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Abstract

In this paper considers M*/G1/1, MP,l/G,/1 , MX4/G4/1 general queueing system with
priority services . Three types of customers from different classes arrive at the system in different
independent Poisson process. The server follows the non preemptive priority rule subject to working
breakdown, and modified Bernoulli vacation with general (arbitrary) vacation periods. After
completing the service, if there is no high priority customers present in the system. The time
dependent probability generating functions have been obtained in terms of their Laplace transforms
and the corresponding steady state results are obtained. Also the average number of customer in the

priority and non priority, preemptive priority queue and the average waiting time are derived.

Key Words: Preemptive priority queueing systems , modified Bernoulli vacation, working
breakdown, supplementary variable technique.
AMS Classification: 68M20,60K25

1 Introduction
The study on queueing models has become an indispensable area due to its wide

applicability in real-life situations; all the models considered have had the property that units proceed
to service on a first come ,first served basis. This is obviously not only the manner of service, and
there are many alternatives, such as last come first- served, selection in random order, and selection
by priority . In order to offer different qualities of service for different kinds of customers, we often

control a queueing system by priority mechanism.
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This phenomenon is common in practice. For example, in telecommunication transfer protocol, for
guaranteeing different layers of service for different customers, priority classes control may appear in
the header of an IP package or in an ATM cell. Priority control is also widely used in production

practice, transportation management, etc.

A few papers appear on bulk arrival priority queueing system. Hawkes (1956) considered the time
dependent solution of a priority queue with bulk arrivals. Haghighi and Mishev (2006) have studied a
parallel priority queueing system with finite buffers. Vacation queues have been studied by several
author including Doshi (1986), Takagi (1990), and Chae et al. (2001). Ayyappan and Muthu
Ganapathi Subramanian (2009) have studied single server retrial queueing system with non
preemptive priority queueing system with a single server serving two queues with optional server
vacation exhaustive service of the priority units. Thangaraj and Vanitha (2010) have studied an
M/G/1 queue with two-stage heterogeneous service compulsory server vacation and random
breakdowns, and Jau- Chauan and Fu- Min (2009) have studied modified vacation policy for M/G/1
retrial queue with balking and feedback. Here we dervice time dependent probability generating
functions for both priority , non priority and preemptive priority units in terms of Laplace transforms.

We also derive the average queue size and average waiting time in the queue.

2 Section
Definitions and Notations :

We define the following notations :

1. QYqr(x,t) = Probability that at time t, the server is active providing service and there are p(p
== 0) priority units,q (g = 0) non priority units and r(r= 0) preemptive units in the queue
excluding the one priority unit in service with elapsed service time for this customer is x.
Accordingly ,

Qo = J Qpulx)dx.

2. Q%q(x,t) = Probability that at time t, the server is active providing service and there are p(p
= 0) priority units,q (g = 0) non priority units and r(r= 0) preemptive units in the queue
excluding the one priority unit in service with elapsed service time for this customer is Xx.

Accordingly ,
QZqu(t) = foi szqr(X,t)dX..

‘I") Journal of Computational Mathematica Page 211 of 221



2456-8686, 6(1),2022:210-221
https://doi.org/10.26524/cm130

3. Probability that at time t, the server is active providing service and there are p(p = 0) priority

units,q (g = 0) non priority units and r(r= 0) preemptive units in the queue excluding the one

priority unit in service with elapsed service time for this customer is x. Accordingly ,
o
Qar(t) = fo Qpar(x,t)dx.

4.  Rpgr(X,t) = Probability that at time t, the server is on vacation with elapsed vacation time x

and there are
p(p = 0) priority units,g (g = 0) non priority units and r(r= 0) preemptive units in the
queue.
Roa() = [ Ra(x.1) dx.

5. Bpg(X,t) = Probability that at time t, the server is on vacation with elapsed vacation time x and
there are p(p == 0) priority units,q (q = 0) non priority units and r(r= 0) preemptive units in
the queue.

Boar(t) = 25 Brar(x.t) dx.

6. S(t) = Probability that at time t, there are no priority and non priority customers in the system

and the serve is idle but available in the system.

The Kolmogorov forward equations:

o < Qlr () = - (s + Ao+ ) 1 uXP d

15 Qe (xt) + 15 Qe (X,) = - (Aax + Aaz + Aag + Paa(X)) Qpor (X,1) + Aas Zi=1 i

Qlpigr(X,t) + Azz szqzl dj Qpgir(X,t) + As Ei’.:l d, Qhrk(X,t) ; p=1, q=1, r=1.

