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Abstract

In this paper, we confer the generalized Ulam-Hyers stability of a 4D alternate additive
functional equation in Banach and Random Banach space via direct and fixed point methods.
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AMS classification: 39B52, 32B72, 32B82

1 Introduction

The stability of functional equations is a hot topic that was delt in the last
eight decades. In 1940, S.M. Ulam, gave a widespread of talk before a Mathematical
Colloquium at the University of Wisconsin in which he introduced the number of
important unsolved problems. One of them is the first point of a new line of
investigation, the Stability Problem.

The Cauchy additive functional equation is the famous functional equation

In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference
was obtained by M.Arunkumar etal., by considering the summation of both the sum
and the product of two p—norms.

In this paper, we confer the generalized Ulam-Hyers stability of a 4D alternate
additive functional equation
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in Banach and Random Banach space via direct and fixed point methods.

2 General Solution

In this segment, the author discuss about the general solution of functional
equation . By considering V' and W as real vector spaces.

Theorem 2.1 If P : V — W fulfilling with the functional equation ({1)) if and only
if P:V — W fulfilling the functional equation for all wg, us, ug,uy € V.

Proof. Suppose P : V — W fulfilling with the functional equation . Let up, =
us = 0 in (I, we get P(0) = 0. Let up = —uy in (1)), we obtain P(—w;) = —P(uy),
for all u; € V. Let up = uy in (1)), we have P(2u;) = 2P(u), for all u; € V. Let
us = 2uy in (1)), we have P(3uy) = 3P(uq), for all uy € V. In general for a positive
integer N, such that P(Nu;) = NP(uy), for all uy € V.
Replace uq = 4uy + 3ug and uy = 2us + uq in , we get

P(4uy + 3uz + 2uy + uy) = 4P(uy) + 3P (u3) + 2P(uz) + P(uy) (3)

for all uy, us, us,u; € V. Replace u; = 4uy — 3uz and us = 2us + vy in ([1)), we obtain

P(4U4 — 3U3 + 2U2 + Ul) = 4P(U4) — 3P(U3) + QP(UQ) + P(Ul) (4)
for all uy, us, us, uy € V. Replace u; = 4uy + 3ug and uy = —2us +uy in (1f), we arrive

for all ug, us, us, u; € V. Replace u; = 4uy + 3us and uy = 2us — uq in , we have
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for all uy, us, ug,u; € V. Replace u; = 4uy — 3uz and uy = —2us 4+ u; in (1), we get

for all uy, uz, us, u; € V. Replace u; = 4uy — 3uz and us = 2us — uq in , we obtain

P(4uy — 3ug + 2us — uy) = 4P(uy) — 3P(us3) + 2P(uz) — P(uy) (8)
for all uy, uz, us,u; € V. Replace u; = 4uy + 3uz and us = —2us — uy in , we have
P(4uy + 3ug — 2us — uy) = 4P(uy) + 3P(u3) — 2P(uz) — P(uy) 9)
for all uy, us, us,u; € V. Replace uy = 4uy — 3uz and uy = —2uy — uy in (1), we get
P(4uy — 3ug — 2ug — uy) = 4P(uy) — 3P(u3) — 2P(ug) — P(uq) (10)

for all uy, us, us,u; € V. Adding all the equations , , , (@, , , @, ,
we arrive .
Conversely, if P :V — W fulfilling with the functional equation .

Set u; = uy = uz = uy = 0 in (2)), we have

P(0)=0 (11)
Again set u; = —u and uy = ug3 = uy = 0 in , we have
P(—u) = —P(u) (12)

for all w € V. Therefore P is an odd function. Put us = v and u; = u3 = u4 = 0 in

B), we gt
P(2u) = 2P (u) (13)

forallu e V. Put us = v and uy = us = u4 = 0 in ,Weget
P(3u) = 3P(u) (14)
for all w € V. Switching uy = v and u; = us = ug = 0 in (2)), we obtain

P(4u) = 4P(u) (15)
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for all uw € V. In general for any integer N such that
P(Nu) = NP(u) (16)
for all w € V. Setting u; = us = 0 in ([2), we have
P(4uy + 3ug) + P(4uy — 3uz) = 8P (uy) (17)
for all ug,uz € V. Put uy = 4 and uz = ¢ in , we arrive
P(uy + ug) + P(up — ug) = 2P(uy) (18)
for all uy,uy € V. Interchanging u; and wus in (16]) , we get

P(uy 4 ug) — P(uy — ug) = 2P(ug) (19)

for all u;,ups € V. Adding and (19), we arrive our result. This completes the
proof of the theorem.

