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Abstract

In this study, we explore an M/M/1 queueing model with working vacation and a variation
of multiple vacation that is vulnerable to catastrophe events. When the system is not empty,
catastrophes happen and wipe out all of the system’s current consumers. By employing the
probability generating function approach, we create the steady state probabilities and resolve
the differential equations.
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1 Introduction

In recent decades, numerous academics have effectively investigated queueing
models with server vacation and successfully applied them to a variety of real-world
issues, including the design and operation of telecommunication networks, the
industrial sector, and other systems that are linked. The two fundamental queueing
models for vacations are multiple vacation and single vacation. The impact of
catastrophes, specifically birth and death models, has captured the queueing models’
interest over the last 40 years. The catastrophes enter the system as unfavourable
users, and one of their traits is the elimination of some or all of the system’s normal
users. A multi-server Markovian queueing system with heterogeneous servers and
disasters is taken into consideration by Dharmaraja and Kumar[6]. The transient
solution of an M/M/2/N queuing system with variable catastrophic intensity and
restoration was found by Jain and Bura[7].
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2 Model for queue using bernoulli plan working vacation interruptting
vacation and balking and system breakdown

We consider an M/M/1 queueing model with working vacation unsing Bernoulli
based schedule and subject to catastrophes event. According to a Poisson stream with
parameter lamda, customers enter the system.The service time distribution has an
exponential shape that is independently identical with parameter mu. Catastrophes
occur according to a Poisson process with rate w when the system is not empty.
Customers in the orbit repeatedly request services at a retrial rate delta that follows a
Poisson distribution. The server stops running when the system is empty. The length
of the vacation is distributed exponentially with ¢. Customer service in the working
vacation state is provided at a lower rate e(< u) that is exponentially dispersed for
the customer. In addition, when the system is not empty, the catastrophes may
also happen at the service facility as a Poisson process with a rate of w. All of
the system’s customers are destroyed at the moment of a catastrophe, all of the
servers are momentarily deactivated, and the servers quickly reactivate following the
catastrophes.

Assume that m represents the number of customers in the orbit (a free pool) at
the moment 't’ and EI\(t/) represent the server’s condition at the same time . The
server state % may take on any at the following values :

0, The server is open in its define H condition
1, The server is busy with operational state
H(t) = ¢ 2, The server is available when it is on vacation

3, The server is active and in a state working vacation

\4, The server is in catastrophes

—_—~— ——~—

A Markov process with state space is N(t), H(t), then

S =[{(n,h),n>0,h=0,1,3,4}U(0,3)

We take intgo account bernoulli schedule working vacation and vacation interuption
policies in the current method. Therefore, the statement (n,2),n > 1 are false.

3 Equations of Steady State

The present model is governed by the balancing equations shown below:

A+ Poo = qdPo2 (1)
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()\ + HE)’Pn,() = ,U/Pn,1 + 077”,3 + 5'Pn,4 n Z 1 (2)
(Ab+ 1) Po1 = €P1o + ¢Pos + 6Pos + APog (3)
Ao+ p)Ppi=(n+1) € Poy1o+ ¢Pns + 6Pra+ APpo+ APr_11 n>1 (4)

(A + ¢q)Po2 = 0Py 3 + 6Py + 1Poa (5)
(A 40+ ¢)pos = Apo2 (6)
M40+ ¢)Prs = P,_13n>1 (7)
(M 404+ ¢+ 0)Pos = APos (8)

(A +60+ ¢+ 0)Pra= IP,_14n > 1 (9)

These are the Probability generating functions:

Fy(w) = 2 P ow” (10)
Fi(w) =Y Paw" (11)
Fy(w) =Y Pozuw" (12)
Fy(w) =Y Pyu" (13)

On diviting equation (2) by w",adding n = 0 to oo and summing the result equation

(il

(A +ne)Ppow™ = P + Oppsw” + 6Py

o0 o0

> A+ ne)Puogw” = [Py + 0Pns + 5Py aJw”

i AP, ow™ + ne i Ppow" = i PP 1w™ + i 0P sw™ + i 0Py aw™
n=0 n=0 n=0 n=0 n=0

i AP, ow"™ + i neP, pw" — i wP,, w" — i OP, sw"™ — i OPpaw™ =0
n=0 n=0 n=0 n=0 n=0
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cwFy(w) = ewn Z Ppsw™ ! = en Z Prsw” = neFy(w)
n=0

