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Abstract

In this article, we consider a class of stochastic fractional differential equations (SFDEs)
driven by L'evy noise in the sense of a newly defined OBC-fractional derivative. This is a
generalized Caputo type fractional derivative introduced recently by Zaid Odibat and Dumitru
Baleanu. Under some suitable sufficient conditions, we have employed fixed point theorem to
obtain existence and uniqueness results for the considered equation. We have also presented an
example which illustrates the applicability of our obtained results.
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1 Introduction

The topic fractional calculus has a very interesting historical background which
starts from 1695 and speeds up only recently when computers came and we got to
know how good the fractional operators can be in modeling the real world physical
phenomena. The traces of that history can be seen in [22], a detailed and more
advanced historical background is given in [I§]. The literature for the topic can be
found in the books [6], (13}, 18, 20, 21]. The application part of the fractional calculus
is the part which motivates many researchers to work on it. It has been applied
in various fields of science and engineering including some practical problems like,
public economics [3], study of damage [4], vibrations of heart valves [7], Schrodinger
and wave equations [14] 2§].
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There are a lot of physical phenomena which, while modeling, have some
unavoidable environmental noises that impact greatly on the results obtained using
ODESs, that’s why stochastic differential equations [17] are needed. The most common
noise is Gaussian noise but some phenomena, for example motion of a particle in a
strongly heterogeneous medium involving large jumps, require a more generalized
form, termed as L'evy noise [2]. For works concerning L'evy noise in ordinary
stochastic can be found in [5, [10, 24]. Articles for fractional stochastic differential
equations with Gaussian noise are [11, 23], 25, 26|, 27]. For more advanced works on
L'evy fractional stochastic one can look into [, [16].

Huong et al. [9] have discussed well-posedness for solution of Caputo SFDEs
in £P spaces, we have worked on SFDEs driven by L'evy noise in the sense of newly
define OBC derivative in £P spaces. The motivation behind using the OBC fractional
derivative [19] is that it is the extension of Caputo derivative, for p = 1 our result
will give the Caputo SFDEs driven by L'evy noise. Motivated from above mentioned
papers [9, [19] we have considered following SFDE driven by L'evy noise with OBC

derivative,
PEODEPX(1) =H(X(1-), 1) + (X)) + [ 3ex) ) B e o 1)
lyl<c
X(0) =¢.
()

where, §P¢Di” is the OBC fractional derivative 1/2 < a < 1,p > 1/2, 0 and
t are terminals of the derivative, the drift coefficient f : R? x [0,7] — R? the
diffusion coefficient g : R? x [0, T] — R?¥™ and the jump coefficient 3 : R¢ x [0, T] x
R? — R? are Borel measurable. B(t) = (BL(t), B%(t),..., B™(t)) is Brownian motion
with dimension m and the probability space (2, F, (F;,t > 0),P) is equipped with
normal filtration satisfying usual conditions. N : RT x (R?\ {0}) is an independent
F;—adapted Poisson random measure with a compensator N and intensity measure
v, which is called L'evy measure such that

~ 2
R(dt, dy) = N(dt, dy) — v(dy)dt, / Y (dy) < .
Rd\{O} 1 + y

¢ is the initial value satisfying E|¢|P < oo, and the constant ¢ € [0, 00) is the maximum
allowable jump size.

In recent research, it is an established fact that the noise or stochastic
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perturbation is obvious and universal in nature as well as in man-made systems.
Therefore, it is an importance aspect in various modeling problems to bring in the
stochastic effects into the study of fractional differential systems. This is the reason,
we have considered SFDE driven by L'evy noise with OBC fractional derivative in
this article.

The rest of the paper is organized as follows, Section [2] has some useful
definitions which we require to obtain our results, Section |3| discusses the motivation
of the present work along with a detailed needed background, Section [4] consists
our main results which is a theorem done using fixed point technique, Section [5| is
dedicated to an example which is presented to support our established results and
the paper is concluded in Section [6]

2 Preliminary Results

In an attempt to make this paper self-sufficient, we provide the following definitions
and some well known results. For the general setting of fractional calculus and
notations of stochastic calculus like Caputo’s derivative tCODf“, Riemann-Liouville
integral 4, J, “, Mittag Lefler function E, g, see the the references cited in end of
the article. Some basic definitions and function spaces that are the backbone of the
article are given as follows.

