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Abstract

In this research article, we discuss the stabilities of mixed AQ,CQ4 functional equation in
Fuzzy Banach spaces with the help of the Hyers method.
Key words: Additive functional equation, quadratic functional equation, cubic functional
equation, quartic functional equations, mixed type AQCQ functional equation, Generalized
Hyers-Ulam stability, Fuzzy Banach space.
AMS classification: 39B52, 32B72, 32B82

1. Introduction

In 1940, the Stability of Functional Equation has been studied with the help of
mapping idealogy by Ulam who used the famous Ulam Stability problem [41], Then
further it was developed by Hyers [19] in 1941 for additive mappings. Further T. Aoki
[3], Th.M. Rassias [36], P. Gavruta [I7] and Rassias [38] generalized Hyers result in

various settings.

Several types of mixed type functional equations in various normed spaces are
introduced and investigated in [6, [7, [10, [13, 14! B30, 32, 34] 35, [40]. Side by side other
types of AQCQ functional equations were introduced and its stability were discussed
in [8, 9] 18, 23, 28], 29| B33 [39].

In this research article, the authors prove the stabilities of mixed AQyCQ4
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functional equation
2
Y (f (tvie+wi) + f (Wi — th))
k=1

thlg (f(vk+Wk)+f(Wk—Vk)> +2(1—t2)§1 <f<wk)>

L)

2
z( @)+ (=2v) —4f () —4f (—v) ) (1)

where 7 is a real number with ¢ # 0,£1 in Fuzzy Banach spaces with the help of Hyers
methods. The above functional equation is different from the previous investigations
and we trigger the stability by different substitutions.

Now, we recall the definitions and notations on fuzzy normed spaces given in [I1]
and [24, 25, 26, 27].

Definition 1.1 [24] 25| 26, 27] Let X be a real linear space. A function N: X xR —
[0, 1](the so-called fuzzy subset) is said to be a fuzzy norm on X if for all x,y € X and
all 5,1t e R,

(FNS1) N(x,c) =0 for ¢ >0;

(FNS2) x=0if and only if N(x,c) =1 for all ¢ > 0;

(FNS3) N(cx,t)=N (x, |t7|> if ¢ #0;

(FNS4) N(x-+y,s+1t)>min{N(x,s),N(y,t)};

(FNS5) N(x,-) is a non-decreasing function on R and lim;_,N(x,t) = 1;
(FNS6) for x# 0,N(x,-) is (upper semi) continuous on R.

The pair (X,N) is called a fuzzy normed linear space. One may regard N(X,1)
as the truth-value of the statement the norm of x is less than or equal to the real
number 7.

Example 1.2 [24] 25 26| 27] The fuzzy norm

, t>0, xeX,
N(x)= { t+Ixll

0, t>0, xeX

fuzzy normed linear space.
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Definition 1.3 |24, 25, 20, 27| Let (X,N) be a fuzzy normed linear space. Let x,
be a sequence in X. Then x, is said to be convergent if there exists x € X such that
lgll N(x, —x,t) =1 for all t > 0. In that case, x is called the limit of the sequence x;,
n—oo

and one can denote it by N — lim x,, = x.
n—soo

Definition 1.4 [24] 25 26, 27] A sequence x, in X is called Cauchy if for each € >0
and each t > 0 there exists ng such that for all n > ng and all p > 0, one can have
N(Xpyp —Xn,t) > 1—€.

Definition 1.5 |24 25| 26], 27] Every convergent sequence in a fuzzy normed space
is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be
complete and the fuzzy normed space is called a fuzzy Banach space.

The stability of various functional equations in fuzzy normed spaces were given in
[4, 15, [7, 18, @ 10, 14, 35], 40, 24, 25| 26], 27] and references cited there in.

For proving stability results, let us take Hs, (Hy,N) and (Hp,N') are linear space,
fuzzy normed space and fuzzy Banach space. Define a mapping f: H — H, by

2

FIE (movn) = B (£ @) +1 0=
—t22< Fe+we)+ f(w k_Vk)> 1_t i( >
(t4—t2) 2

— S Y (£ @)+ £ (=20) —4f () — 47 (—w) )

k=1

for all Vi, Wi, v2,wo € Hy.

2. Fuzzy Stability Theorem: Odd Case
Theorem 2.1 Assume p = =+1 and let f: HA — H; be an odd mapping satisfying

the functional inequality

F <F1234<v1, wi, v, wz),%/>29/ (ﬁ"o<V1,W1,V27W2)7%> (2)
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where Zp, EXOODD : Hf — Hjy are functions with the conditions

lim .7 (5%0 (2qu1,2pqw1,2pqu,2quz),2!"? Jif) —1 (3)

g—o
F' (Q”OODD<2pv,2pv,2pv,2pv>,%) > 7! (rpngD<v,v,v,v>,%> (4)

p
for all vi,w,va,wr,v € H; and all # > 0, for some r > 0 with 0 < <£> < 1. Then
there exists a unique additive mapping <7 : Hi — H, which satisfies the functional

equation and

T (/i0) = A (), To H)=F (f(20)—8f (v) — A (), Tp H) > F' (ggDD(v,v,v,v),%)
(5)

where ffOODD (v, v, v, v), o/ (v) and Tp are defined by

(287 (vvv), ¥
=min{ﬁ’ (ffo(v,v,v,v),z(l—tz)%>,ﬁ’ (ﬁfo<v,2v,v,2v>,t2%),ﬁ' (%(2v,v,2v,v),%>,
( 1+t)v),%),ﬁ' (gfo(v,(l—t)v,v,(l—t)v),%),
( (2v,2v, 2, 2v>,t2<%/) T (ffo <2v,v, 2, v) 2(1 —r%;{/) :
' (Zo(vwrv). # ). 7 (Zo(3vv3v), ),
(o

,(1+2t)v>,%> ’(%( (1—2t)vv(1—2t)v>,%/>}
(6)

: J1(2Py) L _ ((16—-312)

lim . <ﬂ(\/) — 24 ,e/“i/ = 1, TO = m (7)
for all ve H; and all ¢ > 0.

