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Abstract

In this paper we estabilish the Stability of Cubic-Quartic Functional Equations in
Multi-Fuzzy Banach Spaces. g(2a + b) + g(2a — b) = 3g(a + b) + g(—a — b) + 3g(a — b) +
9(b—a) +18g(a) + 69(—a) — 3g(b) — 3g(-b).

Key words: Hyers-Ulam stability, Multi-Fuzzy-Banach Spaces, Cubic-Quartic Functional
Equation, Fixed Point Method.
AMS classification: Primary 39B82, Secondary 39B52, 46B99.

1. Introduction and Preliminaries

The first stability problem of functional equation was raised by S.M. Ulam [I8] about
seventy seven years ago. Since then, this question has attracted the attention of
many researchers. The affirmtive solution to this question was given by D.H. Hyers
[8] in 1941. In the year 1950, T. Aoki [2] generalized the Hyers theorem for additive
mappings. The result of Hyers was generalized independently by Th.M.Rassias [16]
for linear mappings by considering an unbounded Cauchy difference. In 1994, a
further generalization of Th.M. Rassias theorem was obtained by P.Gavruta [7].
After that, the stability problem of several functional equations have been extensively
investigated by a number of authors [3 [I7] on various spaces like, normed spaces,
Banach spaces, Fuzzy normed spaces, Non-Archimedean space and etc. Sun-Young
Jung, Choonkil Park and Dong Yun Shin [II] proved the Fuzzy stability of the
Cubic-Quartic functional equation by using fixed point method. The multi-Banach
space was first investigated by Dales and Polyakov [4]. Theory of multi-Banach
spaces is similar to operator sequence space and has some connections with operator
spaces and Banach spaces. In 2007 H.G. Dales and M.S. Moslehian [5] first proved
the stability of mappings on multi-normed spaces and also gave some examples on
multi-normed spaces. The stability of functional equations on multi-normed spaces
was proved by many mathematicians (see, [6l, 10, 12]).
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Definition 1.1 [9] Let (E,N) be a fuzzy normed space. A multi-fuzzy norm on
{E* k € N} is a sequence Ny such that Ny, is a fuzzy norm on E*(k € N), Ny(z,t) =
N(z,t) for each x € F and t € R and the following axioms are satisfied for each
ke Nwith k> 2:
(1). for each 0 €,2 € EF and t € R,
Ny (Ay(x),t) = Ni(x,t);
(2). for each a = (ay,...,a;) € R¥ x € E* and t € R,
Ny (Ma(z),1) > Ny (maxien, [ai] z,t);

(3). for each z1,...,xx € E and t € R,

N1 (21, .y 25, 0),t) = N (21, ..., 1), 1) ;
(4). for each z1,...,xx € E and t € R,

Nk—i—l ((ZEl, ey Ty ZL‘k),t) = Nk ((371, ...,fk),t)

In such a case {(Ek, Ni), k € N} is called a muti-fuzzy normed space.

Dg(a,b) = g(2a 4+ b) + g(2a — b) — 3g(a + b) — g(—a — b) — 3g(a — b)
—g(b—a) —18g(a) — 6g(—a) + 3g(b) + 3g(—b) (1)

Throughout this paper, assume that & be a linear space and let (Y, ].]|,,) be a
multi-Banach space.

Theorem 1.2 Let ¢ : X% — [0,00) be a function such that there exists an £ < 1
with

L
qb (al,bl, vy Qg bk) S gqlﬁ (2&1,21)1, ceey QCLk, Qbk)
for all a;,b; € X where 1 =1, .., k. Let g : X — ) be an odd mapping satisfies

t

Ny ((Dg(a1,b1), ..., Dg(ag, by)) ,t) > T o b an by (2)
for all a;,b; € X where 1 =1, ..,k and all ¢ > 0. Then
Cla) =N = lim 5% ()
exists for each a € X and defines a cubic mapping C : X — ) such that
N ((glar) — Cla). . g(a) ~ Cla)) 1) > L @

(16 — 16[:) t+ £¢ (CLl,O, ...,CLk,())
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for all a; € X where i =1,..,k and all ¢t > 0.
Proof: Letting b; = 0 where : =1, ..,k in , we get

