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Abstract

In this paper, we explore the Hyers - Gavruta Type stability of generalized composite
functional equations in Generalized 2- Banach Spaces.
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1 Introduction

The stability of functional equations is a hot topic that was delt in the last eight
decades. In 1940, S.M. Ulam [29], gave a widespread of talk before a Mathematical
Colloquium at the University of Wisconsin in which he introduced the number of
important unsolved problems. One of them is the first point of a new line of
investigation, the Stability Problem.

The first result regarding the stability of functional equations was presented in 1941
by D.H. Hyers [16]. He has completely answered the question of Ulam for the case
the groups are Banach spaces. He proved the following theorem.

Theorem 1.1 [16] Let X,Y be Banach spaces and let f : X — Y be a mapping
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satisfying
1f(z+y) = f2) = Fly)l < e (1)
for all z,y € X. Then the limit
27’1
a(x) = lim f(2'z) 2)
n—00 on
exists for all z € X and a: X — Y is the unique additive mapping satisfying
1f(x) —a(x)|| <€ (3)

for all x € X. Moreover, if f(tx) is continuous in t for each fixed x € X, then the

function « is linear.

This pioneer result can be expressed as 7 for any pair of Banach spaces Cauchy
functional equation is stable”. The method which was determined by Hyers and the
additive function which he produces will be called a direct method. This method
is the most important and most powerful tool for studying the stability of various
functional equations. This stability result is called Hyers-Ulam stability of functional
equations.

In 1951, T. Aoki [4] generalized the Hyers theorem in Banach spaces for approximately
linear transformation, by lowering the condition for the Cauchy difference for sum
of powers of norms. Then a similar case was investigated by Th.M. Rassias
[24] in 1978 (see: L. Maligranda [20]). Both of them proved the following
Hyers-Ulam-Aoki-Rassias theorem for the sum.

Theorem 1.2 [4, 24] Let X and Y be two Banach spaces. Let § € [0,00) and
p € [0,1). If a function f: X — Y satisfies the inequality

1z +y) = fl@) = )l <0 (f]]” +[lyl[") (4)

for all z,y € X, then there exists a unique additive mapping 7" : X — Y such that

20
2-—2°

If(z) = T(@)]] < 1Ed1 (5)

for all x € X. Moreover, if f(tx) is continuous in ¢ for each fixed x € X, then the

function T is linear.
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In 1982, J.M. Rassias [21] replaced the sum by the product of powers of norms and
proved the following Ulam - Gavruta - Rassias theorem.

Theorem 1.3 [21] Let f : E — E’ be a mapping from a normed vector space E

into a Banach space E’ subject to the inequality

1f(z +y) = fl@) = fF@ < ell=l” [[yl” (6)

for all z,y € E, where € and p are constants with € > 0 and 0 < p < % Then the

L(z) = lim J2")

n—o00 on

limit
(7)

exists for all x € E' and L : E — FE’ is the unique additive mapping which satisfies

If () = L(z)]| < ] (8)

€
2 — 2%

for all x € E. If p < 0, then the inequality @ holds for z,y # 0 and for z #£ 0.
Ifp> % the inequality @ holds for x,y € E and the limit

A(z) = lim 2"f (;—n) (9)

n—oo

exists for all z € E and A : E — E’ is the unique additive mapping which satisfies

1f(z) = A(2)]| < [ (10)

€
22 — 2

for all x € E. If, in addition f : F — E’ is a mapping such that the transformation
t — f(tx) is continuous in t € R for each fixed x € F, then L is R— linear mapping,.

A generalization of all of the above stability results was obtained in 1994 by P.Gavruta

[15] and prove the following theorem.

Theorem 1.4 [I5] Let E be a abelian group, F' be a Banach space and let ¢ :
E x E — [0,00) be a function satisfying

+o00

@(x,y)::j£:§£§T¢(2kx,2ky)<<-+oo (11)
k=0
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for all x,y € E. If a function f: F — F satisfies the functional inequality

1f(z+y) — f(z) = fFy)l < é(z,y) (12)

for all z,y € E. Then there exists a unique additive mapping 7' : £ — F' which
satisfies

1f(z) = T(x)|| < ®(x,y) (13)

for all x € E. If moreover f(tx) is continuous in ¢ for fixed x € F, then T is linear.

This stability theorem is called Gavruta stabiliy via Hyers method of functional
equations.

A special case of Gavruta’s theorem was seized by K. Ravi et.al. [26] in 2008, by
considering the summation both sum and product of two p- norms introduced by J.