@

i Qoo (X,1) + i Qha0 (1) = = (hax + haz + Ras + pua(¥)) Qlpoo (x.8) + A L1y i Qhpigo,8) + Az
bZ?zl d; Qlpgio(x,) + Ars L= G Qlpuo(x.) ; p=1, 4=1,r = 0.

(2)

d d — 1 p 1

at Q'por (X,1) + at Qlpor (X,t) = - (Aar + Aaz2+ Aaz + H11(X)) Qpor (X,1) + Aas Eizl di QYpior(X,t) + A1z

bz?zl dj QlPOT(X!t) + 113 Zi;zj_ dk leqr—k(xit) ; p:El, g= 0, r=1.

©)
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T Qloar (X,1) "% Qloqr (1) = - (A1 + sz + Az + paa(X)) Qlogr (X,1) + Ana Z] L di Qogr(x,t) + Aso

bt ; i Qloqir(x) + has D= e Qlaarax,) 1 p =0, =1, r=1.
4)
i Qlooo (X,1) + i Qloo0 (X,t) = - (Rar + Asz + Aaz + Ha(X)) Qoo (X,t) + Aus Zle di Qlooo(X,t) + A1z
DEL; & Qoun() + hax Ly e Qloox); p=q =1 =0,
®)
qur(xt)‘l' qur(xt)— (}11+?‘12+?'13+:3I:KJ) qur(Xt)+;"1121 ld Rp|qr(Xt)+?'12
bE;-‘Ll i Ron(x.) + has Liems e Rooesxt) ; =1, 01, r=1.
(6)
- quo 0+ quo (68) = - (s + haz + has + 8(X)) Rono (%) + Aar Do i Rpaao(x,0) + Azz
bz;-q:l d; Raio(x.t) + Aos 2=y D Roao(x.1) ; p=1, =1, 1 = 0.
(7
i Rpor (X,t) + i Rpor (X,t) = = (Aaz + Azz+ Aas + 0(X)) Roor (X,) + Aus Z:]-le di Rp-ior(X,t) + A2
szqzl dj Rpor(X,t) + A3 Zi‘{:l dy Roark(X,1) ; p=1,9 =0, r=1.
©))
i Rogr (X,t) + i Rogr (X,t) = - (has + Ao + Aaz + 0(X)) Rogr (X,t) + Aua Zle di Rogr(%,t) + Asz
bt dj Rogii(x.t) + As L= G Roqes(x,t) ; p = 0, 4=21, r=1.
©)
i Rooo (X,1) +§ Rooo (X,t) = - (11 + Aro+ Mg + ©(X)) Rooo (X,t) + Aw Zle di Rooo(X,t) + A1z

ijq:l dj Rooo(X,t) + A13 ZL=1 d, Rooo(X,t) ; p=q=r=0.
(10)
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i Q%par (X,1) + i Q%par (X,t) = - (Az1 + Aoz + has + Par(X)) Q%pgr (X,1) + Aas Ef:l di Q%pigr(X,t) + Az

ijq:1 dj leq'jr(xyt) + ?123 Zi{:l d'k leqr—k(X,t) ; p:_:’l, q:_:’l, r=1.

(11)

i Q%o (X,t) + i Q%o (X,t) = - (a1 + Aoz + has + Paa(X)) Q%o (X,t) + At Zle di QZpigo(X,t) + Az
szqz1 d; Q%ago(x,t) + Aoz Zfi:1 dy Q%q(x,t) ; p=1,9=1,r=0.

(12)

% Q?%or (X,1) + i Q%or (X,t) = - (21 + Aoz + Aoz + Par(X)) Q%por (X,t) + Az Zf: i di Q%p-ior(x,t) + A2z
DZ; &) Qhax) + Ao Doy e Qhralx) 1 2L, 4 =0, 121

(13)

i Q%qr (X,t) + i Q%qr (X,t) = - (A1 + A2 + A2z + H21(X)) Q%qr (X,1) + At Zf: 1 di Q%qr(x,0) + Az

bz;lzl d; Q%qir(x,t) + Azs Zfizl dy Q%qrk(X,t) ; p=0, =1, r=1.

(14)

i Q%00 (X,1) + i Q%00 (X,t) = - (Az1 + Aoo + Aoz + 2r(X)) Q2000 (X,t) + Aas Zf:l di Q%ooo(x,t) + A2z
IOE:J'q=1 d; Qooo(x,) + hos =1 i Qooo(x,) ; p=q=r=0.