AFy(w) 4+ weFy(w) — pFy(w) — 0F3(w) — § Fy(w) = 0

Equation of addition (J)
AFy(w) 4+ weFy(w) — pFy(w) — 0F3(w) — 8 Fy(w) + APoy = qdPos

A(%)POO + A, (w) + weFy(w) — pFs(w) — 0F3(w) — 0Fy(w) =0

(%) Poo + Mop(w) + weFy(w) — pFys(w) — 0Fs(w) — §Fy(w) = 0
AFy(w) 4+ weFy(w) — pFy(w) — 0Fy(w) — § Fy(w) = %PO,O (14)

Similarly, we obtain using equtions and(4) we get

(Ab+ 1) Pp1 = (n+ 1)epnt10 + @Png + 0Pna + APpo + AbPr_11

Z(/\b + 1) Ppw” = Z nePpi1ow" + Z €EPpy1ow" + Z O Py 3w
n=0 n=0 n=0 n=0
+ i Py aw™ + i AP ow™ + i AOPy 1w
n=0 n=0 n=0

o o0 o o0
= A\ Z Praw™ + p Z Ppaw™ —ne Z Prirow” — ¢ Z Prg1ow”
n=0 n=0

n=0 n=0

- i Ppsw™ =0 i Ppaw™ — i AP ow™ — A i bPp_1aw™ =0
n=0 n=0 n=0 n=0
Equation (6) and give us
(Ab+ 1 — Abw) Fy (w) — eFy(w) — AFp(w) — ¢Fs(w) — 6Fy(w) =0 (15)
From equation (6) and (7) we have

()\U + 0 + (ﬁ),Pn’g = )\U,Pn_Lg
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Z()\v + 60+ ¢)Ppsw" = v Z Pr_1sw"
n=0 n=0
Z()\v + 0+ @)Ppsw" — \v Z Ppzw™t =0
n=0 n=0
(Av 4 0 + @) F3(w) — AwwFs(w) = 0
~ 22
= (Av+ 0+ ¢ — lw)F3(w) = %,PO,O (16)
From equation and (9) we have
Z()\v +0+ ¢+ 0)Prw” = v Z Pr_1sw"
n=0 n=0
_ 23
_ F = 17
= (AW+0+ ¢+ 06— w)Fy(w) (q¢()\v+9+¢))7)0’0 (17)

Using equation Fy(w) and the value of F(w) from equation and using
equation(13)

A, (w) + weFy(w) — pFy (w) — 0F3(w) — §Fy(w) = %po,o

~ - -, . _ 2

— Fi(w) = 5 Fafw) + S Fy(w) = 2 Fa(w) = S Fi(w) + 2 Pao
0 20) X 2 Fi) = Fiao) = LB+ 2y )i Ao )0
H ,UO L 0 #3 ,U4 q¢ﬂp00 0 0 3

Mbw

- (/\waFo(w) + MNow?eFy — ONbwF; +

- [O—wMM—MM}ﬁ

Ab A
= {w—e + we — ~bw’e — 6:| Fy(w)=0=
7 7 7

The Fy(w) comes next

__|_)\_
Iz It

[A% Nbhw Aw] Fol) = 0 — {_
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1 ~ o~ 1 [A3% A2 A3bw
’ [(_W\b —O0p+ 0w — op — 5u)F4(w)F3(w)} +; |:%,PO,O + o Po,o — p” 730,0} =0
Using an equation (16)
1{(—9%—9 + 0w — ¢ —5)( Al >7> ax P }
1 a o= oK qop(Av + 0 + ¢) 00 qo(Av + 0 + ¢ — low) 0.0
1A% Ny b
+-= { q9Po2 + _Q¢PO 2 — q9Po 21 =
R q9 q¢
1 —w)e(pu — Mw) = A2h(1 —w) ~
— Uz M) gy AW ZWR
1 7
(OX2D + O — ON*bw + A + Aop) Ap+ Ab — Mbw)
Poo — Po2=0
p(Av 40 4+ ¢ — dow) ’ 1 ’