M. Rassias. Hence it is called J. M. Rassias stability of functional equations.

Theorem 1.5 [26] Let (E, L) denote an orthogonality normed space with norm || . ||
and (F,||.||z) is a Banach space and f : £ — F be a mapping which satisfying the
inequality

| f(ma +y) + flmez —y) —2f(x+y) — 2f(x —y) — 2(m* = 2) f(x) + 2f (v) ||,
< e{llzlif Iyl + (el + lylZ) } (14)
for all z,y € E with x 1y, where € and p are constants with €, p > 0 and either

m>1lip<lorm<l;p>1withm#0;m#+l;m# +£v2and —1# |m[P~' < 1.
Then the limit

Qz) = lim L0702) (15)

n—o00 m2”
exists for all z € F and ) : E — F' is the unique orthogonally Euler-Lagrange
quadratic mapping such that

1f(z) = Q=) Iz (16)

||F — 2’77”&2 m2p|

forall x € F.
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The famous Cauchy additive functional equation is
.A (Il + SCQ) = A (.’131) + .A (1’2) (17)

The Hyers type stability of and other types of additive functional equations in
various normed spaces were investigated in [2, 3| 6l [7, O, 13 [14], 17, 18] 19, 27, 22]

25), 28] and references cited there in.

In 2017, J.M. Rassias et.al., [23] introduced the following generalized composite

functional equation

A(k A(xl)—z A(a:i)> +k:A(x1)+Z A(x)) :Z A(x1+xi)+z Az — ;)
(18)

for any real k € Rt — {0} and prove its fundamental stabilities in non-Archimedean

normed spaces.

In this paper, we explore the Hyers - Gavruta Type stability of generalized
composite functional equations in Generalized 2 - Banach Spaces.

2. Basics of Generalized 2 - Banach Spaces

In this section, we give the basic definitions about Generalized 2- Banach Spaces
given in [T, 8, 10} 1], 12].

Definition 2.1 [I] Let X be linear space. A function N(.,.) : X x X — [0,00) is
called a generalized 2-normed space if it satisfies to following :

(i) N
(ii) N
) N
) N

(z,y) = 0 if and only if z and y are linearly independent vectors;
(x,y) = N(y,x) for all z,y € X;

(Ax,y) = |\|N(z,y) for all z,y € X ;

(x +vy,2) < N(x,2)+ N(y, z) for all z,y,z € X.

The generalized 2-normed space is denoted by (X, N(.,.)).

Definition 2.2 [I] A sequence {z,} in a generalized 2-normed space (X, N(.,.))
is called convergent if there exist # € X such that lim N(z, — z,y) = 0 then

n—00
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lim N(z,,y) = N(z,y) for all y € X.

n—oo

Definition 2.3 [I] A sequence {z,} in a generalized 2-normed space (X, N(.,.)) is
called Cauchy sequence if there exist two lineary independent elements y and z in X
such that {N(z,,y)} and {N(z,, 2)} are real Cauchy sequences.

Definition 2.4 [I] A generalized 2-normed space (X, N(.,.)) is called generalized
2-Banach space if every Cauchy sequence is convergent.

3 Hyers - Gavruta Type Stability Results

To prove stability theorems, throughout this paper consider Z; be a generalized

2-normed space and Z, be generalized 2-Banach space, respectively.

Theorem 3.1 Assume A : Z; — Z, be a mapping for which there exist a function
. Z8 [0, 00) and all A € Z; with the condition

1
Jim ﬁ\y ((2°°21, 29, - -+, 2%%2y,, 2°0411) ,A) =0 (19)

such that the functional inequality

N ((A(k ICORDS A(wi)) FhA@) + Y Alm) =Y Ala )

k+1

—Z A (zq —xi)>, A) < \I/<(x1,x2,a:3,--- Tk, Thil), A) (20)

for all &1, -+, xg, xp1 € Z; . Then there exists a unique additive mapping B : Z; —
Zy satistfying the functional equation and

o0

1 1
o < - Ba Ba Ba,. .. Ba Ba
N ((A(x) — B(z)), A) < 2k 6_Zla 9pal ‘I’<(2 x, 27, 2%, -+ 20, 2P%), A)
(21)
for all x € Z;. The mapping B(x) is defined by
do
lim N (M, A) — N (B(z),A) (22)
d—00 20c
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for all x € Z; and a = +1.
Proof. Substituting x =21 =29 = --- = 1, = x4 In , we get

N ((2k A(z) —k A(22)), A) < \y((x,;a @), A) (23)

for all z € Z; and all A € Z;. Using (G2N3) in (23)), we land

N((A(x)—%A(Zx)), A) < i \P((Q;x z,1), A> (24)

for all x € Z; and all A € Z;. Again substituting x by 2z and dividing by 2 in ,

we reach

1

N <(% A2z) — % A(z%)) , A) <57 \11((2:[:, o, ,2x,21), A) (25)

for all x € Z; and all A € Z;. Using (G2N4), from and (25), we have

for all x € Z; and all A € Z;. Using induction on a positive integer  , we arrive