Definition 2.1 [I7](Stochastic Process) A family {X(¢),t € I} of R%valued random
variable is called a stochastic process with parameter set (or index set) I and state
space R%.

Definition 2.2 [2] (L'evy Process) Let X = (X(¢),¢ > 0) be a stochastic process
defined on a probability space (2, F,P). We say that X is a L'evy process if:

1. X(0) =0 (a.s.);
2. X has independent and stationary increments;
3. X is stochastically continuous, i.e. for all a > 0 and for all s > 0

lim P(|X(t) — X(s)| > a) = 0.

t—s

Definition 2.3 [2I] = The  Riemann-Liouville  fractional  integration  of
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[ € Lioe([to, t],R) of order @ > 0 is defined as

o di f(t) = ﬁ/ (t — 7)1 f(r)dr.

to

Definition 2.4 [2I] The Caputo fractional derivative of a differentiable function f,
such that f* € Ly ee([to, ], R), of order 0 < a < 1 is defined as

o _ (1_‘1)1 _ 1 ! — )@ ! dr
CDEI0) =0 TG0 = s [ =) (i

to
Definition 2.5 [2I] A two parameter Mittag-Leffler function for z € C is defined as
Eos(2)= —~ (a,8>0).
5(2) ;NakJrﬁ) (@, 8> 0)

0

Theorem 2.6 [15] Each contraction map g : X — X on a complete metric space
(X, d) has a unique fixed point.

Now, we turn our attention to the stochastic aspect of the problem, for p >
2,t € [0,00), let LP(2, F;,P) denote the space of all Fi-measurable, p'" integrable
function h = (hy, ho, ..., hg) : Q — RY with

d 1/p
Il = (ZE(W)) .

Let UP(]0,T]) be the space of all the process X which are measurable, right
continuous with left limit, Fp := (F})¢cpo,m-adapted and satisfy that

| X|ur := esssupieio. || X(1)]], < co.

Obviously, (UP([0,T]), || - |lur) is a Banach space.

Note: We will use following elementary inequalities [8] for the upcoming analysis
in order to prove our main result.

1. If X,Y € RY, then
|2+ Y5 < 207 H(|X[p + [Y). (2)
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2. Burkholder-Davis-Gundy inequality for white noise.
3. Burkholder-Davis-Gundy inequality for L'evy noise.

3 New OBC Fractional Derivative

In 2011, Katugampola [12] defined a new fractional order integral as a general-
ization of usual fractional integral by updating the kernel of the transformation. He
added a new parameter p > 0. For this, the generalized fractional integral fg JS of
[ € Lioe([to, ], R) of order a > 0 is defined as:

l1-a t

Q, «@ P — a—

BT I0) = Ly Fog)l(e)p) = Fs [ 7@ = e )i (3
0

where, g(t) = (pt)'/?. Using this, the Riemann-Katugampola (RK) derivative is

defined as,

RK mya,p m —— pa—m—l—l - d m
w D0 f(t) = [D" ), (fog)](t”/p)Zm(t p@) t

(4)

Then, motivated by the above definition and the following identity for usual
Caputo fractional derivative,

m—1
o Cya f
WIS D F(t) Lt — )t (5)
k=0
the Caputo-Katugampola (CK) derivative is defined as,
m— lf
CR D (1) K DY ( Lt — 1) ) . )
k=0

But this derivative has a drawback, unlike the usual Caputo derivative, it
doesn’t satisfy the generalized form of the identity which makes the calculation
of the fractional derivatives easy. In an attempt to remove this drawback,
Odibat-Baleanu-Caputo (OBC) derivative was defined as follows,

QRO (1) = [, T~ D™ (fog)) (1)

— paierl tTp—l p_ P m—a—1 Tl—pi " dr (7)
- T(m—a) /to ¢ ) ( dT) J(m)d
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this derivative satisfies the following generalization of the identity ,

K 7a,p OBCya, mltp_Tp 1 dk
L gempesn = g0 - 3 g (e so| @

=0 t=to

We have the following remarks for the indorsee of above definition of fractional
derivative and integral in stochastic sense:

1. A function f defined on any interval I is absolutely continuous on I if for every
positive number ¢, there is a positive number 6 such that whenever a finite
sequence of point-wise disjoint subintervals (xy, yy) of I satisfies ), |yr — x| < 0
then %, | (3) — fla)] < .

