ISSN: 2456-8686, Volume 2, Issue 1, 2018:14-31
DOTI : http://doi.org/10.26524 /cm23

(I") Journal of Computational Mathematica

Forced Oscillation of Solutions of Fractional Neutral Nonlinear
Partial Differential Equations

V.Sadhasivam'*, Kavitha J? and Nagajothi N3
L23Department of Mathematics, Thiruvalluvar Government Arts College,
Rasipuram - 637 401, Namakkal Dt., Tamil Nadu, S.India.

Abstract

In this article, we investigate the oscillation of fractional order neutral partial differential
equations of the form DY** [u(z,t) + A(t)u(z,t — o)] + r(t) DS yu(w,t) = a(t)Au(z,t)
+ 3 ay(0)Aul,t —75) — pla, t)F (fot(t - s)_au(m,s)ds) T flat), (2,6) €Qx Ry =G.
Using the generalized Riccati technique and integral averaging method, new oscillation criteria
are established.
AMS Classification: 34K37, 35B05, 35R11.

1. Introduction

Neutral differential equations are functional differential equation in which the

highest order derivative of the unknown function appear both with and without
deviations. The neutral differential equations arise in many areas of applied
mathematics. During the last two decades there has been a lot of interest towards the
study of qualitative theory of neutral differential equations. A good guide concerning
the literature for ordinary neutral functional differential equation [14,29] and the
references cited therein. The neutral delay differential equations arise in modeling
of the networks containing loss less transmission lines (as in high-speed switching
circuits), second order neutral delay differential equations appear in the study of
vibrating masses attached to an elastic bar, as the Euler equation in some variational
problems, theory of automatic control and in neuro mechanical systems in which
inertia plays an important role. See [16,34].
On the other hand, for partial neutral functional differential equations we refer to the
reader to [15,35] and the references cited therein.The investigation of the problem of
oscillation and nonoscillation of neutral delay differential equations has been initiated
by [36]. Recently, researchers have established some oscillation results for partial
functional equations we refer the reader to [3,11,22] for parabolic equation and to
[2,4-6,19] for hyperbolic equations.
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In the last few years, the problem of oscillation of solutions of fractional order
differential equation have received a great deal of attention. we refer in particular to
the papers [7,10,12,13]. For general back round on fractional differential equations
(see the monographs [1, 8, 9, 20, 21, 23, 29, 30, 31,37]). However, it seems that very
little is known regarding the oscillatory behavior of fractional order partial differential
equations [18,24-27,32,33| and the references cited therein.

In [33], Wei Nian Li investigated the oscillation properties for solutions of a kind of
partial fractional differential equations with damping term of the form

m

DY (e, ) + p() D3, (ule, 1) = a(t)Aula,t) + 3 a,(t) Az, t — 7)

=1

—q(z,1) (/Ot(t — f)o‘u(x,f)df) , (2,t) e G=Qx R,.

It seems that there has been no attempt made on (1 + «)™ order fractional neutral
partial differential equation. Motivated by this, we study the following equation
(1.1). In this paper, we obtain some new oscillation criteria for fractional order
neutral partial differential equations with damping term of the form

!

Dlg-ta [u(z,t) + A(t)u(z, t — 0)] + r(t) DT su(z, t) = a(t)Au(z, t) + Z a;(t)Au(z,t — 7;)

j=1

—p(z,t)F (/o (t — s)_au(m,s)ds> + f(z,t), (z,t) € Q2 x Ry =G, (1)

2 is a bounded domain in R™ with a piecewise smooth boundary 02, € (0,1) is
a constant, D¢, is the Riemann-Liouville fractional derivative of order a of u with

respect to t and Au(z,t) = >, 32(;;_(?2,1:) is the Laplacian operator in the Euclidean
n- space R".

Equation (1.1) is associated with the boundary conditions, namely

Ou(x,t)
vy

+ Y(z, t)u(x,t) =0, (x,t) € 02 x Ry, (2)

where ~y is the unit outward drawn normal vector to d€2 and ¢ (z,t) is nonnegative
continuous function on 02 x R, and

u(z,t) =0, (z,t) € 02 x R,. (3)
We assume the following conditions throughout this paper without mentioning that

(A;) A€ C™(]0,00);]0,00)),0 < A < 1 and o is a nonnegative constant;
(Ay) 7 € C(]0,00);[0,00)),a € C(]0,00);[0,00)),a; € C([0,00);[0,00)) and 7; are
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nonnegative constant, j = 1,2, 3, ...,;

(43) p € C(G; Ry) and p(t) = min,ecop(z, t);

(A4) F € C(R; R) is convex in [0,00), and uF(u) > 0 for u # 0 and there exists a
positive constants p such that % > p for u # 0;

(As) f € C(G;R) such that [, f(z,t)dz < 0.