Ni ((29(2a1) — 16g(a1), ..., 29(2ax) — 16g(ax)) , £) > t

~t+ ¢(a,0,..,a;,0) (4)

for all a; € X where i =1, ..,k and all £ > 0. Consider the set S := {h : X — YV} and
introduce the generalized metric on S :

d(h,l) =inf {“ € Ry N (h(ar) = lar), ..., h(ax) — Uax), pt) > t+ ¢(a1,i), ..,ak,o)}

where as usual inf¢ = +00. It is easy to prove that (S, d) is complete. See [13]. Now,
we consider the linear mapping J : S — &S such that

Th(a) = 8h (g)

for all a € X. Let h,l € S be given such that d(h,l) = e. Then

t
Nk ((h(al) - l(a1)7 s h(ak) - l(ak>> ’Gt) Z t+ ¢ (ab 07 A, 0)

for all a; € X where i =1, ..,k and all ¢ > 0. Hence

Ny (Th(ar) — Tl(ar), ..., Thlag) — Tl(ag)) , Let)

— N, <<8h(%) — 818, 8h( ”) - 8l(%)> ,Eet)

— N, ((h(%) - z(%), ...,h(%) - z(%)) ,get)

Lt
8

% + %Qﬁ (a'la 07 oy Qs 0)
t
t+ ¢ (a,0,..,ax,0)

Vv

for all a; € X', where i = 1,..,k and all ¢ > 0. So d(h,1) = € implies that d(Jl, JI) <
Le. This means that
d(JTh,JIl) < Ld(h,1)

for all h,l € §. Tt follows from that

e (o0 =850t =85) - 55t) = g
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for all a; € X', where : =1, ..,k and all t > 0. So d(g, Jg) < %

By Theorem 2.2 [14], there exists a cubic mapping C : X — ) satisfying the following:

(1). C is a fixed point of J, i.e

(5)

for all @ € X. The mapping C is a unique fixed point of J in the set M =
{h € §:d(g,h) < cc}. This implies that C' is a unique mapping satisfying (b)) such

that there exists a u € (0, 00) satisfying

t
N —-C —-C t
(o) = o). glan) = Cla)) ) > s
for all a; € X, where i =1,..,k and all ¢t > 0.
(2). d(J™g,C) — 0 as n — oo. This implies the equality
N — lim 8% (ﬁ> —Cla) forall aeAX.
n—o00 on
1
(3). d(g,C) < nd(g, Jg), which implies the inequality
< —
49.€) < 15 762
This implies that the inequality holds. By ,
ar b a by t
N "Dg(—,—),....8"Dg(—, — "t >
k<(8 9(272)7 78 9(272))78t) t+¢(2—12—1 3_2’12)_2)

for all a;,b; € X, wheret =1,..,k all t > 0 and all n € N. So

t

by ai by 8"
k((8 9(2 2) -8 (272))7t)—8%+%¢(a1,bl,...

for all a;,b; € X, where 1 = 1,..,k all t > 0 and all n € N. Since

t

hm m =
n—00 = -4 L: ¢<a17b17 - Jak’bk)

y Ak bk)
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for all a;,b; € X, where i =1, ..,k all t > 0.
Ni, ((DC(a1,br), ..., DC(ag, by)) . t) = 1

for all a;,b; € X, where ¢+ = 1,..,k all t > 0. Thus the mapping C : X — ) is cubic,
as desired.

Corollary 1.3 Let ¢ > 0 and let v be a real number and v > 3. Let g : X — ) be
an odd mapping satisfying

t

Ny ((Dg(a,b1), ..., Dg(ag, b)) ,t) >
(Dg(ar, by Fr 0 (laalT + a2 e+ T5eT)

(6)

for all a;,b; € X, where i = 1, ..,k all t > 0. Then C(a) = N — lim,,_, 8"g(5%) exists,
and defines a cubic mapping C : X — Y such that

2(27 - 8)t
@ =8+ 0lall", - ol

Ni((9(ar) = Clar), -, glar) = Clar)) 1) = 3

for all a;,b; € X, where i =1,..,k all t > 0.
Proof: The proof follows from Theorem ([1.2)) by taking

¢ (ar, by, o ar, bp) =0 (laal|” + 110217 s [lall” + N0k

for all a;,b; € X, where i = 1,..,k all t > 0. Then we can choose L = 2377 and we
get the desired result.