2. A function f defined on a closed interval [a,b] is absolutely continuous if and
only if f has a derivative almost everywhere, the derivative is Lebesgue
integrable and

f(z) = fla) + /m f'(t)dt,Vx € [a,].

A class of all absolutely continuous functions is denoted by AC([a, b]).

3. A function f defined on a open interval  such that |, x| fldz < 400, that is,
its Lebesgue integral is finite on all compact subsets K of €2, then f is called
locally integrable. A class of all locally integrable functions on open interval €2
is denoted by L 10c(€2).

4. A class of all absolutely continuous function f : [a,0] — R such that its
Lebesgue integral is finite on all compact subsets K of [a,b] is denoted by
[ € L1 oc([a, b], R).

Definition 3.1 A measurable process X : [0,7] — LP(Q,F,P) is said to be
F-adapted if X(t) € LP(Q2, F;, P) for all ¢t > 0. For each & € LP(§2, Fy, P) a F-adapted
process X is called a solution of (1)) if X(0) = & and the following equation holds

‘I")J ournal of Computational Mathematica Page 335 of



2456-8686, 6(1), 2022:330-347
https://doi.org/10.26524 /cm137

X(t) =€+ 16(;65 /0 PP — 7)Y (X (1), T)dT
pl—a

()

ol

/0 Pt — ) g (X (7—), T)dB(T)

67

+ F(a) /0 Tpfl(tp _ TP)O‘*1 e J{(DC(T—),T, y)N(dT, dy)) t e (()7T]_

4 Existence and Uniqueness Results for the Solution

We give the following theorem with some sufficient condition on the IVP stated
below.

Theorem 4.1 Let K and M be two positive constants such that

1. For all X;,Xs,y € R and t € [0, 7]

F00 (1), £) — FXa(6). )], v [€(Xa(6). 1) — g(Xa(t). 1),
v [ 1), £) = K00, 1)) < Ky = o, (10)

2. For all y € RY and ¢ € [0, 7]

6sssupte[07T}|f(0, t)|p <M, SSSSUpte[O,THg(O: t)|p <M,

11
esssupicio /| 10 )t < M)
y|<c

then there exists a unique solution to the IVP .

Proof: We convert our problem into fixed point problem. So, we define a operator
Te - UP([0,7]) — UP([0,T7]) such that
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Tk = 5*?(:;/0 TN = 7 T (X (=), T)dr
pl_a t p=lyp _ pya—l P -
* F(@)/O Tt )" g(X(7—), 7)dB(7) (12)
plia : p=Lp _ Y-l ) T ~ -
* F(a)/o T =) ly‘@ﬂ{(x( ), 7, y)N(dr,dy), t € (0,T].

Now, first we’ll show that mapping is well-defined. By using the inequality ,
we get,

—pa t p
TeX(t p§22p72§p+22p72pp /T”l tP — ") (X (r=), T)dT
[ TX (][} €115 Tl s ( ) H(X(r—), 7) )
op—2 P7 b 1 ?
+ 2P / TP (P — ) g(X(r—), 7)dB(T)
(L(a)Pll Jo »
op—2 P7T b 1 s ?
e ) [t et [ (o), N dy)
(L(@)? ] Jo lyl<e P
First considering the drift term and using Holder’s inequality, we obtain,
t p
‘ /T"_l(t” — ) Y(X (=), T)dT
0 P
d t P
< ZE‘ / Lt — 7)o (X (1), T)dT
i=1 0
d tope-n sosh) |
< E ( T p—1 (tP_TP p—1 ’f |pd7_)
i=1 0

pap—1
e 1 —1
_ ([t B(@p Pp /|f |pdT>
p—1"plp— 1
<o /Hf ), 7llsdr ).
where B(m,n) = foltm*1(1 — t)"ldt is the Beta function and

¢, - (T"?”f L35 >r<,fzzi>>)”‘l
1 — .