Proof: For oddness of f in , one can get

N
S
—
=
X
=
=

Zolv, (14+21)v,

=

(i( (tvi +wi) + f (Wi —tvg) > 22:( f (v +wg) +f(wk—vk))

(1—1¢2 i( ) ) >F <ffo<v1,wl V2,W2> Ji/) (8)
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for all vi,w1,v2,w; € Hy and all 2# > 0. Replacing (vi,wi,v2,w2) by (v,v,v,v) in (),

one can reach

F (2f (1+0W)+2F (1= 1)) —22F () =4 (1 =) f (v), H) > T (ﬁ”o(v,v,v,v>,,)i/>
(9)

for all v € Hy and all ¢ > 0. With the help of (FNS3) in (9)), one can obtain

F (41 =) f(1+1)w) +4(1 =) F (1 —t)v) —4(1 —2)e2 £ (2v)
—8(1—2)2F (v),2(1-2)H) > F' (%(v,v,v,v),;zf) (10)

for all v e Hy and all # > 0. Replacing (vi,wi,v2,w2) by (v,2v,v,2v) in (8), one can
have

F (2f (2—=tWw)+2f (2+1)v) =262 F (3v) =202 (v) —4 (1 —12) £ (2v) %)
! <g0<v,2v,v,2v>,=%/> (11)

for all v € Hy and all ¢ > 0. With the help of (FNS3) in (11)), one can get

F (22 F(2—t))+ 22 ((2+1)v) =264 F (3v) =26 F (v) —4e* (1 = 17) £ (2v) ,£2.%)
> 7! (;@% (v,2v,v,2v>,%> (12)

for all ve Hy and all .# > 0. Interchanging

<V1,W1,V2,W2> by <2v, v, 2v,v); (v, (L+1)vv, (1 +t)v>; (v, (I—=1)v,v, (1 —t)v)

n (§)), one can observe the inequalities

20)v) =262 F (3v) + 202 F (v) —4 (1 —12) f (v) )

F (2f (1+20)v)+2f ((1-21)v)
> 7! (ffo <2v, v, 2v, v),%/) (13)
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F (2f (14+20)v) +2f (v) =222 F (2 +1)v) =202 f (tv) =4 (1 —12) £ (1 +1)v) %)
> 7' (Zo(v.(1+0w (140)v),.%) (14)

F (2f (1 =20v) +2f (v) =202 F (2 — 1)) + 207 F (1v) =4 (1= 12) f (1 = 1)v), %)
> 7! <.,@”0<v,(1—t)v,v,(l—t)v),%’) (15)

for all v € H and all # > 0. With the help of (FNS4) and (10)), (12), (13), (14),
(15), one can find that
F (sr+26 -2 (G -47 (), (20 -2 +2+3) 7)
zmin{ﬂ' (Q%(V,VV,V),z(l—t > F' (2 <v2vv2v> 2%),
F' <ffo<2v,v,2v,v> ) ff( (L+1)v (1—|—t)v),,%/),
F! (gfo(v,(l v, (1 — t)v) ,)i/)} (16)
for all v € Hy and all 22" > 0. With the help of (FNS3) in (16)), one can arrive
F (4(t4—t2)<f( V) —4F (2v) +5f (v )),(4(1 12) + 212 +6> )
Zmin{ﬁ’/ (Q%(wv,v,v) (1—1¢ )%), F! (ff0<v2vv,2v) 2%),
F' <&W0<2vv2vv>,%>, F' <,§?< 1+tvv(1+t)v>,%>,
7! (%( (1—t),v,(1—1) ) %)} (17)
for all ve Hy and all # > 0. Replacing v by 2v in @D, one can reach

F (2f Q(L+0)v) +2f (2(1 —t)v) =22 f (4v) —4 (1 —12) £ (2v), )
7! (ffo <2v, 2v, 2v,2v>,4%/> (18)

for all v € Hy and all # > 0. With the help of (FNS3) in (18], one can obtain

F (22 —t)v) +22F 2(1+1)v) =2t  f (dv) — 4 (12 —1*) £ (2v) ,12.%)
> 7! (&WO(zv,zv,zv,zv),%) (19)
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for all v € Hy and all 22 > 0. With the help of (FNS3) in (13), one can get
T (41 =) f((1+20)) +4(1 =) F (1 =2t)v) — 4> — 1) £ (3)
A2 — Y f () —8(1 =22 (v) 2(1 =) A ) > T (% <2v, v, 2v,v),;gf) (20)

for all v € Hy and all # > 0. Replacing

(vl,wl,vz,wz> by <3v, v, 3v, v); <v, (142t)v,v, (1 +2t)v>; (v, (1 =2t)v,v,(1— 2t)v>

in , one can observe the inequalities

T (2f (14+300) +2f (1 =3 1)) =202 f (dv) + 262 f (2v) =4 (1 = 1%) f (v), - H)
> 7 (%(3v,v,3v,v),;if) 21)

F (2f (1436) v)+2f (1 +1) v) =22 F (2(1+1)v) =262 (2tv) —4 (1 —22) £ (1 +2t)v), )
> ! (%(V,(Hzt)v,v,(l+2z)v),;zf) (22)

F (2f (1=3t0w)+2f (1 —1)v) =27 F (1 —t)v) + 267 F (2tv) =4 (1 = £%) f((1 = 2t)v),. %)
> 7' (ff() (v, (1 —=21)v,v,(1 —2t)v>,%> (23)

for all v € Hy and all ¢ > 0. With the help of (FNS4) and (9), (19), [20), (21), 22).

(23)), one can arrive

7 (2(t4—t2)<f(4v)—2f(3v)—2f(2v)+6f(v)>,<t2+2(1—t2)+4>%/>
zmin{gf’ (%(w,zv,zv,z\;),ﬂ%),y’ (fo(zv,v,zv,v),z(l—ﬂ)%>,
F (,,% (v,v,v,v),yif) T (% <3v,v,3v,v>,%),
F! (ffo (v,(1+2t>v,v,(1+2z)v),;zf),

F' (ffo (v, (1 =2t)v,v,(1 —2t)v),j£/) } (24)
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for all v € Hy and all 2 > 0. With the help of (FNS4) and (17), (24)), one can have

F <2(t4—t2)(f(4v)—10f(2v)+16f(v)), (16—3t2),)i/)
zmin{y’ (%(v,v,v,v),z(pzz)%),ﬁ’ (%(V,zv,v,zv),ﬂyzf),ﬁ’ (go(zv,v,zv,v),%),
F! <5f ( (1+1)v,v, (1+1) ) %) F! (,@”0<v,(1—t)v,v,(l—t)v),%),

F %(zv 20,2, 2v) ,/”i/) (ﬁo(zv,v,zv,v),z(l—z2),}i/),

7
> Eg (i) )5 (Zo(300300).2).

T (ffo v, (1426)v,v, (14 21) ) %),ﬂ’ (ﬁ%(v,(l—Zt)v,v,(l—2t)v>,<}i/>}
(25)

for all v € Hy and all 2" > 0. With the help of (FNS4) and (25), one can find

F (f(4v)—10f(2v)+16f() ((21(?4_3;22))>%)
>min{# (Zo(vvuv).20-A)% ), 7" (Zo(v 2vv2v> ), (Zo(2m0.200),5),
F' (Zo(v.(1 0w (1+0),5 )5 (Zo (v (1 =0y, (1=1)v),. 7).
F! <ffo<2v 20,2y, 2v) ,;5/) F! (ffo(zvvzv v> 2(1—t2)%/>,
7' (Zo(vvwy) 2 )7 (f‘fo<3vv3v V). %),
Z (g’( (1426w, v, (1+2t) )Jff) ( ( (1—26)vv, (1 — 2t)v),,/“£/>}
=7 (2§ (), ¥ (26)

for all ve Hy and all % > 0. Set Tp = <(1(6 3;2))> in , one can see

F (f(@) —10f () +16f(v),To H) > F (%ODD(WW) ;if) 27)
for all v € H; and all # > 0. Define a function

