% Y)m2(y)dy (24)
0

Vo(0) = 1, [ 7104 00+ [ 25,0122 ()¢ (25)
0 0

V,(0) = 11 j 710 (%) 2 (X)X + 3y J' 7.0 () 11 (X)X (26)

0 0
The condition of normalizing as follows
} J.Vn(x)dx+ J.ﬂ'lyn(X)dX+ J.ﬁzyn(x)dx+
PO+ZJ.Pn(x)dx+Z iw 0 0 =1 (27)

"o "l [JQuntx y)dxdy+ﬁQ2,n(x, y)dxdy+ﬁR1,n(x, y)dxdy+ﬁR2,n(x, y)dxdy
00 00 0o 00

The queueing model steady state solution for under consideration was acquired using the
technique of probability generating function. To solve the system equations, create the
following generating functions for|z| <1.
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P(x,2)= Y P,(0)2",P0,2) =) P, (0)2", 7 (x,2) = Y 71 (02", 7,(0,2) = Y 1 (02", 7,(x,2) = D_ 7, (X)2"
n=1 n=1 n=0 n=0 n=0
(X, 2) = Zﬂ'zyn x)z", V(x,2)= ZV” (x)z",V(0,2) = Zvn 0z",Q;(x,y,2) = ZQL” (% y)z",Q;(x,0,2) = ZQL” (x,0)z"
n=0 n=0 n=0 n=0 n=0
Ri (X’ Y, Z) = i Ri,n (X7 y)Zn I Ri (X,O, Z) = i Ri,n (X,O)Zn, i :11 2
n=0 n=0

Summing over n, multiply the equations in steady state and boundary conditions (1)—(26) by
z" .The partial differential equations are as follows:

%P(x, 2)+(2+a(x))P(x,z) =0 (28)
£ m(x,2) + (102 + g + in()m(x.2) - [Rlx v, 1(y)ey =0 (29)
0
gﬂz(x, 1)+ (A1-2)+ o + 1,00} (%.2) = [Ro(, ¥, 1y (y)dy =0 (30)
0

2 QYD)+ (- D A7) =0 (31)

£ Quxy2)+ (4= 2) + 1o (D) (1.1.2) =0 (32)

Z R ¥+ (-2 + 4MR(xY.2) =0 (33)

2 Ry, 2) + (10 2) + )Ry (x,y,2) =0 (34)

%V(x, 2)+ (A0-2) + V()N (%, 2) =0 (35)

P(0,2) = (1— el)jV(x, 2V(X)dx+  (1—a;) j 7(%, 2) g (X)dx + (1— &) I 70,(%, 2) i (X)dX — AP, (36)

0 0 0

7,(0,2) = jP(x, z)a(x)dx+ AP, +7IV(X, z)v(x)dx+iIP(x, 2)dx (37)
0 0 0

7,(0,2) = rlj;rl(x, 2) 4 (X)dx (38)
0

Qu(x,0,2) = ymy (%, 2) (39)

Q,(%,0,2) = a7, (X, 2) (40)

Ri(x0.2) = [ Qu(x ¥, 2m(y)dy (41)
0

Ry(%0,2) = [Qo(x y. )2 (y)dy (42)
0

V(0,2) =T.a j 7(%, 2) 1 (X)X + 3 I 70, (%, 2) 115 (X)dlx (43)

0 0

We attain the following equations,

P(x,2) = P(0,z)(1— A(X))e ™ (44)

7(%2) = 7,0, 2)(1— Sy(x))e SO (45)

75(%,2) = 75(0,2)(1— S, (X))~ 2 (46)

Q(x,Y,2) = Q(x0,2)(1- Dy(y))e *® (47)

Q(%,¥,2) = Q,(x,0,2)(1— D, (y))e “?? (48)
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Ri(X,Y,2) = R (x,0,2)(1-G,(y))e Y (49)
Ry(X, ¥, 2) = Ry(x,0,2)(1- G, (y))e Y (50)
V(x,2) =V (0,z)(1-V (x))e C@* (51)