Y F(ap—l + pp—l)

p(p—1)
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Using and , we get,
[f(m, X(n)[} < 2P [f (7, X (7)) — f(7, 0) ) + 2P (7, 0) 7
< 2PTLKP|X(T) [ + 207 (7, 0)

t t
[ ) i < 27 Ke(esssupren ey [ dr+ 2 [ o
0 0
< 2LRPT|X|B, + 2P TP

Now, taking the diffusion term into account and using Burkholder-Davis Gundy and
Holder’s inequalities to simplify the following,

p
< CL (2P KPT||X|E, + 227 TMP). (1)

p

/0 Pt — ) (X (1), T)dT

p

/0 Nt — ) g (X (7—), T)dB(T)

p
p

- Z E’ / () (X (), 7)dB(r)

<Z(CE
d

t
<> CPE{ / 0D (10— gy (X (7 ), 7) P

=1

t p=2
([ 7o —pear) }
0

t2ap—1 2p -1 2 t
=G| — B 2a—1), r(=—)) / T — o)V g (X(r =), 7)[lpdr
0

p/2

0D — 7o) gy(X(r—), 7) ()

p—2

P
p—2 t
<0} [ e — e g (X))
0

T200-1 T'(200 — 1)F(3%1)

p T(Ra—1)+T (%)
Burkholder-Davis Gundy inequality.

where Cy = and C, is a constant arose due to the use of
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From and we get,
lg(7, X(7)) |5 < 207 g (7, X(7)) — (7, 0)[5 + 2°~*[g (7, 0) |2
< 2 () + 2 gl O
t
e = e g (),
0
t
SQp_le(GSSSUPTe[o,T]||9C(T—)||p)p/ T2 (r — 7r)2e gy
0
t
2t [0 e Vigr0)par
0

<P 1O, KP||X|P, + 277 CyMP.

Hence,

Lastly the jump term is considered and Burkholder-Davis Gundy inequality for L'evy
and Holder’s inequality are used as follows,

i

P
< C,C8 P L (KP|| X5, +MP).  (14)

p

/0 (40— 700 g(X(r—), 7)dB(7)

p

t
/ (e — et [ (), y)N(dr, dy)
0 ly|<e

d
Z E
=1

p
p

IN

t
[ = [ sty m N dy
0 lyl<c

t
<C ]E(/ Tp(p_l)(t’)—Tp)p(a_l)/ |9fi(x(7—),7'7y)|pV(dy)dT)
0 lyl<e
t p/2
+E / T2<ﬂ—1>(tp—fp)2(“‘1>/ |3G(X (=), 7, y) [Pr(dy)dr
0 lyl<c
t
<C ]E( / TP (g0 — eypla=) / I%i(x(f—)my)V’V(dy)dT)
0 lyl<e

P

t p—2
—HE{(/ Tz(pfl)(t” — Tp>2(a71)d7'> ’
0

[ 7 — ey [t y>|pv<dy>df}]
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<C

E( /O LD (gp _ poypla-) /w Kcm(:x(r—),f, y)|py(dy)d7>

p—2 t
-%o;ZE(;//ﬂw—Dup—fw“wJ{/ tnxx@=»,nynm4dwdf)]
0 lyl<c

Where C is again a constant arose due to the use of Burkholder-Davis Gundy
inequality for L'evy [§]. Now, from and (11)), we obtain,

/<|%wmmﬂyMW@ns/‘[f*wwmﬂmw»—%mmwm

lyl<c

+ 28730, 7, y) v (dy)
<PIKPX(r)lp + 207 / [FO, 7, y) [pr(dy),
lyl<c

/} 1K), 7. 9) |0 (dy) <27 KPesssupreo| X (72
y|<c

+ 2P tesssup ey / 10, 7, y) [[pv(dy)

lyl<c

< K7, + 2.
Hence, we get,

p

lyl<e p

H /otTp_l(tp =)t [ (X (=), 7, y)N(dr, dy)

