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Abstract

In this research work, the authors define three dimensional g-difference operator and present
some significant results using the inverse of the three dimensional g-difference operator. Also
the summation solution and the closed form solutions of polynomials and logarithmic functions
using three dimensional g-difference equation have been obtained. This work also includes
generalized product formula for polynomial, reciprocal of polynomial and logarithmic functions
using inverse of three dimensional g-difference operator. Consequently, relevant examples are
being given to investigate the results..
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1. Introduction

The study of g-difference equations, initiated at the beginning of the twentieth
century in intensive works especially by Jackson [6], Carmichael [5] and other
authors such as Poincare, Picard, Ramanujan, is a very interesting field in difference
equations. In the last few decades, it has evolved into a multidisciplinary subject
and plays an important role in several fields of physics. In 1984, Jerzy Popenda [3]
introduced a particular type of difference operator A, defined on u(k) as

Aqu(k) = u(k + 1) — au(k). Recently, G.Britto Antony Xavier et al. [2] have got
the solution of the generalized g-difference equation

Alv(k) = u(k), k € (—o0,00) and ¢ # 1. In [, the authors introduced g-alpha
difference operator defined as

A u(k) = u(gk) — au(k), (1)

(9o
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and then extended to generalized higher oredr ¢-alpha difference equation

(fII)al (QZ)CQ (lIt)C!z
and obtained finite g-alpha multi-series formula and finite higher order ¢-alpha
series formula.
With this background in this article, we introduce three dimensional
g-difference operator and derive formula for finite series to polynomials and

logarithmic functions by finding the numerical and closed form solutions of the
three dimensional ¢-difference equation.

2. Three dimensional g-difference operator

Before stating and proving our results, we present basic definitions and preliminary
results which will be used for the subsequent discussions.

Definition 2.1 Let p; and py be the fixed reals and (ky, ko, k3) € 3. Then the

three-dimensional g-difference operator A, is defined as
(p1,p2)

A, ulky, ko, k3) = u(q®ky, ¢°ka, ¢°k3) — pru(gky, gka, gks) — pou(ky, ko, k3)  (3)

(p1,p2)

and its inverse, denoted by A;l , is defined as below:
(p1,p2)

if Aq U(k’l, ]{72, ]Cg) = U(kl, 1{32, ]{?3), then ’U(k’l, k‘g, k‘g) = Aq_l U(kl, ]CQ, ]{33) (4)

(p1,p2) (p1,p2)

Lemma 2.2 If ¢°* — p;¢" — ps # 0 for n = 0,1,2,---, then

kikoks)" 1
AN (kkoks)" = 2n< 12 j) and A (1) = R— (5)
(p1,p2) A SV (p1,p2) P P2
Proof: Replacing u(ky, ko, k3) by (ki1k2ks)™ in (3), we find
Ay (kkoks)" = (q° (kikaks))" — pi(q" (krkaks)™) — pa(kikoks)"
(p1,p2)
(kikaks)" = (¢*" — p1q" — p2) Agl (krkoks)” (6)

(p1,p2)
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Again replacing u(ky, ko, ks) by (k1koks)” in (3)),

Aq (k1k2k3)0 = (q2(1ﬁk2/€3))0 - pl(qo(klka:S)o) - pz(lﬁkzk:s)o

(p1,p2)

A, <1> = (1 — PN —pz)(l) (7)

(p1,p2)

Hence @ and @ yield .
Lemma 2.3 Let (ki, ko, k3) € R3 and 1 — p; — py # 0. Then we have

log (k1kok 2—p)1
A7 o (kykaky) = 08 Uebs) (2P logg ®)

(p1,p2) 1—pi—p (1 — M —p2)2'

Proof: From (3)), replacing u(ki, ko, k3) by log(kik2ks), we get

A, log(kikoks) = 2log q + log(kikaks) — p1log q — pylog(kikaks) — palog(kikaks)

(p1,p2)

A, logkikoks = (2 —p1)logg + (1 — p1 — pa) log(k1kaks).
(p1,p2)

Applying A" on both sides
(p1,p2)

A [ A, log(klkgkg,)} — A2 p)logq) + A7 (1 — pr — pa) log(krkaks)

(p1,p2) ~ (P1,p2) (p1,p2) (p1,p2)
log(k1koks) = Aq’l log(k1kaoks)(2 — p1)logq + A;l (1 —=p1 —p2),
(p1,p2) (p1,p2)

which gives .

Lemma 2.4 Let (ki, ko, k3) € R and g # 0. Then we have
Ay ulk, ko, k) = w(@®ki, ¢k, ¢*ks) — 2au(gky, gha, vks) + @u(ky, ko, ks).

(2a,—a?)

Proof: The proof completes by putting p; = 2a and p, = —a? in (3)).