3 Stability Results in Banach Space

In this segment, the author discuss about the generalized Ulam - Hyers stability
of functional equation . Assume that V' be a normed space, W be a Banach space
and we take DP : V — W by

4 4
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for all ug, us, us, u; € V, to derive the stability results.
3.1 Direct Method

Theorem 3.1 Let r = +1 and ¢ : V* — [0, 00) be a function such that

hm w (4nru4’ 4nru37 4nru27 4nru1)

n—00 4nr

~ 0 (20)
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and P : V — W be a function satisfies the inequality

< P(ug, uz, uz, uq) (21)

HDP(ulb usz, U2, ul)

for all uy, us, us,u; € V. Then there exists a unique additive mapping A : V — W
such that

Au) = Tim & (4"u) (22)
n—00 4nr
which satisfies the functional equation and
1 ( 4“"u 0 0,0)
46 =PI < 35 Z s Rl (@3)

2

for all u € V.
Proof. Assume r = 1.

Interchange uy = v and uz = uy = u; = 0 in (21} ), we get

I8P (4u) — 32P(u)|| < (u,0,0,0) =

Hp(‘lu) B P(U)H < 3—12¢(u,0,0,0) (24)

for all w € V. Replace u by 4u in and divided by 4, we obtain

Hp<42u> P(4u)

1
_ < .z
e {(40,0,0,0) (25)

- 32

‘ 1

for all w € V. Adding and , we have

| — P < P52 - 202+ |52 - e
< 21 (4u,0,0,0 0,0,0 26
= @ [Z¢( u, Y, Y, >+¢(u7 » )} ( )

for all w € V. In general for any positive integer n, we arrive

-1

P(4my 1 1
H (4n) H 3—24— 474, 0,0,0) (27)
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for all u € V. Now, we replace u by 4™u and multiply by 4™ in above inequality ,

we get
P(4ntmy)  P(4my) 1 || P(antma) 1 o= 1(47™, 0,0, 0)
— = — ||————2 — P(4™ < — -
H gntm qm am || A (|| < 55 ; qitm
(28)
P(4™u)

for all uw € V. Hence the sequence

is a Cauchy sequence. Since W is

4n
complete, then there exists a mapping A : V' — W such that
P(4m
A(u) = lim (4"u)

n—00 4n

for all u € V. Letting n — oo in , we see that , for all u € V.

Next to prove that A satisfies the equation (2)). Replacing (u4,us,us,uy) by
(4"uy, 4" usz, 4™ ug, 4™uy ) in divided by 4", we obtain that A satisfies the functional
equation . To prove that A is unique. Let A’ be the another additive mapping

satisfying and . Now,

P(4")  P'(4"u)
4n 4n

4 - )] = |

= & IP(") = AW) + A() — P'()
i i ¢(4i+"0, 0,0) N

1o 0 as n— o0 (29)

Therefore A(u) = A'(u) for all uw € V. Hence, A is unique.

For, r = —1. Put v = § in (24)),we arrive
U 1 U
P =4P (3)] < 5 49 (3.0.00)
H () =3 e 3000 (30)

for all u € V. Again replace u by % in above equation,we obtain

br()-er()] < ee(ons) oy
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for all u € V. From and ,We arrive

o ()] < & 1 (G000) <o (o00)]

for all u € V.In general for any positive integer n such that

bo-er(B)] < b3 Gon) e
=1

for all u € V. The rest of the proof is similar to that of previous case. Thus the proof
is complete.

Corollary 3.2 Let 6 and s be nonnegative real numbers. Let a function P : V — W
satisfies the inequality

0,
HDP(U47U37u27u1>H S (34)
O {{lual|* + lJus|[* + [[uz||* + |[ur|[*},s # 1

for all ug, usz, us,u; € V. Then there exists a unique additive function A : V. — W
such that

0
il
@) - Pl < 4 P (35)
84 — 45|’

forallu € V.
3.2 Fixed point Method

Now, we will recall the fundamental results in fixed point theory.