Si(v)=f(2v)=8f(v) (28)
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for all v € Hy. Using in , one can achieve

F (@) =2£10).To #) = F ((f (@) =87 (2)) =2(F ()-8 () ). To #)
> 7! (ffOODD<v, v, V, v),ji/) (29)

for all v € Hy and all ¢ > 0. With the help of (FNS3) in (29), one can have

F <@—f1(v),¥> > 7' (&POODD(V,V,V,V>,<%/>

—_

30)

for all v € Hy and all ¢ > 0. Setting v by 29v in (30)), one can obtain

24+1 T,
F (M — f1(2%), 02’%/> > 7! <QFOODD <2qv, 29y,21y, 2qv>,,%/> (31)

for all v € Hy and all ¢ > 0. Using (), (FNS3) in (31)), one can arrive

1
7 (D pew, o) 2 5 (287 (wnr). %) (2

2

for all v € Hy and all ¢ > 0. With the help of (FNS3) in (32)), one can see

A ACY) To XN - ( on >
ﬁ( 2(g+1) 2 ' 9.2q > F QFO <V,V,V,V>,r—q (33)

for all v € Hy and all # > 0. Putting 2 by J# r? in (33]), one can get

P (SR o (39 ) oo

for all v e Hy and all # > 0. One can verify that

q—1 s+1 Sy
fl <22qu) _fl (V) _ Z |:f1§i+l)V) N f1(22; ):| (35)

s=0
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for all v e Hy. From and , one can have

[ fi(29v) To o 9=l rys
7 (12q —fi), 02 'Z<2_))

s=0
{7 (45501602 )
min{J {5 (287 (s00) 0 )} = 7 (28" (n).) (20

for all v € Hy and all ¢ > 0. Substituting v by 2¢'v in and using , (FNS3)
and changing % by ¥ , one can obtain

AR AR To # T 1y onD
7 (L AR B () )2 5 (28 () ) o7

for all v e Hy and all # >0 and all ¢ > g > 0. It follows from , one can get

2a+d 24
g<%thﬁ;”%%>3? 28 ().t | @9
1 r)®
2 S_qu (5)

for all v € Hy and all # > 0. By data
0cr<2 and Y (LY
<r< an (—) < oo,
s=0 2

and (FNSS5) implies that

249
{%} is Cauchy sequence in (Ha,N').
Since (Ha,N') is complete and this sequence converges to some point &7 € H,. So one

can define a mapping .7 : Hi — H, by

lim 7 (;z%(v) _AGN) %) _ (39)

q—e°
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for all ve Hy and all # > 0. Taking ¢’ =0 and g — oo in , one can get
F (A 0)— fi(v),To H) > (zODD(v,v,v,v),%(z —r))

for all v e Hy and all # > 0. To prove o satisfies the (I)), substituting (vi, wi,v2,w2)
by (29v1,29w1,29v2,29w;) in (), one can obtain

1
F (%1234 (Vl,Wl,V27W2>,Ji/> =7 <2q F23 <2qV1,2qW172qV272qW2> %)

/ (o@fo(zqvl,zqwl,zqu,zqwz),24 Ji/) (40)

for all vi,wi,vp,wr € Hy and all # > 0. Now,

2

F (I; (;zf(tvk—l—wk)+42%(wk—tvk )—tZZ( (Vi +wy) +%(Wk—vk)>
_2(1—t2)1;1<42%(wk)>—(t4_t2 i( o () + o (~20) 4t () 4 (~wy) ), 5.5
>m n{ (;( (tvi+wi) +.o ( k—tvk));

2
% Z (f(tquk+2qu> —l—f(2qwk—t2qvk)>,,)i’> ,
k=1
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1) 2
9< (14— Z( (20e) o (~2u) 4t (w) —4/ () )
k=1

( 2)_ 2
+5; Z( (2-2%) + f (— 2'2qVk)_4f(2qvk)_4f(_2qvk))7*%/>7

F (i Z (f (129 4 29wy) + f (29wy — 129vy)

7 X )
)-

25 (s

t4 12

1 2

5 g( F @200+ f (- 2-2m>—4f<2%k>—4f(—2%k)),%>}
(41)

for all vi,wi,v2,ws € Hy and all ¢ > 0. Using (39), ([0), (FNS5) in (41)), one can

reach

F (lgl (M(lvk—f—wk)"‘%(wk_tvk )—t22< Vk+Wk +£7( k_Vk)>

2 (1) i (,Q% (wk)> @ 1_;2) i (ﬂ (2ve) + o (—2vg) — 4 (vy) —W(—vk)), 5%)
k=1 k=1
> min { 11,1,1,.7 (% (2qv1,2qw1,2qu,2qwz>,2q Ji/) } (42)

for all vi,wi,v2,wp € Hy and all ¢ > 0. Applying (3), (FNS2) and approaching ¢
tends to infinity in one can see that o7 satisfies the functional equation . To
prove & (v) is unique, let «7’(v) be another additive functional equation satisfying

and @ So,
F (A () — (v B o (2%) o' (2%) >
o 24 29
- { ( (2) mzm,z) P (M(zm _ﬁ(%v)ﬁ)}
= 29 2 24 24 2
_ )4
> F Q%”ODD (29v,29y,21y,2%y) | M)
H(2—r)24
_ ODD
- ("df (V, V7 V, V) 9 2 .y ) (43)
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for all ve H; and all # > 0. Since

2—r)24
lim l:oo, and lim .F' (ffOODD<v, v, v, v),

%(22;1 r)2q) .

for all v € Hy and all # > 0. From (43)), one can have
N (v)—a" (v),H)=1

for all v € Hy and all # > 0. So, o7 (v) = «/'(v). Hence & (v) is unique. Therefore
for p =1 the theorem holds.

v
Replacing v by 5 in , one can arrive

20 7 VA

F (A0 =24 (3) 10 #) 2 7 (20(35:5:5) %) @4

for all ve Hy and all # > 0. The rest of the proof is similar to that of case p = 1.
Hence the theorem holds for the case p = —1. This completes the proof of the theorem.