Now, multiplying p and dividing (1 — w)e(p — Abw), we have

- Ah - A+ \b — Abw)
Folw) = e(pu — \bw) Fo(w) = (1 —w)e(p — Abw) " 2
B AGp + A+ A0(p 4+ Ao — Abw)
AM+0+ ¢+ 6= w)(1 —w)e(pn — Adbw)

Poo  (18)

The result of solving differeential equation is

- b= A+ Ab— Abw)
Folw) - e — )\bw)FO(w) (= w)e(p — Abw)
B AppL + Adp 7>
0+ 0+ 0+ —ow)(l —w)e(p — Now)
A1+ Ab — Abw)

T (A0 + 046+ 6 — dow) (1 — w)e(p — Mow)

“’~ a7 (u+)\b—)\bw) [ dp + dp

0 0

r O0(p — b — \ba)
+/ M40+ ¢+0— )l —x)(pu— \bx)

0
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-
~ — (ppd1 (w)+012(w)—I3(w)—dpls(w 2
:Fo(w) _ _(#_/\bw) . (Pl 1 (w)+0T2(w)—I3(w)—Spls(w)) \ 'Po,o (19)
qpe
)\2
Where [ = E(gbdl(w) + 015 (w) — I3(w) — dudy(w))
€
From AFp(w) + weﬁél)(w) — pFy(w) — 0F3(w) = %730,0, we have
/ (1—2) " (p— )\bx) "+ 0+ ¢ — o) td (20)
0

/ (1—2) " (p— /\bx) "M+ 0+ ¢ — z) (i + Ab— Nox)dz  (21)
0
/ (1—2) " (p— )\ba:) Y+ \b — \bx)dx (22)
0

L(w)= [ (1—2) " (n—Xbx)e Qv+ 0+ ¢+ 6 — how)da (23)

O\s

Where we take Fy(w) out of equation (T6) and (23), we get

—)\2

Ay(w) + wely! (w) = pFy(w) = OFs(w) = —=Po
(3 = ) Fow N+ g = N = g = P+ 6) = P
R0 = (1 = w)] = ) +w6] = A1 - w)Fyf) - =5 Pog
. By = P wfibjfflﬂj(i”iﬁff;“ il (24)
Based on the equation
Fy(w) = ax (25)

qo(Av + 0 + ¢ — dow) Poo
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From the equation (16)

)\3
qo(M+0+ ¢+ 0 — )\vw)PO’O

Fy(w) = (26)

We observe that Fy(w), Fi(w) and Poo, whose values may be obtained from
the normalization condition, is used to express all of F3(w), from equation(19),

(24)and(25) respectivily,

3.1 Indicators of system performence

From the equation (25)), we have

- . A2 A3
A= Bl = e T ao 16— wow) 0 @+ ova 2 &)
Using equation (25) differentiating, we obtain
= - A2 A2
B = I B0 = I v 0w "o e) 0 Y
On differentiating equation (25)), we get
~ —\2=)\w A3
Fy(w) = qp(Av + 0 — )\Uw)QPO’O g\ +0¢ — )\vw)QPO’O (29)
~ Ao A3
F;(1) = g}lgllF (w) = lim 700w T 06 — how)? 5Poo = Wpo,o (30)
Fo(1) = lim F I Abw) < (el 01 I 514 (w)) 00
(1) = fim Fow) = Jim (= Now) 2 (6ela(w) + 01aw) — Fo) — )
~ 2 A Poo PN
Fo(l) = —(pu— Abw) ™ < (pely (w) + 01 (w) — I3(w)) v = —(u—Abw) " <IPypo (31)
Where [ = A¢> (PEIL(2) + Oy (w) — I3(w))
From AFp(w) + weﬁo(l)(w) — pFy(w) — 0F3(w) = %7’0 0
- 1/ ~ - - - A2
- 1 ~ ~ ~ A2
Fy(1) = - pFL(1) + 0F5(1) + 0Fy(w) — AFy(1) — q—¢7)0 0 (33)
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Also we obtain
~ ~ ~ ~ A2
0Fs(w) + gwFs(w) — AFy(w) + Mw) Fo(w) — —Po o