(15)

d d

5 Qar 060 + 2 Qar (68) = - (Rar + Ao+ Ass + 1an(X) Qpar (1) + s i1 & QX + e

ijq:1 d; Q3gie(x.t) + Aaa Zfi:1 dy Q3qrk(X.t) ; p=1, =1, r=1.

(16)

d d

5 Qo0 (0 + 2 Qa0 (1) = - (Ran + Az + s + paa(X)) Qo (X,1) + Ay Y1 i Qpiao(x) + a2

b L) Ay Qopasalxt) + Ao Doy e Qanlx) ; P21, 421,120,

7
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i Q¥or (x,t) + i Q¥or (1) = - (ha + Ao+ Ass + Psa(x) Qpor (%, 1) + hot Dy i Qprio(x,8) + Ao
bz_]g:1 dj Qor( X,t) + Aas Zi{:l dy Q%rk(X, 1) ; p=1,9=0,r=1.

(18)

i Qoyr (x.) + i Qo (%, 1) = = (har + haz + Aag + pai(x) Qour (x, 1) + har Tz g di QX 1) + Ao
bZi 1 &) Qou(x, 0+ Doa Teey e Qo 1) p =0, 621, 121,

(19)

i Q%00 (X,) + i Q300 (X,t) = - (a1 + Az + Ass + Hz1(X)) Q300 (X, t) + Azt Zf: 1 d; Q300(X,t) + As2
szq:1 d; Qno(x,t) + has Zig=g ke Qooo(x,1) ; p=q=r=0.

(20)

i Bpar (X,t) + i Bpar (X,t) = - (has + Aao + Az +Y (X)) Bpar (X,1) + Aua Zle di Bpigr(x,t) + Az bqu=1 d,
Bra(x,) + his Zic=1 e Boarst) ; P21, 421, r=1.

(21)

i Bpao (X,t) +§ Bpoo (X,t) = - (Aar + Az + haz + V(X)) Bpoo (X,1) + A Zle di Bpigo(X,t) + A2z

szq=1 d; Bpio(x,1) + Aas =g G Bpao(X.1) ; p=1, =1, 1 =0.

(22)

i Bpor (X,t) + i Bpor (X,t) = = (Aax + Azz+ Aas + V(X)) Bpor (X,) + Aws Zle di Bp-ior(X,t) + A2 szqzl d;
Boor(X.t) + A1 Xige—1 i Bpgrk(X,1) ; p=1, ¢ = 0, r=1.

(23)

i Bogr (X,t) + i Bogr (X,t) = - (haz + Asz+ Az + V(X)) Bogr (X,t) + A Zle di Bogr(X,t) + Az ijq:l d;

Bogir(X,t) + A13 2up=1 Gk Bogrk(X,t) ; p= 0, g=1, r=1.
(24)
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i Booo (X,t) + iBooo (X,) = - (ha1 + Ao+ has + TI:X)) Rooo (X,t) + At Zle d; Booo(X,t) + A1z bE;':l dj
Booo(X,t) + Ais Zi=1 d, Booo(X,t) ; p=qg=r=0.

(25)

i S() = - (has + haz+ hos) SO +(1-0) [ Qlaoo(xt) Ms()x + [ Qooolx.1) paa(x)elx +

IDI Q3000(X,t) Ma3(X)dx + IDE Rooo(X,t) E(X)dx + IDI Booo(X,t) T(X)dx.
(26)

The above set of equations are to be solved under the following boundary conditions x =0

Qa0 = [ Tlpeaq(t) pa()ax + [ Dopusi(t) poa(dx + [ Dopaaqr(x,t) pas(x)lx +

J Revaaxt) 3(X)dx + [ Bpriglx.) Y(X)dx, : p=1, =1, r=1.

(27)

Qpan(0.) = Aasdprss(®) + [ Tlperco(t) ua()x + [ Tousgo(xt) o + [ Dpeqo(x,t)
s+ [ Roesoo(t) 8(x)dx + [ Bposgo(x.) Y(X)dx, ; p=1, 4=1, 1 =0

(28)

Qua(0.) = [, Do) pua()dx + [ Dooqxt) paa(eix + [ Doqdxt) pas()elx +

f[;: Rogr(x,t) O(X)dx + f[;: Boor(x,t) Y(X)dx, ; p= 0, g=1, r=1.