WhereC(z) = 1(1-2) Ci(2) =C(2) + &~ D (C(2))G1 (C(2)), C4(2) = C(2) + @ — 22 D; (C(2))G; (C(2))
Substituting the equations (44) to (51) in (36) to (43) and we attain

Nr(z) ., i 52
or(y & A0 (52)

P(x,z) = AR,
Where

NIr(2) = 2(r1 +1S35(C,(2))S; (CL )AL -GNV (C(2) + A—ay) —{z - al%Vj(C(Z))(Fl +1,5;(C2(2))S; (G (2)}
Dr(z)=z— kz +(1-2) A" (DHa -6V (C@) +-a) +3191V*(C(Z))J(f1 +1,8;(C2(2))S[ (C,(2))

m(x2) = 2RA () (1; (@-s,009e @) (53)
mo(02) = AR (2) : 21; (57 (CL 05,0006 ) (54)
QU Y.2) = aRA'(2) (Sr_(zl; (@-s,006 SO - Dy(ype ) (55)
Q% ¥.2) = aARA’(2) gr‘(g (5 (2@~ 5, (096 %@~ D, (e ) (56)
R Y. 2) = P () ‘(1; (01 (C @M 5,0006 @@ -Gy (y)e ©) (57)
Ry, ¥,2) = i Ry ()2 (1; (5 (.23 C@NL- 5, () @Gy (y)e ) (58)
V(x2) = RA(2) gr‘(g (@, +amS3 (Co@) 81 (€)Y (e ) (59)
Up on Integrating, we attain

P(2) = ! P(x,2)dx = (1— A" (A)R, g:g (60)
Where

NIr(2) = 2(1, + 1S3 (C,(2) S (CL (D)@ (L— AV * (C(2)) + (L—ay)) —{z - 3191\/_* (C@)(r1+1S5(C(2)S (C(2)}
Dr(z) =z— kz +1-)A (DHa@-GV (C@) +A-a)) + a1491V*(C(Z))J(rl +15;(C,(2))S; (C,(2)

o - A st =
()= Tnz(x 230 —Porlgfg)c(z){SZ(iiizi) 1}5 o) (62)
Q@)= ! !Ql(x, y, )dxdy = %(Dﬂcu» —1{135?;“”} (63)
Q@) - IIQZ(X, y, )dxdy = %@;w% @)D —1{1‘532’;(%‘2”} (64)
Rl(z):IIRl(x,y,z)dxdy— lg’? gﬂ) D (C@)(G1 (@) - 1{1 Sél((cﬁ(z»} (65)
Ry(2) ” Ry (x, . 2)dxcly = %&w% (C(2)D;(C@)(G5(C@) —1{1‘35%(2»} (66)
V(z)=IV<x.z)dx P([’)A(())(a1r1+a1rlsz(cz(z)))s @l can-1 (67)

Ks(2) = By + P(2) +V (2) + 2(my(2) + 7,(2) + Q(2) + Q,(2) + Ry(2) + R,(2))
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- -t sicabi ) )

Kq(2) =Ry + P(2) +V(2) + 7(2) + 715(2) + Qu(2) + Q2(2) + Ry(2) + Ry (2) = M[z -1]
Dr(z) (69)

Using normalizing, we attain

Ry +lim| [P(2) + m(2) + 7, (2) + Qi(2) + Q,(2) + Ri(2) + Ry (2) +V (2)] =1

_A* () + (- A*(Ga- AL+ o (0 + 0]+ s, [L+ (0, + 9g)] - e}

5.Performance Characteristics

By the above condition this system, becomes

L = lim K{(2) = lim POA*(/D{DIr (1)Nr2%rf£52(1)'3r (1)} Nr'()=1 Nr'(1)=0

Nr'(1) = (L— A" (A)A-63) ~ [Alsi[L+ eq (0 + 6) |+ 15, [L+ 2 (d; + 95) ]+ & )]
{2/1(31[1“’ oy (d; + 91]+ ns; [1"’ a,(d, + 92)])}