By a solution of the problem (1.1),(1.2) (or (1.1),(1.3)), we mean a function u(z,t) €
C'e(G) N C%(G) which satisfies (1.1) on G and the associated boundary condition
(1.2)(or (1.3)).

The solution u(x,t) of (1.1), (1.2) or (1.1), (1.3) is said to be oscillatory in the domain
G if for any positive number 6 there exists a point (z¢,%) € §2 x [#,00) such that
u(xo.to) = 0 holds.

Our main aim of this paper is to establish new oscillation criteria for (1.1), (1.2) and
(1.1), (1.3) by using generalized Riccati technique method.

2. Preliminaries

In this section, we give the definitions of fractional derivatives and integrals which
are useful throughout this paper, there are several kinds of definitions of fractional
derivatives and integrals. In this paper, we use the Riemann-Liouville left sided
definition on the half axis ..

Definition 2.1 [28] The Riemann-Liouville fractional partial derivative of order 0 <
a < 1 with respect to ¢ of a function u(z,t) is given by

0 1

(D?ﬁtu)(a:,t) = am/o (t —v) “u(z,v)dv (4)

provided the right hand side is pointwise defined on R., where I' is the gamma
function.
Definition 2.2 [28] The Riemann-Liouville fractional integral of order a > 0 of a

function y : R, — R on the half-axis R, is given by

(Ioy)(t) == ﬁ /0 (t— ) lyW)dy for >0 (5)

provided the right hand side is pointwise defined on R, .

Definition 2.3 [2§] The Riemann-Liouville fractional derivative of order a > 0 of a
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function y : R, — R on the half-axis R, is given by

(D3Y(E) =

[o]
_ 4 ([L‘”*‘@) (t) for t>0 (6)

provided the right hand side is pointwise defined on R,, where [«] is the ceiling
function of a.

We need the following lemmas in proving our main results.

Lemma 2.4 [15] Let
K(t):= /t(t —v) %y(w)dv for a€(0,1) and ¢>0. (7)
0

Then K'(t) =I'(1 — a)(Dy)(2).
Lemma 2.5 [28] Let & > 0,m € N and D =%, If the fractional derivatives (DSy)(t)
and (DS™y)(t) exists

D™((DIy)(t)) = (DT y)(1). (8)

Lemma 2.6 [27] If X and Y are nonnegative, then
mXY™ - X™ < (m—-1)Y™ (9)

3. Main Results

In this section, we establish the oscillation of the problem (1.1), (1.2). We start
with the following theorem.

Theorem 3.1 Suppose that the conditions (A;) — (As) hold. Assume that for some
to > 0 and F'(v) exists such that F’'(v) > p for some p > 0 and for all v # 0,

/: o (/tt T(SMS) d = oo, (10)
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where

t

v(t) = exp —/r(s)ds T > 1. (12)

to

Then every solution of the problem (1.1), (1.2) is oscillatory in G.

Proof: Let us prove this theorem by the method of contradiction. Assume that
there is a non-oscillatory solution w(z,t) to the problem (1.1),(1.2) which has no
zero in € X [tg,00) for some to > 0. Without loss of generality we may suppose
that u(z,t) > 0,u(z,t —7;) > 0 and u(z,t — o) > 0 in Q X [t1,00) for t; > to,
j=1,2,3,..., 1. Integrating (1.1) over the domain 2, we get

/ D u(z, t) + At)u(z,t — o)) dz + r(t) / DY ju(x,t)dx = a(t) / Au(z, t)dx
Q

Q Q
t

+Zl;aj<t> [ dutwt =)o~ [p.oF | [t -9 utes)ds | da

Q Q 0

+ [ f(z,t)dx, t > t. (13)
/

Using Green’s formula and (1.2), it follows

/ Au(z, t)da = / Q@) jo — [ e dS <0, t>4 (14)
Q oo 07 o0
and
/ Au(z,t —7;)dr = / Mds
Q 0 2l

=— [ Y t—T7)u(x,t —71;)dS <0, t>t, j=1,2,3,...,1. (15)
o0
where dS is the surface element on 0f).