Corollary 2.2 An odd mapping f: Hf — H; is gratifying the functional inequality

T <F1234(V1,W17v2’wz>,%) . F'(i,X) (45)
F'(iZier (il +[well) ,2¢)

for all vi,wy,vp,wy € Hy and all 2 > 0 with i being positive constant. Then there
exists a unique additive mapping <7 : Hj — H; which satisfies the functional equation
and the inequality

F (fiv) = (v),To X)=F (f(2v)=8f(v) = (v),To X)
T (11 i [4+2r2+7] ‘2—1’;{),
>0 7 (i[24+5-2f+1+2(1+r)f+2(1—z)/+2.3f'+2(1+2t)f'+2(1—2z)f']y|v|\f,
[4+2t2—|—7H2—2j‘ Jif),ﬁu;
(46)

for all ve Hy and all # > 0.
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Theorem 2.3 Assume p==+1 and let f: H — H, be an odd mapping satisfying the
functional inequality where 20, f'fc?DD : Hf — Hjy are functions with conditions

lim . (% (2qu1,2pqw1,2pqu,2quz),81’4 ;i/) —1 (47)

q—°

r\P
and for all vi,wi,vo,wy,v € Hy and all 2 > 0, for some r > 0 with 0 < <—> < 1.
Then There exists a unique cubic mapping ¢ : Hy — H, which satisfies the functional
equation ([I)) and the inequality

F (fs(0)—C W), To #)=F (f(2)=2f (V) =€), Tp H) > F' (%ODD(V v, v);zf)

(48)
where QFOODD (v, v, v, v) and Ty are defined in (@}, and €' (v) is given by
2Pq
lim .7 <(€(v)—f3( ”,x) —1; (49)
g—>oo 8P4
for all v € Hy and all ¢ > 0.
Proof: Define a function
fv)=f(2v)=2f(v) (50)

for all v € Hy. Using in , one can achieve

F () —8f(v),To H) = F ((f(4v)—2f(2v))—s(f(zv)—zf(v)),ro %)
> Z' (.QFOODD<V,V,V,V>,,%/> (51)

for all v € H; and all # > 0. The rest of the proof is similar to that of Theorem [2.1]

Corollary 2.4 Suppose f: Hy — H; be an odd mapping satisfying the functional
inequality

F <F1234<v1,wl,Vz,W2>,Ji/> > FhA) (52)

T iy (il +IIwill7) 2 ),

(I")J ournal of Computational Mathematica Page 70 of



2456-8686, vii(ii), 2023:057-089
https://doi.org,/10.26524 /cm176

for all vi,wy,vo,wy € Hy and all 2 > 0 with i being positive constant. Then there
exists a unique cubic mapping ¢ : Hf — H, which satisfies the functional equation
and the inequality

F (f3(v)=CW),To X)=F (f(2v) =2f(v) =€ (v),To X')
T (11 i [4+2r2+7] ’8—1‘%/),
>0 7 (i[24+5-2f'+1+2(1+t)f+2(1—z)/+2.3f'+2(1+2t)f+2(1—2z)f']y|v|\f,
[4+2z2+7H8—2f( Jﬁ),j;«éB;
(53)

for all ve Hy and all # > 0.

Theorem 2.5 Assume p = =+1 and let f: H — H, be an odd mapping gratifying
the functional inequality where .,@PO,.,@POODD : H} — Hj are functions with the
conditions , , for all vi,w;,vo,wa,v € Hy and all # > 0, for some r > 0 with
0< (g)p < <§>p < 1. Then there exists a unique additive mapping <7 : Hy — H»
and a unique cubic mapping ¢ : Hl — H, which satisfies the functional equation (1)

and the inequality
T 2 a! 3C
7 ( )= () =€ (1), £To Ji/) > 7 (23 (vvny). ) (54)

where Tp 7 (v) , € (v) are given in (7)), (7), for all ve Hy and all # > 0. Proof: By
Theorem , there exists a unique additive mapping &7 : H; — H, which satisfies
the functional equation and the inequality

F (f(2v)—8f(v)—£7’0(v),T0 %f) > (ggDD(v,v,v,v),;zf) (55)

for all v € H; and all # > 0. By Theorem [2.3] there exists a unique cubic mapping
¢© : H — H, which satisfies the functional equation (1)) and the inequality

7 (f(2v)—2f(v)—<50(v),T0 xf) > 7 (gg’DD(v,v, v, v),%f) (56)

for all ve Hy and all # > 0. Now,
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F (—6f(v) = Z°0) +€°(v),2Tp %)
-7 (f ) —8F (v) — ZO(v) — £ (2v) +2f (v) + €O (v), 2T %) }
{ﬂ (f(2v) —8f(v)— O, Ty %) T (f(2v) 2f () =€), T %) }
> min{gZ’ (ggDD (v, v, v) %) T (%ODD (v, Vv, v>%> }
s (gﬁc (v, v, v)%) (57)
for all v € Hy and all # > 0. With the help of (FNS3) in (56), one can get

7 < £+ é%%) _ é%()(v), %TO Ji/) > 7 (25 () t)  (58)

for all v € Hy and all ¢ > 0. Thus in (58), if we take

o) =) G = 60

we arrive (H4]) as desired.

Corollary 2.6 Suppose f: Hy — H; be an odd mapping satisfying the functional
inequality

F (i,
7 <F1234(V1,W1,V2,W2>,e75/) > L ' . (59)
F' (iier (Il +lwell) , )

for all vi,wy,vp,wy € Hy and all 2 > 0 with i being positive constant. Then there
exists a unique additive mapping <7 : Hf — H, and a unique cubic mapping % :
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H — H, which satisfies the functional equation and the inequality

7 ( FO) = (V) — (), %TO %f)

T (22 i [4+2t2+7} {‘2—1’+‘8—1‘}%/),
>0 g <2i[24+5-2j+1+2(1+t)j—|—2(1—t)j+2.3j+2(1+2t)j+2(1—2t)j]Hij,
[4+2t2+7}{‘2—2f‘+)8—2f‘} sz),j#m;
(60)

for all ve Hy and all # > 0.

3. Fuzzy Stability Theorem: Even Case

Theorem 3.1 Assume p= =1 and let f: H —> H, be an even mapping satisfying
the functional inequality

F <F1234(V1,W1,V2,W2),e%/) Ztgzl <<@PE<VI7W17VZ;W2>7%) (61)
where Zg, .ffEEVEN : Hf — H3 are functions with the conditions

lim .%’ (5& <2qu1,2pqwl,2quz,2pqwz) ,41"1;5/) —1 (62)

g—reo
F! (fffVEN <2pv, 2Py, 2Py, 2”v>,<)£/> > 7! (r”fffVEN (v, v, v,v),%) (63)

r\P
for all vi,wi,vo,wy,v € Hy and all 2 > 0, for some r > 0 with 0 < (4_1) < 1. Then
there exists a unique quadratic mapping 2, : Hf — H, which satisfies the functional
equation ([I)) and the inequality

F (fr(v) = 2o(0), T H)=F (f(2v) —16f (V) — 22(v),Tg H) > F' (%EVEN(V, v, v);if)
(64)

where ZEFVEN (v, vV, v), 2,(v) and Tg are defined by
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F! <§”£VEN (v, v, v, v) ,%)
:min{f' (,,@V’E (V,O,v,0>7</“£/) T (ffE <2v,0,2v,0>,%>,
F' (ﬁ%(v,v,v,v),%),ﬁ’ <£”E(v,tv,v,tv>,<%/>} (65)

for all v € Hy and all ¢ > 0.
Proof: For evenness of f in , one can arrive

7 (f(tv1+w1)+f(w1—tvl)—|—f(tvz—|—wz)—|—f(wz—tvz)