~ 0 = q¢
Fi(1) = lim Fy (w) = lim (Mow — pp— Abw? + pw)

Applying L-Hopital rule,

~, ) Gf?:(w) + o F3(w) + qﬁwﬁé(w) — )\ﬁé(w) + )\ﬁé(w) + )\ﬁo(w)
Fi(1) = lim
w1 Ab — 2 \bw +

OF5(1) + 0F5(1) + o F5(1) — A (1) + Ay (1) + AFo(1)
B b — 2\b + 1
CAR(1) + oF3(1) + (0 4+ ¢) F5(1)

Fi(1) = D) (34)

(0 + ¢w)ﬁ3(w) — A1 - w)ﬁo(w) ——Poo
(1 —w)(Abw — )

= F(w)

- - - - 2

Fi(w) =
1(w) Abw — p — Abw? + wp

Using L-Hopital rule
(= A0)[(0 + S F5(1) + 20F5(1) + 20F5(1)]
~ + 200[(0 4 @) F5(1) 4+ ¢F3(1) + S Fy(w) + AFp(1)
20— Ab)?

The normalize condition is

Poy + ﬁo(l) + ﬁ1(1) + ﬁg(l) + ﬁ4(1) =1

- - 0 - -
Fol1) + 25 Fal1) 2 Fy(1) + Faf) =

A ~
— Fy(1
q¢POO+ O()+M_>\b

A ~ A ~ ¢ 0+6\ =,
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A
A Y A0+ Av) Al A _
ng%o L+ (p—Ab) €I(1)+ 0+ 0) (1= ) + A — Ab) I(1>+—9+¢ 1
qo A . MO+ Mo) + M —Ab)] 7"
,POOZT 1+<,U—)\b) e(l—i-/\(,u—)\b) )[(1)+ (0+¢)(M—/\b)

Let E[Lg] be the expected number of customer in the orbit, where the states of the
series are supposed to have values of k = 0,1, 2, 3 and solution.

E[Lo] = iiinlﬁ{(w)

)\2

1(gﬁ0)+0@0)—AﬁﬂU—~—ﬂw> (36)

€

E[Lo] = ”

similarly,
E[Ly] = limF, (w)
z—1

(1= AD)[(0 + $)F3(1) + 26 F5” (w) + 2AF3 (1)]
+2X0[(0 4 @) F3 (1) + ¢ F3(1) + 0 Fy(1) + AFp(1)]

Bl = 2(p — Ab)?
~r v
_ 1 (") _
E[L3] - ilinﬂ F3 ('lU) - q¢(9 _|_ ¢)2P070
e B A
E[L4] = 3}1311 Fy (Z) = ng(@ + o+ 5)27)0,0

The predicted orbit length is provided by:

BIL,) = ElLo] + E[Ly] + E[Ls] + E[LJ

Fi(1) + F(1) + F3(1) + Fy(1)

Expeccted length of frame work is given by

E[L)) = E[L,] + F(1) + Fy(1) + Fy(1)

The likelihood of server being occupied state is Prg = Fy (1) + F3(1) + Fy(1)
The likelihood that a server is in a free state is:

Prp = ﬁo(l) + 7)0,2

Prp=1—"Prp

The likelihood of server being in a state if normal operation is
Pry = Fo(1) + Fy(1)

The likelihood a server is an vacation while working is
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Pr, = ﬁg(l) + 7)072

Pr,=1—"Pry

The likelihood of server being in catastrophes state is
PTw = ﬁ4(1) -+ P()g

Pry,=1—"Pr,

4 Conclusion

This study examines the Bernoulli-based queueing model, which is subject
to catastrophes, interruption policies, and working vacations. By applying the
probability generating function method, the explicit formulas for expected queue
length and probabilities of various server statuses have been derived.  The
model can be used practically in a variety of circumstances that arise in the
actual world, according to the derived numerical results.Numerous network and

telecommunications systems can use this approach.
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