Theorem 3.3 (Banach’s contraction principle) Let (X, d) be a complete metric
space and consider a mapping T : X — X which is strictly contractive mapping,
that is d(T'z, Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then,

(i) The mapping 7" has one and only fixed point z* = T'(z*);

(ii)The fixed point for each given element x* is globally attractive, that is
limy, oo T = x*, for any starting point x € X;

(iii) One has the following estimation inequalities:
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d(Trz,z*) < 27 d(T"z, T"z),¥ n >0,V =€ X;
d(x,z*) < = d(z,2*),V z € X.

Theorem 3.4 (The alternative of fixed point) Suppose that for a complete
generalized metric space (X,d) and a strictly contractive mapping 7' : X — X
with Lipschitz constant L. Then, for each given element x € X, either
(B1) d(T"x, T"'z) =00 Vn >0,

or
(B2) there exists a natural number ng such that:
[FP1]d(T"z, T""'z) < oo for all n > nyg ;
[F'P2] The sequence (T™z) is convergent to a fixed point y* of T
[FP3]y* is the umque fixed point of T"in the set Y = {y € X : d(T"°z,y) < oo};
[FP4 d(y*,y) < =% L d(y, Ty) for all y € Y.
Theorem 3.5 Let P : V — W be a mapping for which there exists a function
¥ : V4 — [0, 00) with condition

i (P ug, g, LU U )
1m

n—00 u?

=0 (36)

where p; =4 if 1 =0 and p; = ;11 if 2 = 1 such that the functional inequality

HDP(U4,U37u27u1> S ¢(u4,u37u27u1> (37)

for all uy, us, ug,u; € V. If there exists L = L(i) < 1 such that the function

5w = 3 (%,0,0,0) (38)

has the property
B(u) = LB (5) (39)

for all w € V. Then there exists unique additive function A : V' — W satisfying the
functional equation and

IP(w) - A(w)]| £ +— B(w) (40)

holds for all w € V.
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Proof. Consider the set d(g,h) = inf {k € [0,00) : ||g(u) — h(u)|| < Kf(u),u € V}.
It is easy to see that (V,d) is a complete. Define T': V. — V by Tg(u) = Miig(uiu),
for all u € V. Now

d(g,h) < K
= lg(u) — h(u)|| < KB(u),u € V

)

# ’

1 1 1
—g(piu) — —h(pu)|| < —KB(pu),u €V
i 2% Hi

N ‘ < LKB(u),u eV

1 1
—g(piu) — —h(pu
. (piw) m (i)

= ||Tg(u) — Th(u)|| < LKS(u),u € V
= d(Tg,Th) < LK.

This implies that d(Tg, Th) < Ld(g,h). (i.e) T is a strictly contractive mapping on
V' with the Lipschitz constant L.
Using in for the case i = 0, it reduces to obtain

HP(u) - iP(élu) < iﬁ(u) = dP,TP)<-=L=L"<oo (41)

-

for all u € V. Using in for the case 1 = 1 ,it reduces to arrive
HP(U) - 4P(%)H < B(u) = d(P,TP) <1=L" < (42)
for all w € V. In the above cases,we arrive
d(P,TP) < L'
Therefore[ ' P1] holds. By the Alternative fixed point theorem [F P2] ,we have
d(T"z, T 'z) < oo foralln > n,.
It follows that there exists a fixed point A of T in V, such that

A(u) = lim plpin)

N—00 qun
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for all w € V. In order to prove that A : V' — W is additive. Replacing (u4, us, us, u1)
by (ulug, plus, plug, piuy) in and dividing by u¥, A satisfies the functional
equation (). By Theorem [F'P3] A is the unique fixed point of T in the set

Y={PeX:d(TP,A) < oo}
and A is the unique function such that
1P(u) = A(w)|| < KB(u)
for all w € V. Finally, By theorem [F P4], we obtain

1
< — .

This implies and conclude that

1P(w) - AQw)]| < ——6(u)

for all uw € V. This completes the proof of the theorem.

Corollary 3.6 Let 6 and s be non negative real numbers. Let a function P : V — W
satisfies the inequality
0,

HDP(U47u3au27ul)H S
O {{|uall® + [lus||* + [Juzl[* + [Jua|[*}, s <1 or s> 1;

for all uy, us,us,u; € V .Then there exists a unique additive function A : V. — W
such that

0
il
4@ - Pl < 4 Pl (43)
84 — 47

forallu € V.

4 Stability Results in RN-Space

In this segment, the author present the Basis definations and generalized Ulam -

Hyers stability of functional equation in RN space.
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4.1 Basics of RN-Space

In the sequel, we adopt the usual terminology, notations and conventions of the
theory of random normed spaces as in [4,20,21].