Let V(t) = / u(x, t)dz. (16)
Q
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By using Jensen’s inequality and (Ajz), we obtain

/Q pla,t)F ( /0 - s)°u(z, s)ds) dz > p(t)F /Q ( /0 t(t — ) u(z, s)ds) dx)

By (A5),

/ f(z, t)dz <O0.
v

Combining (3.5) — (3.9), we have

DY [V (t) + MOV (t — 0)] + () D2V (£) < —p(t)F (K(1)), t>t.

Let
2(t) =V () + AXt)V(t — o).
Then the above inequality becomes,
D) +r(t) DIV (L) + p()F (K(t)) <0, t>t.
Using Lemma 2.2 and (3.11), we have

[(DS=(1)) v(t)}/ = D (2(t) v(t) — (DS2(1)) r(t)o(t)

(18)

= [=r(®) (DIV(®)) —p(t)F (K(t))] v(t) — (DS2(t) r(t)o(t) (21)

<O, t> 1.

Therefore, (D% z(t)) v(t) is a strictly decreasing in [t1,00). We claim that DY z(t) > 0
for t > ¢;. If not, then D¢ z(t) < 0 for t > t;. Therefore, there exists a 7" > t; such

that

(DEz(t) v(t) < (DL(T))v(T) :==-C <0, t>T.

(22)

1
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Using Lemma 2.1 in (3.13), we get

exp (/r(s)ds) < —%, t>T. (23)

to

Now, we integrating (3.14) from T to t, we have

o (00 <= 0

T to

Letting ¢ — oo, which contradicts to (3.1). Hence D¢ z2(t) > 0 for ¢t > t; holds.
We define the generalized Riccati function w(t) by

(D22(t)v(t))

vl = E w m)

(o) = (PLO0) (DLa(0) o0 F (K (1) K'()
v F (K (1) F2 (K(1))
(DL (t))u(t) — (DS=(O)u(t)r(t)  pT(1L = a) Dg=(t)o(t) D22(1)

= F (K (t) F2 (K(1))

. -“”(5;;;;”““ o 00(t) — it — 0 Z(f))w (t)

< —pl0)() — w(tr(y) - LT 2 26)
Taking m=2

pl(1 - ) r(t)\/v(t)
* = v(t) Q 2/ ul(1 — «) @7
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Using Lemma 2.3 and (3.18) in (3.17), we get
L ) e

4ul'(1 — a)
Integrating both sides of the above inequality from ¢; to ¢, we have

t

/ [p(s)v(s) — %] ds < —/w’(s)ds

t1 t1

Taking the limit supremum of both sides of the above inequality as t— oo we get

1i1?iigp/ [p(s)v(s) — %] ds < w(ty) < oo

which contradicts (3.2). This completes the proof of Theorem 3.1.

Theorem 3.2 Assume that (A;) — (A5), (3.1) hold and

/too [p p(s)v(s) — %] ds =00, ty>0. (28)

Then every solution of the problem (1.1),(1.2) is oscillatory in G.

Proof: Assume that there is a non-oscillatory solution wu(x,t) to the problem
(1.1), (1.2) which has no zero in Q x [ty, o) for some ¢, > 0. Without loss of generality
we may suppose that u(x,t) > 0, u(z,t —7;) > 0 and u(z,t — o) > 0 in Q X [t1,00)
for t; > to, 7 =1,2,3,...,1. Proceeding as in the proof of Theorem 3.1, we get (3.11)
and D¢ z(t) > 0 for t > ¢;.

Define the function as follows, wi(t) by

t> 1. (29)
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Then, w(t) > 0,

() = K(t) - K2 )
_ (DEs0)e(t) — (DRa(0)v(@)r(t) _ D(1 - a)D2=(t)o(t) DE2(1)
K1) K2
< SO oyt - wior) - = (ao)
< pl0)0(e) — wn(tr(e) - R
< —p p(t)v(t) %, t>t. (31)
By integrating (3.22) from ¢; to t, we have
| OG0 P S
/ o ptelute) - SR s < / [(5)a
= wl(tl) — wl(t)

which contradicts (3.19). Hence the proof is complete. Next, we will discuss some
new oscillation criteria for (1.1) by using integral averaging conditions of Philo’s type.