— 2 [f (i +wi)+ F(wi —vi) 4+ f (va+w2) + f (wa—v2)] =2 (1= 12) [f (w1) + f (w2)]
4 2
_y[f(zvl)—4f(v1)+f(2vz)—4f(vz)],%) > 7! (Q”E<v1,wl,v2,w2>,<%/>
(67)

for all vi,wi,v2,wy € Hy and all & > 0. Replacing (vi,w1,v2,w2) by (v,0,v,0) in (67),
one can reach

4 2
T <4f(IV) —42°f (v) —M[f(ZV) —4f(V)],Jif> > 7' (%(v,O,v,O),%)
12
(68)
for all v € Hy and all # > 0. With the help of (FNS3) in (68)), one can obtain
T (48(1—12)f (1v) —48(1 —2)2 f (v) =4 (1* = 12) (1 =) [f 2v) —4f (V)] , 12(1 = %) K)
> 7' (,@”E (v,O,v,O),Jf) (69)

for all ve Hy and all # > 0. Replacing v by 2v in , one can have

F (4f(2zv)—4z2f(2v)—#[f(4v)—4f(2v)]7%> > ! <£PE<2v,072v,0>,%>

(70)
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for all v € Hy and all .# > 0. With the help of (FNS3) in (70, one can get

F (24F (2v) =242 F (2v) =2 (* = 2) [f (4v) — 4F ()] ,6 H) > T (%E (2v,o,2v,o>,gif)
(71)

for all v € Hy and all # > 0. Interchanging (vi,wi,v2,w2) by (v,v,v,v) in (67), one
can find

2(t*—12) [

F (2f((1+t)v)+2f((1 —t)) =22 F (2v) =4 (1 —1) f(v) — >

f(2v)—4f ()] %/>
> 7' (,@”E (v,v,v,v),ygf) (72)
for all v € Hy and all % > 0. With the help of (FNS3) in (72), one can reach
F (247 F (1 +16)v) + 2427 F (1 —1)v) — 2417 f (2v) — 482 (1 —12) £ (v)
—4 (=) P [f () —Af (V)] 126 ) > T (ng <v,v,v,v>,%) (73)

for all v € Hy and all # > 0. Interchanging (vi,wi,v2,w2) by (v,tv,v,#v) in (67)), one
can find

2 (t*—1?)

F (2f(2tv) =2 [F((L+1W)+ f((1=1)w)] =4 (1 =12) £ (tv) — >

[f (2v) —4f (v)] ,Jf/>
> .7 (ffE (V, tv, v,tv),%) (74)
for all v € Hy and all 2 > 0. With the help of (FNS3) in (74), one can get

T (24f 2tv) =242 [f (1 +1)v) + £ (1 —1)v)] =48 (1 —2) f (tv)
—4 (t4 —2)[f (@) —4f ()], 12 %) > F' (o@”E (v,tv,v,tv),%)
(75)
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for all v € Hy and all # > 0. With the help of (FNS4) and , , , , one
can find that

F (20 =) (f (4v) — 207 (20) +647 (v) ) 48 )
>min {7 (48(1—1°)f (1v) —48(1 =) f (v) =4 (1* = 1*) (1 = 1)[f (2v)
—4f W], 12(1=1%)0¢ ),
(241 (2tv) — 2412 f (2v) — 2 (" = £2) [f (4v) —4f (2v)] 6.7 ) ,
(2422 F (1 +1)v) + 2482 F (1 —t)v) —24¢* £ (2v) — 48 (1 —12) £ (v)
—4(t* =22 [f (2v) —4f ()], 12027)
F (24f 2tv) =242 [f (1 +1)v) + £ (1 —1)v)] =48 (1 —12) f (1v)
—4 (=) [f (2v) —4f ()], 12¢) }
zmin{ﬂ’ (fE<v,o,v,o>,%),ﬂ’ (&‘”E<2v,0,2v,0>,%>,

F! (5E(v,v,v,v>,%) T (ﬁ%(v,tv,v,tv),%)}

— 7 (%EVEN (v, vV, V)sz> (76)

F
F

for all v € Hy and all # > 0. With the help of (FNS3) in (76)), one can find

F (f( V) = 20f (2v) + 641 (v) > F ffEVEN vv,v,v),%) (77)

) , one can see

F (f (4v) —20f (2v) +64f (v), Tp H) > F <5EVEN<v,v,v,v>,%/> (78)

for all ve Hy and all # > 0. Set TE_<

for all v € H; and all # > 0. Define a function

L (v)=f(2v)=16f(v) (79)

for all v € Hy. Using in , one can achieve

F (fo(20)—dfo(v),Tg H) = F <<f(4v)— 16f(2v)> —4(f(2v)— 16f(v)),TE Ji/)
> (Q”EVEN (v,v, v,v),%) (80)
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for all v € Hy and all .#" > 0. The rest of the proof is similar to that of Theorem [2.1]

Corollary 3.2 Suppose f: HH — H, be an even mapping gratifying functional

inequality

F' (i,
7 <F1234<V17W1,V2,W2>,%>2 (5%) | | (81)
F'(i%ier (el +well) ,2¢)

for all vi,wy,vo,wp € H; and all 2 > 0 with i being positive constant. Then there
exists a unique quadratic mapping 2, : Hi — H, which satisfies the functional
equation ([I)) and the inequality

T (L) =2),To H)=F (f(2v) = 16f (v) = 22(v),To X')

T (i,

4—1‘ #),
>
7 (i[s+2 w200l 4 |4-27] ) ) £ 2

(82)

for all ve H; and all 7 > 0.

Theorem 3.3 Assume p=+1 and let f: H — H, be an even mapping satisfying
the functional inequality where QPE,QPEEVEN : Hf — Hj are functions with

conditions

lim %' (,,%’E (2%1,2qu1,2pqu,2pqwz) , 161’%/) —1 (83)

g—reo

p
and for all vi,wy,va,wr,v € Hy and all . > 0, for some r > 0 with 0 < <L6> <
1. T
functional equation (1)) and the inequality

en there exists a unique quartic mapping 24 : Hf — H, which satis%es the

F (f3(0) = 2a0).Te H) = F (F(20) = 4f (1) = 240).Te H) 2 F' (ZF"N (vwn), )
(84)
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where ZEFVEN (v, v, V, v), and Tg , and 24(v) is given by

, fa(2P4)
a _ _
qh_rgjf (Q4(V) 477 | =1 (85)
for all ve H; and all ¢ > 0.
Proof: Define a function
Ja(v)=f(2v)—4f(v) (86)

for all v € H;. Using in (78)), one can achieve

F (f2(2) =162 (), T )= F ((f(4v)—4f(2v)> —16(f(2v)—4f(v)),TE %)
> 7! (&er”<v,v,v,v>,%> (87)

for all v € H and all #" > 0. The rest of the proof is similar to that of Theorem 2.1}

Corollary 3.4 Suppose f: HA — H; be an even mapping satisfying the functional

inequality

F <F1234<v1,w1,vz,wz>,%> > 7 (0 H) (88)

F' (iXicr (Il +lwell) ¢ )

for all vi,wy,vo,wp € H; and all 2 > 0 with i being positive constant. Then there
exists a unique quartic mapping 2, : Hy — H, which satisfies the functional equation
and the inequality

F (fav) = 24(v), Tg ) =F (f(2 fO)=24(v), Te X

—11 ),

T 8+2f+1+2 zf}||v||f4’16 21’%) j A4
(89)

Lg[/

for all v e H; and all ¢ > 0.