Dr'(1) =1— (L A" ())(1—Gay) — [Asi[L+ oa (d + G) |+ 18, [1+ @ (d + 92) ]+ awy )]
Dr'@) = —{ﬁz l512[1+ o (dy + 91)]2 + 1S5 [1+ ay(d; + gz)]2 + alvlzl}

+ Az[alsl{gf +dZ+ 2dlgl}+ rlazsz{g§ +d3 + 2dzgz}
+ A2+ e (dy + 9) P+ rs2 i+ ey (dy + 9,)F +avy
+ 220 [sifL+ e (A + g 5oL+ ap(dy + 95) [ - (1~ AT())(L - Bia)
+ 28 °V[s[L+ oy (dy + 9)]+ S, [L+ 5 (d + 9) ]
+2(1- A" (AN AL+ e (dy + g0) ]+ 5oL+ @ (d + 92) [ - Gr2y)
Dr'())Nr"(1) — Nr'() Dr"(2)
2brf
We gain various performance measures of the system as follows
The probability that the server will be idle during the retry period in the steady state is
P = lim P(z) = (L= A" (Al L+ o (dy + gl)]t nS,[1+ o (dy + 9p) ]+ avy)— G|
721 A (1)
The probability that the server will be inactive during standard service hours in a stable state
IS 7, = lim m(2) = 25,
The probability that the server is not free on optional re-service in the steady state is
Ty = IziTl;rz(z) =rs,

Ly = lim K (2) = lim POA*(Z){ } NF'() =1, Nr()=0

The probability that the server is postponing normal service repair in the long run is

Q =1im Q,(2) = ey 28,0

The likelihood that the server is postponing repair on optional re-service in the steady state is
Q= i@le(Z) = ap5,d,

The steady-state probability that the server is out of commission during typical operations is
Ry=1im Ry(2) = ay/15,9

The likelihood that the server is under repair on voluntary re-service in the steady state is

R, = Iim1 R, (2) =, A1;8,0,

. . . . . . V =limV(z) = Ja
The likelihood that the server is taking vacation in the steady state Y (@ =4

Let B be the utilization of the server (server is busy), which is the chance that the server is
serving an arrival at any given time is B=2M +720) =15 + s,
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Let R be the likelihood that the server is idle, down, or on vacation in the steady state.
R=P,+P0+Q)+Q@)+R @)+ Ry +V (@) =1— {15, + ﬂrlsz}. Itis verifiedthatR=1-B

The user’s accessibility iS A= Py + P+, + 7, = 1— A{eys;[dy + g, |+ @,8,[d, + 9, ]+ av, }
The non-performance behavior IS F = a7z, + ayz, = s, + @55, |

6. Special Cases

Case (i): If o; =, =0then the system reduces to retrial queues without breakdown

Case (ii): Ifo =0, we obtain that the M/G/1 retrial queues with delayed repair and optional re-
service under modified Bernoulli server vacation

Case (iii): If r = 0, then the suggested model transforms into a single-server in retrial with
Bernoulli server vacation, delaying repair and orbital search

Case (iv): If a1 = 0, we attain the search of arrivals of an M/G/1 retrial queues with delayed
repair and optional re-service

7. Conclusion

The system size and orbit size distributions in steady state are investigated using the
supplementary variable technique, as well as their averages, for a server in retrials including
arrival search, delayed repair, voluntary re-service under Bernoulli server vacation. Other
system performances measurements and orbit properties are also computed. By including the
batch arrival concepts, service in bulk, impatient consumers, and breakdowns in the
workplace, this effort can be expanded in numerous directions. This analysis will be
extremely useful to system managers in making informed judgments about the system's size
and other issues and a real-world application in a computer processing system that uses a
processor to process messages.
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