Hereafter, this paper, AT is the space of distribution functions, that is, the space
of all mappings F' : R U {—o0,+0o0} — [0,1] such that F is leftcontinuous and
nondecreasing on R, F'(0) = 0 and F(4+00) = 1 D7 is a subset of AT consisting of all
functions F' € A% for which [= F(+o00) = 1 where [~ f(x) denotes the left limit of
the function f at the point z, [~ f(z) = }1_{1; f(t). The space AT is partially ordered
by the usual point-wise ordering of functions, i.e., F' < G if and only if F(t) < G(t)
for all ¢ € R. The maximal element for A™ in this order is the d.f. given by:

0, if t<0,

€0 (t) =
1, of t>0.

Definition 4.1 A mapping 7" : [0, 1] x [0, 1] — [0, 1] is called a continuous triangular
norm (briefly, a continuous t—norm) if 7" satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(¢) T(a,1) = a for all a € [0, 1];

(d) T(a,b) < T(c,d) whenever a < ¢ and b < d for all a,b,c,d € [0,1].

Definition 4.2 A random normed space (briefly, RN-space) is a triple (X, pu,T),
where X is a vector space, T is a continuous t—norm and p is a mapping from X

into D7 satisfying the following conditions:

(RN1) p,(t) = e(t) for all ¢ > 0 if and only if z = 0;
(RN2) pig »(t) = pe(t/|a]) for all x € X, and o € R with a # 0;
(RN3) pgiy(t+5) > T (p12(t), pty(s)) for all z,y € X and ¢, s > 0.

Example 4.3 Every normed spaces (X, || - ||) defines a random normed space
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(X7 22 TM>7 where
t

t |l

Nw(t>

and T}, is the minimum ¢t—norm. This space is called the induced random normed

space.

Definition 4.4 Let (X, u,T) be a RN-space.

(1) A sequence {z,} in X is said to be convergent to a point z € X if, for any € > 0
and A > 0, there exists a positive integer N such that p,, _.(¢) > 1—Aforalln > N.

(2) A sequence {z,} in X is called a Cauchy sequence if, for any ¢ > 0 and A > 0,
there exists a positive integer N such that p,, ., (¢) >1— A foralln >m > N.

(3) A RN-space (X, u,T) is said to be complete if every Cauchy sequence in X is

convergent to a point in X.

Theorem 4.5 If (X,u,T) is a RN-space and {zn} is a sequence in X such that
xp, — x, then lUm pu,, (t) = p,.(t) almost everywhere.
n—oo

Hereafter, Let us consider V' to be a linear space and (W, i, T') to be a complete
RN-space. Define a mapping DP : V — W by

DP(U47 usz, U2, ul)

() (5 o) e 35 )

i=1 i=1;i#£3 i=1:34£2
4 4 3 4 3
i=2 i=1:i#£2,3 i=2 i=2:i£3 i=2;i£2

3

4 2
+P (Z i — Y Zuz> + P (— > i+ 4U4) — 32P(u4)
=3 =1

i=1

for all ug, us, ug,uy; € V.
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4.2 Direct Method

Theorem 4.6 Let r € {—1,1} and P : V — W be a mapping for which there exist
a function ¢ : V4 — DT with the condition

1141;130 1—;'0:00/404r(n+'mu70’070 (324r(n+m)t) =1= 1}1~)IEO ¢4"TU47nTU374"T’u274"TU1 (4nrt) (44)

m

for all ug, us, us,u; € V and all ¢t > 0, satisfying the functional inequality

MDP(uyusz,u2,u1) (t) > ¢U4,u37u2,u1 (t) (45)

for all ug, us,us,uy € V and all ¢ > 0. Then there exists a unique additive mapping
AV — W satisfying the functional equation (2)) such that

P A()—P) (t) = T2 gPanr 00,0 (32.4™1) (46)

for all w € V and all ¢ > 0.
Proof. Assume r = 1. Replacing uy = u and uz = ug = u; = 0 in (2] ), we get

s P(au)—32P(w) (1) = Yup00 (1) (47)
for all w € V and all ¢ > 0.
t
prun _pey | 35 > u000 (1) (48)

for all w € V and all t > 0 . Replace u by 4™ in (48)), we have
Ppariin _ purs (t) = than 00,0 (32.4") (49)
gqn+1 4AM

for all w € V and all £t > 0. It is easy to see that

P(d™u) Plu) = nz: <P(4k‘+1u) B P(4ku)) (50)
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for all w € V and all £ > 0. From equations and , we have

pram oy (8) SHact piny puey, (32477

>T0 ) Vak,0,0,0 (32-4kt) ; (51)

for all uw € V and all ¢ > 0. In order to prove the convergence of the sequence

P(4™u)