(29)

Quo(0) = [, Dhoorx.) pua)dx + [ Dn(,t) o)+ [ Dopor(x,8) pss(x)ax +

J Reo(xt) 8(X)dx + [~ Boo(xt) Y(X)dx, : p=1, ¢=0, r=1.

(30)

Qlooo(o,t) = ?xlldlS(t) + f;: :1100(X,t) Mir(x)dx + f;: :2010(X,t) Ha2(X)dx + f;: :3001(X,t) Mas(X)dx +

J.DJ: Raioo(x,1) E(X)dx + .J-DD: Buoo(x,t) ﬁj.rl:}'f)dxv ; p=g=r=0

(31)
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Rogi(0,t) = [ ;3 Tlog(xt) p()dx , q=0, r=0
(32)
Boa(0.0) = [, Dloa(xt) pus(x)ax , g=0, r=0
(33)
Qann(0.0) = Raathis(®) + [ Do) pus (e + [~ Touca(x.) Moa(dx + [ Tooo(x.) pas(x)elx +
_J.DD: Rowo(x,t) &(X)dx + _J.DD: Bowo(x,t) Y(X)dx, ; p=g=r=0
(34)
Q%qr(0,t) = fgx oqr(%,t) pu(x)dx + fgx Poqr(%,t) paz(x)dx + fgx oqr(%,t) Maa(x)dx +

I, Rolxt) 3(¥)dx+ [ Bog(xt) Y(X)lx,; p= 0, g=1, r=1,

(35)

szOr(O,t) = _J-DD: Q1P0r(X,t) Miz(x)dx + fgj: QZpOr(X,t) Maz2(X)dx + -I-Dj: Q3p0r(x,t) Maz(X)dx +

J; Renx) 8(¥)ax + [ Boo(xt) Y(X)dx, : p=1, ¢=0, r=1

(36)

Q%q0(0,1) = Aa10p1s(t) + IDJ‘: Q'pr100(X,t) pua(X)dx + IDE Q%u100(X,t) Pa(X)lx + J‘DJD Q% 100(X.t)
s+ [~ Rousoo(xt) S(x)dx + [ Bposgo(x.) Y(X)x, ; p=1, 4=1, 1 =0

37)

R por(0,t) = ﬂ' Z20r(%,t) Ha2(X)dx , p==0, r=0

(38)

B poi(0.) = fnx’ Q%or(X1) Mao(X)dX , p=0, r=0
(39)
Qunn(0.0) = Rasths(®) + [ Thpoo(t) ks + [ Tocox.) Moo + [ Toon(x,t) pas(x)cx +

f;: Zowo(xt) Z(Z)dx + f;: Towo(x,t) = (Z)dx, ; p=g=r=0
(40)
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Qor0 = f,” Towlot) b0k + [ Do) pealix + J” Do) Haf)ce +

) ; Toaxt) D(D)dx + [ ; Toar(xt) J(D)dx, ; p= 0, g==1, r=1.

(41)

Q%ar(0,t) = ff o) pua(¥)dx + [, ;3 Z20r(X,8) Mz2(X)x + ; 3eor(X,t) Mas(X)dlx +

[ Renx.) 8()ax + [ Boo(xt) Y(X)dx, : p=1, ¢=0, r>1

(42)

Q%0(0,t) = Aa10p1s(t) + fﬂx ea1go(X,t) pus(X)dx + fﬁx T Z00100(X,t) Haz(X)dX + f: Tu1q0(X,1)
s+ [ Roasoo(t) 8(x)dx + [ Bo(x) Y(X)lx, : p=1, 4=1,r=0

(43)

Reao (0,0 = Z Jf Do) bas()dx , p=0, 4=0

(@4)
Boy(0.0 = [, Tp() Hss()dx . p20, 40
5)

We assume that initially there are no customers in the system and the server is idle. so the initial

conditions are

Q'ar(0) = Q'pe0(0) = Qoar(0) = Q*p0r(0) = Q'000(0) =0
Q%ar(0) = Q%a0(0) = Q0r(0) = Q?p0r(0) = Q%000(0) =0
Q%ar(0) = Q%0(0) = Q0r(0) = Q%0r(0) = Q%00(0) =0
Rpar(0) = Rpeo(0) = Rogr(0) = Rpor(0) = Rooo(0) =0