3. Fibonacci sequence from three-dimensional ¢-difference equation

In this section, we introduce three dimensional Fibonacci sequence and its sum.
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Definition 3.1 For each pair (p;,p2) € R?, the three-dimensional Fibonacci
sequence is defined as

Flpypo) :{Fn}oo ) (9)

n=0
where [y =1,F; = p; and F,, = p1F,,_1 + poF,,_s for n > 2.
When p; = py =1, @ becomes the usual Fibonacci sequence.

Theorem 3.2 [Three-Dimensional Finite g-Series] Let F,, € F{ and

(ky, ko, k3) € R3. Then we have

= k1 ) k3 —1 -1
Z qu(i, ,7) = Aq u(kl,kg,k:;) —Fm+1 Aq u(
d=0 qirET gt gt (p1,p2) (p1,p2)

P1,P2)

k1 ko ks
qm+1 ? q'm+1 ’ qm+1)

M ke ks ) (10)

m+2’ y;m+27 ym+2
q q q

_pQFm Aq_l u(

(p17p2)

Proof: Taklng Aq_l U(kl, kg, kg) = U(kl, kQ, kg)
(p1,p2)
Ay vk, ko, ks) = u(ks, k2, ks3)

(p1,p2)

By , we write

U(@°k1, ko, k) = u(ky, ko, k) + pro(gky, gka, ghs) + pav(ky, ko, ks) (11)
Replacing (kq, ko, k3) by (ﬁ, @, @> in 1) we obtain
q9 4q9 (q

ki ko k ki ks k
v(qk, qka, qks) = U<—17 —27 —3) + prv(ky, ko, k3) + pov <_17 _27 —3>
q q (g q q (g

Substituting the value of v(gki, gks, gks) in (1), we get
ki ko k
v(@*ky, ks, °ks) = u(ky, ko, ks) + p [v (jf?

ki ko k
—|—p11}(k'1, kQ, kg) + P2 (jfi) :| +p2v(kl> k27 k3)

ki ko k
U(q2k17 q2k27 q2k3) = u<k17 k27 k3) +p1U (_17 _27 _3>
q q q
ki ko ks

+ (p} + p2)v(ky, ka, k3) + pipov (E’ 7 E) . (13)
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ki ko k
Replace kq, ko, k3 by (j ;2 E?’) in and putting the value of v(ky, ko, k3) in

(13)), we obtain

kl k2 kS kl kg kg
v(Pky, ko, ¢*ks3) = u(ky, ko, k) + pru (E E’ E) + (P} + p2) [U (?7 q—Q, q—Q)
ki ko k ki ko k ki ko k
+p1U (_17 _27 _3> +p2U (_;7 _57 _§> i| +p1p27) (_17 _27 _3>
q 4q (g q° q° q q q q
ki ko k ki ko k ki ks k
+p1(pi + p2)v (—1 = —3) + pa(pf + p2)v ( : 5,—3) + P1p2v <—17 =, —3)
q q (g C] (] (] q q (g
ki ko ks ki ko ks
v(q*k1, P ko, *ks) = u(ky, ka, ks) + pru (E ' ;) + (pT + p2)u (?7 2 ?>
ki ko k ki ko k
+ {Pl(P% + p2) +p1p2}?) <—1, —2> —3) + p2(pi + p2)v (_1 _27 —3) (14)
q q (g q q (g
Since F, € F{;, p,) We get
ki ks k ki ko k
v(q* k1, ks, ¢°ks) = Fou(ky, ko, ks) + Fiu <—1 = —3) + Fyu (—;7 —57 —2>
q q (g q q° q

kv ko k ki ko k
+F31) (—1 —2, —3> +p2F2?J ( ! ;, —;)
a q (g * ¢* q
Proceeding like this, we arrive
ki ko k ki ko k
v(q*k1, ks, ¢°ks) = Fou(ky, ko, ks) + Fiu (j 5, —3) + -+ qu<—1, =, —3>

q qam qm qm
k k ks ki ke k
+Fm+1v< mlfl’ m271’ >+p2F < ;La i?%) (15)
q q qm qa” qg” g

ki ko k
Now replace (ki, k2, k3) by ( ! ;, —2) in 1' we get
"¢* q

ki k2 ks ki k2 k3 k1 ko k3
bbby = o (G G )+ e (G, 5 ) +-o o (k)

k’l k‘z ]{?3 kl ki2 k3
+ paFipv g g2 gn?

+Fm+1U

qm-‘rl’ qm+1 ? qm+1
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k k k
A;l u(kl,kg,kg)—Fm+1 A;l U( L 2 5 )

m+1’ ,m+1’ ym+1
(p1,p2) (p1,p2) q q q

]{31 k’g k’g m kl k2 k?’
B -1 _
p2Fm A u (qm+2’ gz ) T ;}Fd“ qit2 i iz |

which completes the proof of the theorem.