Theorem 3.5 Assume p==+1 and let f: H — H, be an even mapping satisfying
the functional inequality where o@”E,o%”EEVEN : Hf1 — H3 are function with
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conditions (62)), (63, (83) for all vi,wi,va,wr,v € H; and all J# > 0, for some
p p

r>0 with 0 < (%) < (Z’;) < 1. Then there exists a unique quadratic mapping

2, : H — H, and a unique quartic mapping 24 : H — H, which satisfies the

functional equation (1)) and the inequality

7 (f@)-%@)-@@),%n x) > 7 (52 (). ) (90)

where Tg, 25(v) , Z4(v) are given in ) for all ve Hy and all # > 0.
Proof: By Theorem , there exists a unique quadratic mapping 220 :H — H,
which satisfies the functional equation and the inequality

F (f(2v) =16 (v) — 22 (v),Tx H) > F' (g,fVEN(v,v,v,v),f) (91)

for all v € Hy and all # > 0. By Theorem [3.3] there exists a unique quartic mapping
fo : Hl — H, which satisfies the functional equation and the inequality

T (F(20) —4f (v) — 24(v), T H) > F' (gEEVEN (v,v,v,v),;if) (92)
for all ve Hy and all # > 0. Now,
F (12f() ~ D5 () + 25 (v), 2T )
=F (f(2v) = 16f (v) — 25 (v) — £ (2v) +4f (v) + 2Ev), 2T %)}
> min{ﬁz (f ()= 16f (v) = 2E(), Te H),.Z (f(2v) —4f (v) — 2E(v), Tk %)}
min{f’ (QFEEVEN(V,V,V,V),%) T (QFEEVEN<V,V,V,V)7<%/) }

F! (ﬁP;QQ <v, v, V, v>,<}i/> (93)

v

for all v € Hy and all # > 0. With the help of (FNS3) in (93), one can get

7 Loy L oey 2 g (540
7 (f(v)+1292(v) 1224(\/),12TE%)2J (28 (wrvv). ) (94)

for all v e Hy and all # > 0. Thus in (94), if we take

D) =~ S W) 240) = 525
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we arrive as desired.

Corollary 3.6 Suppose f : HH — H; be a mapping satisfying the functional
inequality
min{ﬁ’ ( i,%)},

mln{ 7' (iYi, (||vk||j+||wk||j>a=%/)}7
(95)

F <F1234<V1,W1,V2,W2),%> 2

for all vi,wy,vo,wp € Hy and all 2 > 0 with i being positive constant. Then there
exists a unique quadratic mapping 2, : Hi — H» and a unique quartic mapping
24 : Hl — H, which satisfies the functional equation (1) and the inequality

2

7 (f<v> -2 - 2. T x)

K (2i,{’4—1‘+’16—1‘} Ji/)

| <2i[8+2/+]+2-tj}“v\|j,4{

"+‘16—2f‘},)i/),j7é2,4;
(96)

for all v € Hy and all ¢ > 0.

4. Fuzzy Stability Theorem: Odd - Even Case

Theorem 4.1 Assume p = £1 and let f: Hl — H, be a mapping satisfying the
functional inequality

F <F1234<v1,w1,vz,wz>,%> > 7' (.,@?(vl,wl,vz,wz»%/) (97)

where % : H4 — Hj are functions with conditions . . . . -

for all vi,wy,vo,wy,v € Hy and all 2# > 0, for some r>O with 0 < <16 3
r r

P p
<4_1> < <§> < 1. Then there exists a unique additive mapping </ : H — H, , a

unique quadratic mapping 2, : Hi — Hj, a unique cubic mapping % : Hf — H, and
a unique quartic mapping 24 : Hy — H, which satisfies the functional equation
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and the inequality

F (10)-er() - 220 - ). (204 TE) )
zmin{ﬁ' <£ﬁ <vvvv> ) (QPISAC< v,—v),%),
2 (%AEQ@,V,V,V),%) T (3’4Q< ,—v,—v,—v),%/) }
(98)
where (QFA vvvv v,v,v,v |; are defined in 1 1) and &7 (v), €(v) , Z2(v)
, 24(v) ,To, Tg is given in . . for all ve Hy and all 2# > 0. Proof:
Assume a function
v)— f(—v
facty) = T (99)
for all v € H;. It is easy to see from that
fac(v) =0 and fac(—v) = —fac(v) (100)

for all v € Hy. So by (FNS3) and (FNS4) with the help of (99), one can see

F (F1234<V1,W1,V2,W2),%/>

7 (1 [F1234<V1,W1,V27W2> _F1234(—V1,—w1,—vZ,—w2>} 7<%/>
<F1234 <V1,W1,V2,W2> —F1234<—v1,—W1,—V2,_W2>72‘%/>

<F1234 (vl,wl,V2,W2>,%/> +F (F1234<—vl,—W1,—V2,—W2> Jf)

/ ( <v1,w1,v2,w2),%)+}‘/ (ﬁ(—vl,—wl,—vz,—wz>,%> (101)

Vol
DI

v
Y

for all vi,wi,vp,wo,v € H; and all % > 0.

By Theorem and ((101)), there exists a unique additive mapping &7 : Hj — H,
and a unique cubic mapping % : Hf — H, which satisfies the functional equation
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and the inequality

2
ﬁ (fAc(V) —JZ%(V) —(5(\/)78T0 Jf/)
> 7' (ﬁﬁc<v,v,v,v>,%> + .7 (Qﬁi‘C(—v,—v, —v,—v),%) (102)
for all v € Hy and all ¢ > 0.

Again assume a function

foglv) = T (103)
for all v € H;. It is easy to see from that
fQQ(V) =0 and fQQ(—V) = fAc(v) (1 04)

for all v € H;. So by (FNS3) and (FNS4) with the help of (103]), one can see

F <F1234(V17W17VZ7W2)7%)

1
(E[ ]234<v1,w1,vz,wz> +F1234<_V1,_W1,—VZ,—W2>} ,%)

I
)

I
)

<F1234(V1,W1,V2,W2> +F1234<—Vl,—WI,_V27_W2>’2‘%/>
<F1234 (vl,wl,vz,wz),%/) +F (F1234<—V1,—W1,—V2,—W2> ,«/"5/>

! (f(vl,wl,v%w2>,</“i/) + 7! (&‘”(—vl,—wl,—\/Q,—wz),%/) (105)

\Y
)

Y%
Y

for all vi,wi,vp,wo,v € H; and all % > 0.