Bpqr(0) = Bpgo(0) = Bogr(0) =Bpor(0) = Booo(0) = 0 and S(0) = 1
(46)

The following probability generating functions:

Iijz[:u 2 ajz[) Ef:[:l £P1uZ%2'53Q (X 1) = QY(X,Z11,Z22,Z33)
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p=0 ZPuQp(x.t) = Q'(x.Zu), Xglg Z%Ql(x.D) = QUx.Zz2), Ly Z'5:QM(x.D) = Q'(X.Zss)
(47)

p=0 21q=0 ureo Z 1222 5 Qpar(X,t) = Q(X,Z11,Z22,Z22)

p=0 ZPuQ%(x,1) = Q¥(X,Zw), D a=0Z%2Q%(x.1) = Q*(X.Z22), Dore ZP3QU(X,t) = QA(X,Z33)
(48)

p=0 2iq=0 2ure0 Z 1222 5 Qpar(X,t) = Q(X,Z11,Z22,Zz2)

p=0 ZP1Q%(Xt) = Q*(X,Zw), X a=0Z%22Q%(X.t) = Q*(x.Z2), Lo ZP3Q3(x,t) = Q¥(X,Za3)
(49)

;:=D ¥ a::[;, Z:i[;, ZP117%7 53Rpqr(X,t) = R(X,Z11,Z22,Z33),

Z;C’:DZ"llRp(x,t) = R(X, Z11), Z;::DquzRq(X,t) = R(X, Z22) , 2anep Z53Re(X,t) = R(X, Za3).

(50)
;::D E §=D E?::D ZF117%,7"33Bpqr(X,t) = B(X,Z11,Z22,Z33),
Z;::DZplpr(x,t) = B(X, Z11) , Zj;:DZqZZBq(x,t) = B(X, Z22) , 2anep Z'53Bi(X,t) = B(X, Za3).
(51)

Which are convergent inside the circle given by |Z11| =1, |Z22| =1, |Z33| = 1.

Subsection

STEADY STATE ANALYSIS : LIMITING BEHAVIOR

The steady state probability for an priority queueing system with a single server three queues
M M MX,l [ G1,G,,Gs /1 and server vacation, breakdown based on exhaustive service of the

priority units are given by

1-B1 (M1[1 - C(Z11)]+222b[ 1 - C(Z2)]+133[ 1 - C(Z33)])
(A11[1 - C(Z11)]+222b[ 1 - C(Z22)]+433b[ 1 - C(Z33)]

QY(Z11,Z22,Z33) = QY(0,Z11,Z22,Z33)

(52)
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1-BT (L11[1 - C(Z11)]+ 222b[ 1 - C(Z22)]+133[ 1 - C(Z33)])
(A11[1 - C(Z11)]+322b[ 1 - C(Z22)] +033b[ 1 - C(Z33)]

Q4(Z11,Z22,Z33) = Q*(0,Z22)

(53)

1-BT (A11[1 - C(Z11)]+322b[ 1 - C(Z22)]+133[ 1 - C(Z33)])
(A11[1 - C(Z11)]+322b[ 1 - C(Z22)]+)33b[ 1 - C(Z33)]

Q%(Z11,Z22,Z33) = Q%(0,Z33)
(54)

R(Z11,Z22,Z33) = BQ(O,le,ZZZ,Z33)E1(?‘~.11 + h22b[1 — c(Z33)]

L= R ([T - C(Z11)]+122b[ 1- C(Z22)]+233[ 1- C(Z33)]
(A11[1 - C(Z11)]+222b[ 1 - C(Z22)]+A33[ 1- C(Z33)]

(55) B(Z11,Z22,Z33) =

BQ(OizlLZZZ,ZSS)El(;'Ln + haab[1 — ¢(Z33)]

L= R (11 - C(Z11)]+122b[ 1- C(Z22)]+233[ 1- C(Z33)]
(A11[1 - C(Z11)]+222b[ 1 - C(Z22)]+A33[ 1- C(Z33)]

(56) In the order to determine Q, we

use the normalizing condition
QY(1,1,1) + Q%(1,1,1) +Q3%1,1,1) + R(1,1,1) + B(1,1,1) + S=1.
CONCLUSION:

In this paper we studied a priority queueing system with optional server vacation and
modified Bernoulli breakdown based on exhaustive service of the priority units. The server provides
three types of service, namely priority, non priority and preemptive priority rule.We derived the
probability generating functions of the number of customers in the priority units are found by using

the supplementary variable technique.
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