4qn

MP(AL”LImu)iP(jmu) (t) > ng_ol 4k+my,0,0,0 (32-4kt)a
an+tm m

}, replace u by 4™u in for any m > n > 0, we arrive

=T grup00 (324%),— 1 as n— oo (52)

P(4™u)

for all w € V and all ¢ > 0 . Hence the sequence is a Cauchy sequence.

Since W is complete, there exists a mapping A : V' — W such that

HA(w) (t) = lim ppunrw (Zf) VueVt>0.
4TL

n—oo

Letting n — oo we see that holds for all w € V and all ¢ > 0. To prove that A
satisfies (2)), Replacing (ua, us, u2,u1) by (4™uq, 4"us, 4"us, 4"uy) and dividing by 4"
in ([45)), we obtain

HDP(47ug,4"uz,4"uz,4"u1 )
4n

(t) 2 w4”U4,4”U3,4"UQ,4”u1 (4nt) (53)

for all wy,uz, us,uy € V and all ¢ > 0. Letting n — oo in the above inequality
and using the definition of A(u), we see that A satisfies for all uy, us, us,u; € V.
Therefore the mapping A is Additive. Finally, to prove the uniqueness of the additive
function A , let us assume that there exists a additive function A’ which satisfies
and Since P(4"u) = 4"A(u) and P'(4"u) = 4" A'(u) for all uw € V and all n € N,
it follows from that

IU/A(U)—A/(U) (t) = MP(4"U)—P’(4HU) (4nt)7 u e V
= HP(4nu) - A(mu)+ P(na) -4 (an) (471),
R (32‘4n+kt)>Tiﬁo%n%u,o,o,o (4n+kt)]

—1 as n— o
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for all w € V and all ¢ > 0. Hence A is unique.

For »r = —1, we can prove a similar stability result. This completes the proof of
the theorem.

Corollary 4.7 Let 6 and s be nonnegative real numbers. Let a function P: V — W
satisfies the inequality

Vo (t),

(54)
VO lfualls+lus||*+usl s+l ||} (E) 5§ <1 or s> 1

D P (g us us,u1) () <

for all ug, uz,us,u; € V and all ¢ > 0. Then there exists a unique additive function
A:V — W such that

Vg (124]2),
w)—Aw) (1) < (55)
JLP(u)~A(u) gl (814 = 410).

forallu € Vand all t > 0.

4.3 Fixed Point Method

Theorem 4.8 Let P : V — W be a mapping for which there exist a function
n: V* — DT Satisfying the following
lim NaPug,afus,aPug,auy (aj's) =1 (56)

n—oo

for all ug, us, us,u; € V and all s > 0 and

nDP(U4,u3,u2,u1) (S) 2 77Z)u4,u3,u2,u1 (S> (57)

for all uy, us, us,u; € V and all s > 0, where

(58)

a; =

1=0
1

N

Ji=
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If there exists L = L(i) has the property

14,0,0,0 (5) > Ya,u,0,0,0(8LS) (59)

(2

for all u € V. Then there exists a unique additive function A : V' — W such that

Ll—i
1P (u)—A(u) (1 — LS) > 14,0,0,0(5) (60)

holds for all uw € V.
Proof Define a set C' = {C: V — W, C(0) = 0} and introduce the generalized metric
on C' by

d(g,h) = inf{k € [0,00) : Ngu)—h@w) (kS) > u000(s),u € V,s > 0}.

1

aj

It is easy to see that (c,d) is complete. Define [ : C'— C by lg(u) =
u e V.

g(a;u), for all

Corollary 4.9 Let 6 and s be nonnegative real numbers. Let a function P: V — W
satisfies the inequality

Wiy (1)
HDP(uyg,u3,u2,u1) (t> < (61)
Vo lual|*+[usll*+usl[s+|ua |5} (£) ;8 <1 or s> 1;

for all ug, uz, us,uy € V and all ¢ > 0. Then there exists a unique additive function
A:V — W such that

by (124]¢) ,

. (62)
Vo) |ulfs (814 =47 1),

[P -AGw) (8) <
forallu € Vand all £t > 0.
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