<C

/ Tp(pfl)(tp _ Tp)p(afl)@pfl[(p”x%p + 2p*13\/[p)d7'
0 (15)

p—

2 t
+C,2 / 7o (gp — o)D) (=L P 00| |P, + 2p1Mp)dT]
0
<C 7 KP| X, + 277 M)(Cs + O3,

Tero—p+1 T (p(a — 1) + 1)F(p—(p_:)+1)
P T(pla—1)+1+ =ty

From ([13), and (15), we get,

where C3 =

|TX(@B)][} < o0

Hence, operator T is well-defined.
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Now, we'll show that the operator T¢ is contraction. For arbitrary X, X € UP([0,T7)
and t € [0, 7], consider,

| TeX(t) — TX ()2 < 207 (I’f?:;p /0 TPt = ) T (X (=), 7) — f(X (=), 7)]dr
+ 9%—2 (Iezap)o;p /O TP P — ) Hg(X(T=),T) — g(X(7—), 7)]dB(T)
opo PP b a—1 Y N g
2P TP (tP — 1P H(X (=), 1,y) — H(X(7—), 7, y)|N(dr,d ,
el [t =) (), 7) 97 NGy |

where we have used elementary inequality . Now, as we have done above,
considering the drift term and using Holder’s inequality and , we get,

l

p

/0 P10 — PO [ (X(7), 7) — (X (), 7)]dr

d t —2)(-1) (p=2)(a—1) p-l
< g E </ Tp—l(tp—rp)p—ld7->
i=1 0

X (/ot 2D (p — )2V (X (1), 7) — f(X(7—), T)|pd7)]

ap(p—2)—2p+1

(S )

d t
«SB( [ e = 7 ), )~ (), e
=1 0
t
<OuR? [ 0@ — o oD () — K (10
0
g () (42
where Cy =
p I <a(p72)+1 p(p72)+1>
p—1 p(p—1)

J[DJ ournal of Computational Mathematica Page 341 of



2456-8686, 6(1), 2022:330-347
https://doi.org/10.26524 /cm137

Now, considering term with diffusion coefficient, using Holder’s inequality,

Burkholder-Davis Gundy inequality and ,

p

H / T (1 — 1) g(X (=), 7) — g(X(r), 7)]dB(7)
< ZE
< Z C,E

<3 ([ e g )
X (/Ot FAe=D (g — 7)) g (X (1), T) _gi(jc(T_),T)‘pdT)}

p
p

Tﬂ 1 — 72 (X —), 7) — g (X(r—), 7]dB(r)

p/2

2(”’”(15’3 )X Vlgy(X(r =), 7) — gi(X(r =), 7)*dr

P
2

p—2 t _
<C,C,* K? / 2=V (gp — YD) (7—) — X(r—)||dr. (17)
0

Now, we will simplify the term with jump using Holder’s inequality, Burkholder-Davis
Gundy inequality for L'evy and ,

| [ =t [ttty ) = 5. o ama
< ZE / e — eyt / BGr), )~ B ), )N ) !
gcé E ( /0 LoD (4o poypla-) /y P S y)]y(dy)ch)
+E /0 P2 (g gry2te /|y I3, 7) = I (X). ) Poldy)in m]
gcz oy e — gl [ Pty 9. Dinay)ar

p—2

t
—HE{ </ 7‘2(p_1)(t" — Tp)Q(a_l)dT> :
0

<( ) (g ey / =), m) = BT Pvidy)dr ) H
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<CK? | oD — 7)) (r—) — X(7—) 2

] O\
‘ o~

_ 2 t _
+COT K / P20 (g0 — 70D (r—) — X(7—)|Edr.
0
From , and , we get,
t
TeX(t) — TX ()P SA/ 72N — 722X (r—) — X(r—)||Pdr
0

¢
+ @Kp/ Tp(pfl)(tp — Tp)p(afl)Hf)C(T—) — jC(T—)Hng,
0

where A = K?(Cy +C,Cy7 +CC,7 ).