Theorem 3.3 Suppose that the conditions (A;) — (A5) hold. Furthermore, suppose
that there exists a function H € C(D,R) where D:={(t,s) : t > s > ¢} such that
1L.H(t,t) =0 for t > t,

2.H(t,s) >0 for (t,s) € Dy, where Dy = {(t,s) : t > s>t}

H has a continuous and non positive partial derivative H.(t,s) = 8}18(5’8) on Dy with
respect to the second variable and satisfies
1 ' ~o(s) (r(s))
lim su —/Ht,s s)v — =1 ds = 0. 32

Then all solutions of (1.1), (1.2) is osillatory in G.

Proof: Suppose that u(x,t) is a non-oscillatory solution of (1.1), (1.2). Without loss
of generality, we may suppose that u(x,t) is an eventually positive solution of (1.1),
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(1.2). We proceeding as in the proof of Theorem 3.2, to get that (3.22)

wy(t) < [—p p(v(t) + 5

Multiplying the previous inequality by H(t,s) and integrating from ¢; to t for t €
[to, 00), we obtain

/Hts[pp)() <)1(r8)2]d8§ [H(t, s)w(s /H’tsw1 )ds

Therefore,

i L ) | oo - SR s < e

which is contradiction to (3.23). The proof is complete.

4. Oscillation of the problem (1.1), (1.3)

In this section we establish some new criteria for the oscillations of the solutions
of the equation (1.1),(1.3). For this we need the following.
The smallest eigenvalue By of the Dirichlet problem

Aw(z) + pw(z) =0 in Q
w(x)=0 on 09,

is positive and the corresponding eigen function ¢(x) is positive in €.

Theorem 4.1 Suppose that the conditions of Theorem 3.1 hold. Then every solution
of the problem (1.1),(1.3) is oscillatory in G.

Proof: Assume to the contrary that there is a non-oscillatory solution u(x,t) to the
problem (1.1), (1.3) which has no zero in 2 X [tg, 00) for some ¢, > 0. Without loss
of generality we may suppose that u(z,t) > 0, u(z,t —7;) > 0 and u(x,t —0o) > 0 in
Q x [ty,00) for t; > ty, 7 =1,2,3,...,1. Multiplying both sides of (1.1) by ¢(z) and
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integrating over the domain 2, we get

/ D u(a, t) + Mt)u(x,t — 0)] ¢p(a)dx + r(t /DJr au(x, t)o(x)de
Q

l

=af(t) / Au(z, t)p(z)dr + Z a;(t) /Au(x, t —7;)¢(x)dx

=1

Using Green’s formula and (1.3) we get,

/Q Aulz, )é(z)dz = / w(z, D) AG(x)dx

Q

— —50/ u(z, t)p(z)de <0, t>1 (34)
Q

and

/QAu(x,t — )é(x)dz = /Qu(x,t 1) Ad()de

= —50/ u(z,t —15)p(x)de <0, t>t, j=1,2,3,....1. (35)
Q

Let
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By using Jensen’s inequality and (As), we get

/Q ) F ( /0 - 3)_au(x,s)ds) 6(x)dz
>0 ([ ([ 0= 9 ute o) i)
> ([ = ([ utopstoras ) as)

> p(t)F (K(1), t>th. (37)
In view of (4.2) — (4.5), (4.1) yields,
DI ()] +r(t)DIU) + p(t) F (K(t)) <0, t > t. (38)

The rest of the proof is similar to that of the Theorem 3.1.
The following Theorems can be proved analogously.

Theorem 4.2 Suppose that the conditions of Theorem 3.2 hold. Then every solution
of the problem (1.1),(1.3) is oscillatory in G.

Theorem 4.3 Suppose that the conditions of Theorem 3.3 hold. Then every solution
of the problem (1.1),(1.3) is oscillatory in G.

5. Example

In this section, we give some examples to illustrate our main theorem in section 3.

Example 5.1 We consider the fractional partial differential equation

141 1 ] 1.1 8 1 3
Dy 2 |u(z,t) + §u(m,t - 5)] + ;Dﬁtu(:c,t) = ﬁAu(x,t) + ;Au(a:,t — Z)
! /t(t )iu(x s)d 10 sinxsint + 1
— —5) 2 , S — —=8Inwsl
V2m [costC(z) + sintS(x)] Jo 9v/2
for (z,t) € G, where G = (0,7) x [0, 00), (39)
with the boundary condition
u(0,t) = u(m,t) =0, ¢>0. (40)
Take @ = £,n = 1,m = LA(t) = 5,0 = 5,r(t) = 1,71 = 3, a(t) = %,al(t)
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1, _ 1
= 1,p<l‘,t) " V2m[cos tC(x)+sintS(z)]’
where C(x) and S(x) are the Fresnel integrals namely,

C(z) = / oS (—7rt2> dt,S(z) = / sin (—7rt2> dt,
0 2 0 2

F(u) =uand f(z,t) = —% sinxsint +1,t > Sin_l(g‘/i”L w=1.