By Theorem [3.5[and ({L05]), there exists a unique quadratic mapping 2, : H) — H;
and a unique quartic mapping 24 : H — H, which satisfies the functional equation
and the inequality

7 (fool) - 2200~ 240, 5
> ! (Qg‘g(v,v,v,v>,;{)+y’ (%‘§<—v,—v,—v,—v),%> (106)

for all ve Hy and all # > 0.
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Finally assume a function

f(v) = fac(v) + foo(v) (107)

for all v € H;. Tt follows from (107)), (106) , (102)) one can arrive

2 2

F (f(v) A W) = Dr(v) —E (V) — D4(v), (ETO + ET;;) %)

6 12

I
AT~

T faclv) + foo(v) = 7 (v) = Da(v) — € (v) — 2a (), (%TO v ETE) ysf)

— 7 (({fAC(V) — () —‘5(\/)] + [fQQ(v) — () —34@)]) , (%TO+1—22TE> %)
> min{y (fAc(v) — ) —%(V),%TO %) T (fQQ(V) —2) —24(\/),%& P
> min{f’ (ﬁ”ﬁf(v,v,v,v),%) T (D@ﬁc<—v, —V, —V, —v),%) ,

F' (%g<v,v,v,v>,%> ,F! <QFZ4QQ<—V,—V,—V,—V>,<%/> }

for all v € Hy and all # > 0. Hence the proof is complete.

Corollary 4.2 Suppose f: Hf — H be an odd mapping satisfying the functional

inequality

F <F1234(V1,W1,V2,W2>7%/> > F b A) (108)

| o G (el ) ),

for all vi,wi,vp,wy € Hy and all 2# > 0 with i being positive constant. Then there
exists a unique additive mapping 7 : Hf — H, , a unique quadratic mapping 2, :
Hy — H,, a unique cubic mapping % : HL — H, and a unique quartic mapping

(I").Iournal of Computational Mathematica Page 83 of

)}



2456-8686, vii(ii), 2023:057-089
https://doi.org,/10.26524 /cm176

2,4 : HH — H, which satisfies the functional equation and the inequality

F ( F) = ) — Dr(v) —C(v) — 2a(v), (%To + 1—22TE> ,/"i/>

p

T (24i,([4+2t2+7}{‘2—1‘+’8—1‘}+{(4—1(+’16—1‘})%>,

F <2i{ [24+5-2j+1+2(1+t)j+2(1—t)j+2.3j—|—2(1—|—2t)j+2(1—2t)f}

v

+[8+271+2.00] by,

\

4422 47| {2—21| + 27|} +a {|a—2]|+[16-21]} ), #1234
(109)

for all v € Hy and all ¢ > 0.

5. Fuzzy Applications

In this section, we will discuss the fields where the concepts of fuzzy logic are
extensively applied. To begin with in Aerospace Fuzzy logic is used in various areas
such as Altitude control of Spacecraft, Satellite altitude control, flow and mixture
regulation in aircraft deicing vehicles. In automotive, fuzzy logic is used in different
sections such as trainable fuzzy systems for idle speed control, shift scheduling
method for automatic transmission, Intelligent highway systems, Traffic Control and

improving efficiency of automatic transmissions.

In addition, in business, this logic can play as a decision and personal evaluation in
a large company. Likewise, in defense, this helps people the recognize the under water
targets can spontaneously recognize the thermal infrared images, works as decision
support aids, controller of a hypervelocity interceptor and this can be used in fuzzy
set modelling of NATO decision making.

Further more, In Electronics, this Fuzzy logic puts its marks higher. Also in the
manufacturing department it is used to optimize the cheese and milk production.
In order to bring out the transportations to the next level the fuzzy logic used in
different aspects with transports such as autopilot for ships, optimal route selection,
control of autonomous under water vehicles, ship steering, automatic operation in

train operation, schedule, acceleration breaking and stopping.

In Electronics while manufacturing of chips, the approximation between the chips
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we use functional equations in order to get the correct output. This logic is extended
for medical field too. It is used as a medical diagnostic support system, control of a
sterile pressure during anesthesia, Radiology diagnoses and diagnosis of diabetes and
prostate cancer.

6. Conclusion

In this paper with the help of classical Hyers Method, we analyze the generalized
Ulam - Hyers stability of a mixed AQ,CQ4 functional equation in Fuzzy Banach
spaces. The stability results gives better possible upper bound when comparing to

previous stability results.

References

[1] Aczel J and Dhombres J, Functional Equations in Several Variables, Cambridge
Univ, Press, 1989.

[2] Ait SiBaha M, Bouikhalene B and Elquorachi E , Ulam-Gavruta-Rassias stability
of a linear functional equation, Intern. J. Math. Sta. 7(Fe07), 157-166(2007).

[3] Aoki T, On the stability of the linear transformation in Banach spaces, J. Math.
Soc. Japan, 2 , 64-66(1950).

[4] Arunkumar M, Three Dimensional Quartic Functional Equation In Fuzzy Normed
Spaces, Far East Journal of Applied Mathematics, 41(2), 83-94, (2010).

[6] Arunkumar M, Ganapathy G, Murthy S, Karthikeyan S,  Stability of
the Generalized Arun-additive functional equation in Intuitionistic fuzzy

normed spaces, International Journal Mathematical Sciences and Engineering
Applications, Vol.4, No. V, 135-146, (2010).

[6] Arunkumar M, Rassias John M | Karthikeyan S, Stability Of A Leibniz Type
Additive And Quadratic Functional Equation In Intuitionistic Fuzzy Normed
Spaces, Advances in Theoretical and Applied Mathematics, Volume 11, Number
2, pp. 145-169(2016).

[7] Arunkumar M, Devi Shyamala Mary M, Generalized Hyers - Ulam stability of
additive - quadratic - cubic - quartic functional equation in fuzzy normed spaces:
A direct method, International Journal of Mathematics And its Applications,
Volume 4, Issue 4 , 1-16(2016).

(I").Iournal of Computational Mathematica Page 85 of



2456-8686, vii(ii), 2023:057-089
https://doi.org,/10.26524 /cm176

[8] Arunkumar M, Devi Shyamala Mary M, Generalized Hyers - Ulam stability of
additive - quadratic - cubic - quartic functional equation in fuzzy normed spaces: A
fixed point approach, International Journal of Mathematics And its Applications,
Volume 4, Issue 4 , 16-32(2016).

[9] Arunkumar M and Sathya E, Hyers type Fuzzy stability of a radical reciprocal
quadratic functional equation originating from 3 dimensional Pythagorean Means,
International Journal Fuzzy Mathematical Archive, Vol. 14, No. 1, 23-33 , (2017).

[10] Arunkumar M, Sathya E, Fuzzy Stability Of A Additive Quadratic Functional
Equation, International Journal of Research and Analytical Reviews, 9-16, (2019).

[11] Bag T, Samanta S K, Finite dimensional fuzzy normed linear spaces, J. Fuzzy
Math. 11 (3) 687-705(2003) .

[12] Bag T, Samanta S K, Fuzzy bounded linear operators, Fuzzy Sets and Systems
151, 513-547(2005).

[13] Balamurugan K, Arunkumar M, Ravindiran M, A Fixed point approach to
the stability of a mixed Additive Quadratic Cubic Quartic (AQCQ) functional
equation in quasi-b-normed spaces, Malaya J. Mat. S(1), 153-171 (2015).