We choose a positive constant A such that

p(2p+1)

AT2 T (2a — 1)
1 —C3CKP

<A (19)

and define a weighted norm ||.||, on the space UP(]0,T]) such that

1/p
| X || := esssup ||X(7')||§ (20)
P 7€[0,T E2a_1 ot ()\7—,0(20171)) .
T2

Clearly, the two norms are equivalent, since (UP([0,T]),|.||u») is a Banach space, this
implies (UP(]0,T)), ||.][») is also a Banach space. Consider the following,

- t_2(0-1) (4o _ ~p)2(a—1) __ X)X
) — Tl AT T Gy

<
Ezafl,% (Atpa=1)) = Ezafl,% (Atr2a=1))

(Arr2e=ydr

2a—1,22-1

= t _ a— X(r—)—X(—)|5 o—
CK? fO Tp(p Y (tp - Tp)p( Y E, : 1( 2031 ()fq—P(gtllil)) EQa—l,% <>‘7—p(2 1))d7_
I

" E

zafl,%@tp(?a_l))
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|X(r—) = Xl )””
)

<
< GSSSUpTe[O,T} <E2a_1 2021 ()\7_,0(20171)
)

A fot 2= (p — Tp)2(a—1)E2a_L%()\Tp(2a—1))d7

X (21)
EQa—l,%()‘tp(Qail))
CKP fot Tp(p—l)(tp _ Tp)p(a—l)Eza_L#()\Tp(2a—1))d7
" By y 201 (AtP(2071)
’ 2
Consider the following integral,
A " 2-1) 2(a-1) (20-1)
G (/R L RS ) 21 (AP dr
I'(2a —1) /0 2oh 5 22
p(2p+1) (2&71) ( )
<T Qafl,%oﬂ'p ).

Again, consider the following integral and applying Mean Value theorem
t
/ Tp(pfl)(tp _ Tp)p(afl)Em_l 2p-1 ()\Tp@a*l))dT < C3F,, 4 201 ()\tp(%ﬁl))' (23)
0 yT 9 ’2

Using and in , we get

p(2p+1)
- T =2 T'2a—1 ~ -
I7(0) ~ T} < (A Hole +ogcf<p) - T
p(2p+1) 1/p
- AT 2 T 2a—1 ~ -
I7(0) ~ Tl < < AL @«:Kp) I~ T

We want C3CK? < 1, that is
o _ plp—1)+1
Tapp—p+1 F(p(a 1)+1)F( > )
P T(pla—1)+ 1+ 2=l

- app—p+1
pL(p(a — 1) + 1 + He=ELy A\ 77
CEPT (pla — 1) + )T () |

CK? < 1

:>0<T<<
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which gives us the interval of existence for the solution. Now, staying in this interval
and using , we get,

p(2p+1)

AT*52T (20 —

h 1) +C3CKP < 1.

Hence, T¢ is contraction with respect to the weighted norm defined in (19) and by
Banach fixed point Theorem T¢ has a unique fixed point in UP([0,T]) which is
the solution of IVP (lJ).

5 Example

Consider the following nonlinear OBC fractional order differential equation with
given initial condition driven by L'evy noise to illustrate the established results:

OBC 1y3/4.5/6 X1 (2) B 400, (t) +1t N VBX1 () + 5t \ 4B
0 t = -
Xa(t) 4%05(t) + 2t VBXa(t) +v/3t) U
N 24)
Xi(t) +t \ N(dr.d (
+/ g [ D) N dy) = Y tefoT)
Jyl<1 Xo(t) + 4t t
X(0) =¢,

where B(t) is a one-dimensional Brownian motion, intensity measure follows v(dy) =
dy
1+ |yf?
Comparing this example (24)) with the equations and of the Theorem and
calculating K, M which turn out to be K =4 and M = 7(v/177 + 1/2). Existence of
K and M suggest, by our Theorem , that the solution of exists and is unique.

and the initial condition satisfies E|{|P < oo.

6 Conclusion

We have studied the existence and uniqueness of the solution for a class
of nonlinear fractional stochastic differential equation with a newly defined
OBC-fractional derivative under the suitable restrictions as sufficient conditions on
nonlinear functions which are stated in the respective problem. We have used
mentioned stochastic inequalities and fixed point technique to obtain our results.
At last an example is presented satisfying the stated conditions in support of our
established results.
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