But |C(z)] <7 and |[S(z)| <7

1
) = mingcq = .
pl?) Vo [cost + sint]

It is clear that conditions (A;) — (A5) hold. [ exp(ft’; Lds)dt = oo and v(t) = .
Consider,

O e e e e ik

Tty 1 1 1
> — - = i ds — o0 ast— oo
th LS T 2m S 4F(§)

It is easy to see that all conditions of Theorem 3.1 are satisfied. Hence every solutions
of equations (5.1), (5.2) oscillates in (0, 7) x [0, 00). In fact u(x,t) = sinx cost is such
a solution.

Example 5.2
141 1
D2 |u(z,t) + Fu(x,t — 2#)} + ;D?ﬁtu(az t)
3 \/§7T —7 1 _5 t_Tl
— |2 T 7+ — | Aufa,t
I EEANVCAY] Rl
1 o1 s td s
=t st = | Au(a,t— =
v rmmpt ) ety
sint t -1 1 =
— t—s)2 ds — 1253 int
2/ [sin tC(x) — costS(z)] /0 (t =) % ulw,s)ds = 751+ coswsin
+ Cosx[sint +cost] for (z,t) € G, where G = (0,m) x [0, 00), (41)

tv/2
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with the boundary condition

|3 VEm =T 1 =5 4T |l VEr =3 T
alt) = {zm»?“ + et +W} yar(t) = [75* ey +W]’

_ sin ¢
p(l’, t) T 2y/7[sintC(z)—costS(z)]
where C(x) and S(x) are the Fresnel integrals namely,

C(x) = / cos (171'252> dt,S(z) = / sin <l7rt2> dt,

F(u) = u and
flz,t) = _ﬁit% cosxsint + Ct‘ijg[sint + cost], p=1.
It is easy to see that

" _ _ sint
= MiN,cq = MUNgc[0.x] = . ’
P1 z€Q) €f0,7] 2y/7 [sintC(x) — costS(x)]

v(t) = . But |C(z)| < 7 and [S(z)| < 7. Therefore, pi(t) = 5—==ti—
Consider,
/ o(sp(s) = TEXUE] 4o / flosims 11t ],
" P 4pl(1 — ) ~Ji, Ls2ny/m[sins —coss]  s34D(3)
t
to 1 1 2
0 - d ¢
>/t1 L47r\/7_r 3341“(%)} s — 00 ast— 00

Thus all the conditions of Theorem (3.1) are satisfied. Then every solution of the
problem (5.3),(5.4) oscillates in (0, 7) x [0, 00). Infact u(z,t) = cosxsint is one such
solution of (5.3), (5.4).

Example 5.3 we consider the fractional partial differential equation

1 1 1
D_l:t“’ [u(a:,t) + §u(a:,t - g)} + D3 ju(w,t) = 2Au(w,t) + 3Au(z,t — )
1/ [ - > 31 oz )
for (z,t) € G, where G = (0,7) x [0, 00), (43)
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with the boundary condition
u(0,t) = u(m,t) =0, t>0. (44)

Herea =3, n=1m=1At) =31, 0=2,r(t)=1, 71 =7, alt) =2, ai(t) = 3,
4
p(z,t) =4 F(u)=u? and f(z,t) = —f’Txﬂi% + &= + 2% where t > 2opu=1
. iy 00 t —
It is clear that conditions (A1) — (A5) hold. [~ exp( [, ds)dt = oo and v(t) = e~

Consider,
K (r(s))%(s)} /t {et%_s etoe_s}
v(s)p(s) — —=+——= | ds = — < 00
[ v~ ) o= [ 507 - 5
It is easy to see that conditions of Theorem 3.1 are not satisfied. Hence every

solutions of equations (5.5),(5.6) need not oscillate in (0,7) x [0,00). In fact,
u(z,t) = x is not a oscillatory solution.

Remark 1: The results obtain in this paper can be considered as generalization of
those results in paper [33]. In fact, A(t) = 0, F(u) = u, f(z,t) = 0. Our equation
(1.1) reduces to equation (2.1) in [33].

Remark 2: Note that the results by [33] cannot be applied to the equations
(5.1),(5.3) and (5.5). So our results improve the results in [33].
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