[14] Bodaghi A, Arunkumar M, Karthikeyan S, Sathya E, Generalized Hyers -
Ulam Stability of Functional Equation Deriving from Additive and Quadratic
Functions in Fuzzy Banach Space Via Two Different Techniques, Malaya Journal
of Matematik, Volume 6, Issue 1, 242-260, (2018).

[15] Cheng S C, Mordeson J N, Fuzzy linear operator and fuzzy normed linear spaces,

Bull. Calcutta Math. Soc. 86, 429-436(1994).

[16] Czerwik S, Functional Equations and Inequalities in Several Variables, World
Scientific, River Edge, NJ, 2002.

[17] Gavruta P, A generalization of the Hyers-Ulam-Rassias stability of
approximately additive mappings , J. Math. Anal. Appl., 184 | 431-436 (1994).

[18] Gordji M E, Kaboli Gharetapeh S, Moslehian M S, Zolfaghari S, Stability of a
Mixed Type Additive, Quadratic, Cubic and Quartic Functional Equation, Part

of the Springer Optimization and Its Applications book series (SOIA,volume 35),
January 2009.

(I").Iournal of Computational Mathematica Page 86 of



2456-8686, vii(ii), 2023:057-089
https://doi.org,/10.26524 /cm176

[19] Hyers D H, On the stability of the linear functional equation, Proc.Nat.
Acad.Sci.,U.S.A.,27) 222-224 (1941.

[20] Hyers D H, Isac G, Rassias Th M, Stability of functional equations in several
variables,Birkhduser, Basel, 1998.

[21] Jung S M, Hyers-Ulam-Rassias Stability of Functional Equations in
Mathematical Analysis, Hadronic Press, Palm Harbor, 2001..

[22] Kannappan Pl, Functional Equations and Inequalities with Applications,
Springer Monographs in Mathematics, 20009.

[23] Lee J R, Kim J H, Park C, A Fixed Point Approach to the Stability of
an Additive-Quadratic-Cubic-Quartic Functional Equation , Hindawi Publishing
Corporation Fixed Point Theory and Applications Volume 2010, Article ID
185780, 16 pages doi:10.1155/2010/185780.

[24] Mirmostafaece A K, Moslehian M S, Fuzzy versions of Hyers-Ulam-Rassias
theorem, Fuzzy Sets and Systems, Vol. 159, no. 6, 720-729, (2008).

[25] Mirmostaface A K, Mirzavaziri M, Moslehian M S, Fuzzy stability of the Jensen
functional equation, Fuzzy Sets and Systems, 159, no. 6, 730-738, (2008).

[26] Mirmostafaee A K, Moslehian M S, Fuzzy approximately cubic mappings,
Information Sciences, Vol. 178, no. 19, 3791-3798, (2008).

[27] Mirmostafaee A K, M. S. Moslehian M S, Fuzzy almost quadratic functions,
Results in Mathematics, 52, no. 1-2, 161-177, (2008).

[28] Park C, Jo S W, Kho DY, On the Stability of an AQCQ functional equation,
Journal of Chungcheong Mathematical Society Volume 22, No. 4, December 2009.

[29] Pinelas S, Arunkumar M, Namachivayam T, Sathya E, General Solution And
Two Methods Of Generalized Ulam - Hyers Stability Of N- Dimensional AQCQ
Functional Equation In Banach Spaces, Malaya Journal of Matematik, 5(2) ,
202-240(2017).

[30] Pinelas S, Arunkumar M, Mahesh Kumar N, Sathya E, Stability of General
Quadratic - CubicQuartic Functional Equation in Quasi Beta Banach Space
Via Two Dissimilar Methods, Malaya Journal of Matematik, Volume 6, Issue
1, 113-128, 2018.

(I").Iournal of Computational Mathematica Page 87 of



2456-8686, vii(ii), 2023:057-089
https://doi.org,/10.26524 /cm176

[31] Rassias J M, On approximately of approximately linear mappings by linear
mappings, J. Funct. Anal. USA, 46, 126-130(1982) .

[32] Rassias John M, Arunkumar M, Sathya E, Mahesh Kumar N, Solution And
Stability Of A ACQ Functional Equation In Generalized 2-Normed Spaces, Intern.
J. Fuzzy Mathematical Archive, Vol. 7, No. 2 213-224 (2015).

[33] Rassias John M, Arunkumar M, Mahesh Kumar N, General Solution And
Generalized Ulam - Hyers Stability Of A Generalized 3 Dimensional AQCQ
Functional Equation, Malaya Journal of Matematik, 5(1) , 14985(2017).

[34] Rassias John M, Arunkumar M, Sathya E, Mahesh Kumar N, Generalized Ulam
- Hyers Stability Of A (AQQ): Additive QuadraticQuartic Functional Equation,
Malaya Journal of Matematik, 5(1) , 122-142(2017).

[35] Rassias John Micheal , Arunkumar Mohan, Sathya Elumalai, Generalized Ulam
- Hyers Stability Of An Alternate Additive - Quadratic - Quartic Functional
Equation In Fuzzy Banach Spaces, Mathematical Analysis and its Contemporary
Applications, Vol. 3, Issue 1, 13-31, (2021).

[36] Rassias Th M, On the stability of the linear mapping in Banach spaces,
Proc.Amer.Math. Soc., 72 , 297-300(1978).

[37] Rassias Th M, Functional Equations, Inequalities and Applications, Kluwer
Acedamic Publishers, Dordrecht, Boston London, 2003.

[38] Ravi K, Arunkumar M, Rassias J M, On the Ulam stability for the
orthogonally general Euler-Lagrange type functional equation, International

Journal of Mathematical Sciences, Autumn 2008 Vol.3, No. 08, 36-47.

[39] Ravi K, Rassias J M, Arunkumar M, Kodandan R, Stability of a generalized
mixed type additive, quadratic, cubic and quartic functional equation , J. Pure
and Appl. Math. JIPAM 10, Issue 4, Article 114, 1-29(2009).

[40] Ravi K, Arunkumar M, Narasimman P, Fuzzy stability of a Additive functional
equation, International Journal of Mathematical Sciences, Vol. 9, No. All,
(Autumn 2011), 88-105.

[41] Ulam S.M, Problems in Modern Mathematics, Science Editions, Wiley,
NewYork, 1964.

(I").Iournal of Computational Mathematica Page 88 of



2456-8686, vii(ii), 2023:057-089
https://doi.org,/10.26524 /cm176

[42] Xiao T Z, Zhu X H, Fuzzy normed spaces of operators and its completeness,
Fuzzy Sets and Systems 133, 389-399(2003) .

(I")Journal of Computational Mathematica Page 89 of



	1. Introduction
	2. Fuzzy Stability Theorem: Odd Case
	3. Fuzzy Stability Theorem: Even Case
	4. Fuzzy Stability Theorem: Odd - Even Case
	5. Fuzzy Applications
	6. Conclusion