Example 3.3 Considering p1 =2, ps =4, m=3,n=2,q=5,k =1, ks =3,
ks = 2, u(ky, ko, k3) = (k1koks)™, then we are able to find
F0:1 F1:p1:2, FQZS, F3:24, andF4:80.

3 kl ]{72 k3 3 kl k2 k3 "
From , L.H.S :dZ::(] qu<qd+2’ g4+2’ qd+2) - dZ::O Fa <qd+2 : qd+2'qd+2>

= 0.063033753
NOW? Agl U“(kh k27 k3) - Aq_1 <k1k2k3)n
(p17p2) (P17p2)
(k‘lk‘gkg)n - (1 * 3 % 2)2

S —pgt—pe 50— (245)7—4

= 0.063047285

( k’l ]{32 kg )"
A—l u( kl k2 kg )TL _ qm—f—l'qm—i-l'qm—i-l
q

(plygz) mtl qmt1 'qm+1 " — p1q" — p2
6 2
— @ = 1.614010508 x 10~7
571

( . )2
_ kl ]{32 k’3 n 55 -
AL ( . ) ) = = 6.456042032 x 107°
(pl,gz) u qm+2 qm—|—2 qm+2 571 x

R.H.S = 0.063047285 — F;(1.614010508 x 1077) — (4)F3(6.456042032 x 1079)
= (0.063033753
Hence the theorem is verified.

The following corollary is a special case of Theorem [3.2]
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. Then we have

Corollary 3.4  Assume that p; +p, # 1 and F,, € F{;,, )
- 1 — Fpit — p2F
Fy= S (16)
=0 IL—p1—po

Proof: From replacing u(k) by k%, we find
i ki Ry ks \O _
2 Fd(qd+2'qd+2'qd+2> = Ay (kikaks)°

d=0 (p1,p2)
A b ks ks >0 — poF, A < M ks ks )0
m q m+1’ ,m+1’ ,m+1 m q m+2’ ,m+27 ym+2
(p1,p2) q q q (p1,p2) q q q

;}Fdz (Aql —Fopn A7 —paFn AV ) (1),
= (

P1,P2) (p1,p2) (p1,p2)

which yields . An example is given below to illustrate Corollary :

Example 3.5 Considering m= 5, p; = 10, ps = 15, then from (16)) we get Fy= 1,
Fy =p =10, Fy, =115, F5 = 1300, Fy = 14725, F5; = 166750 and Fg = 1888375.

Now L.H.S =) F;=182901 and

d=0
1—Fooy —poF,, 1= Fy—poF
R.H.S = +1 7 P2lm 6 ~ P25 _ 189901,
1—p1—p2 1—p1—po

4. Product formula of three dimensional ¢-difference equation

Theorem 4.1 For the real valued functions w(ky, ko, k3) and v(kq, ko, k3), we have
1

A (ulkn, b, ko, o, k) = —{ ks, ko, bs) Ay ok, ki, )

(p1.92) P (0.1)

= A7 (A ulky ks, ks) A 0(akn, ¢%ha, k)

(p1,p2)  (P1,p2) (0,1)

— D Aq_l (U(C]khqk‘mqk’s) A, (Aq_l v(klak27k3))>}' (17)

(p1,p2) (1,0)  (0,1)

Proof:  From , we find that
Ay u(ky, ko, ks) = u(q®k, ¢°ka, ¢°ks) — pru(gky, gka, gks) — pau(ky, ko, ks)

(p1,p2)

Aq U(kb ko, k’3)w</€1, ks, k3) = U(q%la(12]?2,q2k3)w(q2k17q2k27q2k3)

(p1,p2)
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—pru(qks, qks, gks)w(qky, gka, gks) — poulky, ko, k3)w(ky, ke, k3)
u(ky, ke, ks)w(ky, kg, ks) = Aq_l [w(q%l,q2k2,q2k3)[AqU(k1, ko, k3)]

+p1u(gki, gka, ghs) Ag(A; 1 w(ka, ko, k3)) + paulka, ko, k)v (ki ko, ks
w(ky, ko, ki) A7 vk b, ks) = A1 [ A (ke ¢2ka, q2hs)[Dg ulky, ko, hs)]

+pru(ghy, gha, gks) Ag(A7 w(ky, by, ks)) + paulks, ka, ks)o(ky, ko, k;g):
u(ky, ko, ks) Ay vl iy, k) = A1 :Aq‘l 0(@kr, ¢k, %K) [Dg ulky, ko, k3)]
( 1
)

+pru(ghy, gha, gks) Dg(As w(ky, ks, ks)) + paulks, ko, ks)v(ky, ko, ks)]
u(ky, ko, ks) Ar v(kr b, ks) = AT [ Agu(ky, ko, ks) A7 v(g?kr, ¢%ks, gk _
+p1 AL (u(qk’l, Ghs, qhs) Ag(A v (ky, by, kg))) 92 A u(ky, by, ks)v(ky, o, kg)}
—py A (u(k:l, o, kYo (ki ko, k3)> = —u(ky, ks, ks) AT ok, by, k)
+ A <Aq ulky, ko, ks) A7 0(g2kr, g2k, q2k3))
+p A (u(qkl,qu,qu) Ay(A vl Ka, kS)))7

which completes the proof.