6—1

N ((A($) — % A(Q%)) , A) < ﬁz 2% \I/<(26x,25x,--- 202,20, A)
B=

(27)

for all z € Zjand all A € Z; . By substituting = by 27 and dividing by 27 in ([27)),
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for any v,6 > 0, we deduce
N 1 A(2x) — L A(272) ), A
27 26+~ ’
1 1
=5 N ((.A (27z) — 7 A (25”37)) : A)

v ((25”95, 0P+1g, 9P+ ... 2BHIp oP+Iy) A)

N ((2% A(272) — 25% A (25+Vx)> , Al)

1 1
1 &2 1
_ B+ B+ Bty ... oB+Y B+
< 5 kﬁfo S5 \If<(2 x, 2P e 2P e e (2P 2P ) Al)

—+0 as v — o0

for all x € Z; and all A, A, € Z;.

Hence there exists two linearly independent elements A and A; in Z; such that

{N (% A(2°x), A) } and {N <% A(2°z), A1> }

are real Cauchy sequences. Hence the sequence

{5 40}

is a Cauchy sequence. Since Z, is complete, there exists a mapping B : Z; — Zs such
that

d—00

lim N (% A(2°7), A) - N<B(x), A)

for all z € Z; and all A € Z;. In approaching 0 — oo, we observe that
holds for all x € Z; and all A € Z; for a = 1.
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To prove that B(z) satisfies (18], substituting
(x17x27$37‘ o 7xk7xk+1) by (26$1726x2725x37' o 726xk726xk+1)

and dividing by 2° in , we reach

N(% (.A(k.A(Q‘;:Ul)—Z A(Z‘sxi)>+k,4(25xl)+2 A(25xi)_z ./4(26 ($1+SC¢))

k+1

1

_Z A(25 (1‘1 —xl))) , A) < ? @((25x1,25x2,25;p37... ’25;L‘k,25xk+1), A)
=2

(28)

for all x1,x9, 23, , 2k, xp1 € Z1 and all A € Z;. Approaching § — oo in using
(19), definition of B(z) and (G2N1), we see that

k+1 k+1 k+1 k+1
B (k‘ A(ml)—z B(a:z)> +k B(ml)—i—z B (z;) :Z B(a71+xi)+z B (z1 — ;).

So, B(x) satisfying the functional equation for all x1, 29,23, ,2p, 1 € 23
and all A € Z;.
Finally, to show B(z) is unique, let B’(x) be another additive mapping satisfying

and , then

N (B(z) — B'(z),A) = Q%N (B(2"z) — B'(27x), A)
< % {N(B(2"z) — A(27z),A) + N (A(2"z) — B'(27z),A)}
2 o 1 v +y v v
< ﬂ; S5 ‘P((25+ x, 20 g o 2Py 28T, A)

for all x € Z; and all A € Z;. Thus B'(x) is unique.
Therefore, the theorem is true for o = 1.
Now, substituting z = g in 1} we observe

N(A(2) raw). &) o((55 55).) e
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for all z € Z; and all A € Z;. Using (G2N3) in (29), we land

N(EAG)-aw) ) <t w(GE 338 @

for all x € Z; and all A € Z;. Again substituting x by g and multiply by 2 in 1)

we reach

M) -1 (E) DG 5 £5) ) e
for all x € Z; and all A € Z;. Using (G2N4) it follows from and , we have
M) -40). 9

(G55 53 e i 5d) )

for all x € Z; and all A € Z;. Using induction on a positive integer o , we arrive

N((24(5) - A@). ) 13 2 (55 L 22 a)

B=1
é
“HE WG 5E) ) ©

for all x € Z1and all A € Z; . The rest of the proof is similar to that of @« = 1. Thus
the theorem holds for &« = —1. This completes the proof of the theorem.

Prl»—*

Corollary 3.2 Assume A : Z; — Z, be a mapping for which there exists constants
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a,b and all A € Z; such that the functional inequality

N ((A(k A(ml)—z A(x,)) +/<;,4(:c1)+z A(mi)—z Az + )

. o Y o AP b#1L

3 A@l—ﬁvi)), A) <9 o Sl Al bi# 1 (34)
[T llws AlP (R +1)b# 1,

TTE llsy AP S5 b # 1

\

for all xy, 29,23, , 2k, xx11 € Z1 . Then there exists a unique additive mapping
B : Z, — Z, satisfying the functional equation and

(a

ma

a (k+ 1Dz, Al
-2

k+1 b;

allz, A
N (A() = Bla)), &)< 2 ,{;'fQT

allz, AJ*D

; (35)

k|2 — 2(k+1)p| 7
a |z, A||Zi-“ifbi
\ k ’2—22:?;1”” ’

for all z € Z;.

4 Conclusion

The authors analyze the Gavruta stability of generalized composite functional
equations in Generalized 2- Banach Spaces via Hyers method is analyzed.
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