Theorem 1.4 Let ¢ : X% — [0,00) be a function such that there exists an £ < 1
with

L
gb(al,bl, ceny Ay bk) S 1—6¢ (2&1, 2[)1, ceey Qak,Qbk)

for all a;,b; € X where i =1,..,k. Let g : X — ) be an even mapping satisfying the
inequality . Then

Q(a) = N — lim 16"g (%)

n—0o0

exists for each a € X and defines a quartic function Q : X — ) such that

(32— 32L) ¢

Ny, ((g(a1) - Q(a1)7 -'-ag(ak> - Q<ak>> 7t) 2 (32 _ 32£) t+ Lo (a1, 0,...,ax, 0)

(7)

for all a; € X where i =1,...k and all £ > 0.
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Proof: Letting b; = 0 where ¢ =1, ..,k in , we get

N ((29(2a1) — 32g(a1), .., 29(2az) — 32g(ax)) , £) > t

~t+ ¢(a,0,..,a;,0) (8)

for all a; € X where i =1, ..,k and all ¢ > 0. Consider the set S := {h : X — Y} and
introduce the generalized metric on S :

d(h,l) = inf {u € Re: Vi (har) = ), . ) = Uaw), put) 2 3= (al,to, s 0) }

where as usual inf¢ = +o00. It is easy to show that (S, d) is complete. see [13]. Now,
we consider the linear mapping 7 : S — S such that

Jh(a) = 16h (g)

for all a € X. Let h,l € S be given such that d(h,[) = €. Then

t
Ny ((h(ar) = Uay), ..., h(ag) — U(ap)) , et) > P+ (a0, an0)

for all a; € X where i = 1,..,k and all t > 0. Hence

Ny (Th(ay) — TUar), ooy Thia) — Tl(az)) , Let)
~ N, ((16h(%) - 161(%), 16h(%) - 16l(%)> ,Eet)

_Nk((h(ﬂ)—u@),...,h(%)—1(%)) £ t)

2 2 2 27) 16"
ct
16
B f_é + %¢ (aboa "aakao)
t

t+ ¢ (a1,0,..,ax,0)

for all a; € X, where i = 1,..,k and all t > 0. So d(h,l) = € implies that d(Jh, Jl) <
Le. This means that
d(Th,Jl) < Ld(h,1)

for all h,l € S. It follows from that

L
Ve ((otan) = 1665, otan) — 160(%)) 1) 2 b
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for all a; € X', where : =1, ..,k and all t > 0. So d(g, Jg) <

By Theorem 2.2 [I4], there exists a quartic mapping Q :
following;:
(1). Q is a fixed point of 7, i.e

L
32
X — Y satisfying the

0(5) = -2 ©

for all @ € X. The mapping Q is a unique fixed point of J in the set M =
{h €8 :d(g,h) < oc}. This implies that Q is a unique mapping satisfying (9) such
that there exists a p € (0, 00) satisfying

Ni ((9(a1) — Q(ar), ..., glag) — Qlag)) , ut) > t+ ¢(a1,t(), g, 0)

for all a; € X, where i = 1,..,k and all £ > 0.
(2). d(J"g,Q) — 0 as n — oo. This implies the equality

N — lim 16% (i> — Q(a)

n—00 on
for all a € X. .
(3). d(g,Q) < ﬁd(g, Jg), which implies the inequality
L
d < —
(9:9) = 35—

This implies that the inequality holds. The rest of the proof is similar to the
proof of Theorem (|1.2)).

Corollary 1.5 Let ¥ > 0 and let v be a real number and v > 4. Let g : X — ) be
an even mapping satisfying

t
>
t+ 0 (laxll” + 102" ooy llaklI” + 110x]]")

Ny ((Dg(ay,by), ..., Dg(ag, by)) , t) (10)

for all a;,b; € X, where i = 1,..,k all £ > 0. Then Q(a) = N — lim,_, 16"g(5%)
exists, and defines a quartic mapping Q : X — Y such that

2(27 - 16) ¢
(27 = 16)t + 0 [lar|”, .., [la]]”

N (glar) = Qfa), v g(ar) = Qar) 0) = 5
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for all a;,b; € X, where ¢t =1,..,k all t > 0.

The proof follows from Theorem ((1.4) by taking
¢ (ar, by, o ar, bp) =0 (laal|” + 110217 s [lall” + N0k

for all a;,b; € a, where i = 1,...,k all t > 0. Then we can choose £ = 2*~7 and we get
the desired result.
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