Corollary 4.2 For real valued function v(ky, ko, k3) and for kq, ke, k3 > 0, we have
1
A (v</<;1, ko, k) log(k1k2k3)> - [1og(k1k;2k3) AT o(ky, by, )
2
= 8,1 (A log(kikoks) A 0(hy, ¢z, ¢%hs) )
— DN A;1 <log(qk1, qksa, qks) Aq(A;1 v(ky, kg, kS)))] (18)

Proof: The proof is trivial by replacing u(ki, ko, k3) by log(kikaks) in (L7).

Corollary 4.3 For ¢, ki, ks, k3 > 0, 1 — p1g — p2¢® # 0 and F), € F{y, ,,), we have
2

1 q
—t log(k1koks)) =
(plin)(klkzks Blkikaks)) (1 — p1q — paq?) k1 koks
2 — lo
{log(klk‘zkfza) - <<1 — 51151 pgjqq%} (19)
and hence .
(1 = Fonsaq™ ™ = ax ™) A7 (k: oy 3 k1k2k3)
(p1,p2) 1h2h3

2 tgp.gerlyjose@yahoo.com Page 71 of



ISSN: 2456-8686, Volume 2, Issue 1, 2018:64-74
DOI : http://doi.org/10.26524 /cm28

+ <(m + 1) Fs @™ + pa(m + 2)qum+2>

+2

q*logq er ko
1 2
- (1 = p1q — p2g?)k1koks Z dk17€27€3 o8 < g2 ) (20)

1
Proof: Taking v(ky, ks, k3) = . 1} we get
1R2R3

1
k:1 kaoks

_1 .
( . log(k1k2k3)> - { log (kiksks) A

(pl

1
= a7 (A log(kikaks) A, 1—)
(P1302) (p17§2) (0,1) 2(kykoks)

1
—p A <log(q(k1k2k3)) A (A ))}
(p1,p2) (1,0) (0,1) F1F2R3

2

oathikat)) = (1) toathsbat) o

‘ <k1k2k3

(pl ,p2)

1 1
A ( 2 —p)l 1— log (k1 kok )
o p2) pl quk1k2k3 ( P1— p2) og( 1R2 3)k1k2k3

_p1<1q_2q> A <10g k1k2k3))k1k;2k3>)}

pl P2

1+ (D) (555) 50 -p—p+ (DG Em 5] 87" (g osthakak)

() () i { o k) — 2 oy o (=)
=(— o) — (2 - o)
b2 1 —q%/ kikoks & V2l P08 q 1 —piq — p2q?

2

o) losa(y— )}
2 1 —piq — p2q?

=

2

~1 log (ki ksk ) — g
(p1.02) <k’1k’2k3 o8 (nkeks) 1 — p1q — p2q?(kikaks)
{ log (kikaks) — (1 — p2q2> {210gq — p1logq+ pilogq — gpi log q}},
which gives .
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1
Again 1} is obvious by replacing u(kq, ko, k3) by P (log(k1keks)) in 1} The
1R2R3
numerical verifications for Fibonacci series using real valued functions is given
below:

Example 4.4 Considering m = 2, ky = —10, ky = —15, k3 = —19, ¢ = —20, p; = 2,
pa = 4, then we find Fy =1, F}y =p; =2, Fy, =8, F3 =24 and F,; = 80.

LHS = F0<(_20)2> log (00 + F1<(—20)3> o (~2570)

—2850 (—20)2 —2850 (—20)3
(—20)* 2850
J“F?( —2850) log ((—20)4>

= —788.0361283 and

R.H.S = (1 - 24((-20)%) — 4(8)((_20)4)){ (_15(5;)2(0—)2850)}

{(—3.45484486) - 0.03505098} + {19904000(—1.171268128 x 10*4)}

(—20)2(1.041392685)}

HBT-200" =~ B 3)(-20)*) [ 55850
= —7T788.0361285.

Hence the theorem is verified.

5. Conclusion

In this research work, the summation solution and the closed form solutions of
polynomials and logarithmic functions using three dimensional g-difference equation
have been obtained. Also several results using three dimensional g-difference
operator are derived. Moreover generalized product formula for polynomial,
reciprocal of polynomial and logarithmic functions using inverse of three
dimensional g-difference operator is obtained. Consequently, relevant examples are
being given to investigate the results.
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