2456-8686, viii(ii), 2024:001-010
https://doi.org/10.26524/cm192

ORIGINAL RESEARCH Open Access

A note on Polynomial Centro-Symmetric

Hesitant Fuzzy Matrices
Deva D Sunil', Lakshmi Krishna S? and Remya PB*

Received: 07 June 2024/ Accepted: 01 July 2024/ Published online: 23 July 2024
©Sacred Heart Research Publications 2017
Abstract

Classical and its development towards fuzzy got a wide acceptance due to its
divergent real-life applications. Matrix theory is a special tool that is widely used in solving
problems of different mathematical situations. Matrix theory can be used in versatile ways in
the new concept. Crisis with fuzzy uncertainties are dealt in a good manner with fuzzy
matrices. Hesitant Fuzzy Set in an excellent tool for a decision maker to analyze a situation
with various possible values. Apart from usual matrices, there exist several useful matrices.
Some of them are very helpful in solving complicated practical problems than the existing
typical ones! This paper introduces polynomial centro-symmetric hesitant fuzzy matrix with
basic properties.

Key Words: Centro-Symmetric Matrix, Fuzzy Matrix, Hesitant Fuzzy Matrix, Polynomial
Centro-Symmetric Fuzzy Matrix, Polynomial Centro-symmetric hesitant fuzzy matrix.

AMS Classification: 11C20, 11C20, 52B15, 58J53

Notations :FS - Fuzzy Set, HFS - Hesitant Fuzzy Set, HFM - Hesitant Fuzzy Matrix, HFD -
Hesitant Fuzzy Determinant, SM - Symmetric Matrix, CSM - Centro-symmetric Matrix, FM
- Fuzzy Matrix, SFM - Square Fuzzy Matrix, FMD - Fuzzy Matrix Determinant, PM -
Polynomial Matrix, PCSM - Polynomial Centro-Symmetric Matrix.

1 Introduction

Latest extension of set theory is developed in 1965, by American Computer Scientist
and father of soft computing, Lotfi Aliasker Zadeh [23]. This set is mostly used in the areas
of real life application where the element attains an imprecise degree of membership.
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Hesitant Fuzzy Set was introduced by Swedish mathematician Vincent Torra and Japanian
Mathematician, Narukawa [19] and it is capable to accommodate more than one membership
value for single object. Its applications can be widely extended to neural network theory,
artificial intelligence, machine learning and in different kinds of sophisticated decision
making problems.

In 1858, father of matrices Arthur Cayley [6] introduced theoretical definition of matrix. In
matrices numbers, symbols and expression are arranged in rows and columns. Applications of
matrices can be extended to vast areas like mathematics, physics, engineering and in
computer language. For the first time in 1977, Thomson [13] defined Fuzzy Matrix. Kim and
Roush [6] developed the theories of fuzzy matrices as a continuation of Boolean matrices.
Diophantus of Alexandria [1] is a Greek mathematician, known as father of polynomials.
Aryabhatta [8] is the Father of Indian Polynomials. General use of Polynomial matrices [1] is
modeling in application areas. Polynomial is word obtained by the words poly and nomial
which means many terms.

Symmetric matrix must be a square matrix, then the matrix may be singular or not.
Symmetric matrices and linear algebra is strongly connected. Centro-symmetric matrix is a
type of matrix which was introduced in 1985 by Weaver, James R [23]. It is widely used in
guantum mechanics, optics, graph theory etc. Definitions given by Ann lee [1, 7, 10, 11] in
1962 for centro-symmetric matrices and ideas of cross-symmetric matrices given by Graybill
[23] have several similarities.

This paper aims to develop the following concepts as a preliminary work

e Centro-Symmetric Fuzzy Matrix

e Centro-Symmetric Hesitant Fuzzy Matrix

e Polynomial Hesitant Fuzzy Matrix

e Polynomial Centro-Symmetric Hesitant Fuzzy Matrix

As a final stage of the work, major concept polynomial centro-symmetric matrices with
hesitant fuzzy matrices, by drawing the benefits of both! For the newly introduced matrix, its
determinant and transpose are also introduced along with its elementary properties. A real-
life application is also provided.

2 Preliminaries
Some basic ideas are discussed below

Definition 2.1 (FS) [12]: It is an expansion of crisp set with element membership lies
between 0 and 1.

Definition 2.2 (HFS) [24]:H.F.S M is a set of ordered pairs M = {(x, hy(x)): x € X}, where
hy is the following function: #,, : X = P([0,1])
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Definition 2.3 (SM) [3]:4 = (aif)(nxn) is symmetric if a;;= a; such thatd = A",
where AT, is the transpose of A.

Definition 2.4 (CSM) [1, 10, 11]: C = [Cif]nxn is Centro-symmetric if ¢;; = cp—it1n-j+1

Definition 2.5 (FM) [13]: A = (aif)(nxm) is known as fuzzy matrix if its elements are

ranging from O to 1.
Definition 2.6 (SFM) [14]: In definition 2.5, if m = n it is called a square fuzzy matrix.

Definition 2.7 (FMD) [2]: The determinant of a Fuzzy Matrix can be calculated by enlarging
each column or row of a fuzzy matrix.

Definition 2.8 (HFM) [22]: A H.F.M allows multiple membership degree for each element.

Definition 2.9 (PM) [1]: If all the entries of A(A) are polynomials then it is called
polynomial matrix.

Definition 2.10 (PCSM) [1]: A square polynomial matrixA(4)is said to be Polynomial
Centro symmetric if A(1)=A(1)7.

3 Elementary operations of Hesitant Fuzzy Matrices

In this section some new elementary operations of hesitant fuzzy matrices are provided.

Definition 3.1 (Addition, Multiplication, Determinant of HFM’s)
Consider a hesitant fuzzy matrix of order n
Q) HFM Addition(+):
{ky ko ks 3+ {ly, g, ls, - } = max{ky, kg, ks -+, 1y, 1, 1g, -
(i)  HFM Multiplication(x):
{ky ko ks 3+ {ly, Lls, -+ } = minfky, ky, kg oo, 1y, Uy, 13,0

k11 k12 k13
(iii) HFD:LetN =|k,; ky, kys|be ahesitant fuzzy matrix
k31 k32 k33
k11 k12 k13
NI = [y Koz Koa| = deuy [122 02 ] + i |20 %3] 4 s [ 202
k32 k33 k31 k33 k31 k32
k31 k32 k33

= k11 *maX{mln{kzz, k33}, min{kgz, k23}} +
kiz *max{min{k,, k33}, min{kss, ko33}} +
kys *max{min{k,s, k3,}, min{ksy, k23}

quournal of Computational Mathematica Page 3 of 10



2456-8686, viii(ii), 2024:001-010
https://doi.org/10.26524/cm192

4 Centro-Symmetric Fuzzy Matrix, Centro-Symmetric Hesitant Fuzzy Matrix
In this section some new concepts used as base for the 4™ section is provided

Definition 4.1 (Centro-Symmetric Fuzzy Matrix): A square fuzzy matrix which is
symmetric about centre of its array of elements is called centro - symmetric.
Thus C = [Cif]nxn is Centro symmetric if a;;= ap_41, n—j+1, Where a;; € [0,1]

Example 4.2: Let N = |ky1  kyy  ky3

ki1 ki k13]
k31 ksp ki3

k11 =ks_141 3-141 = k33 ; kiz =ks_141 3-241 = k32 s ki3 = ks 141 3-341 = k31
ka1 =ks_ 241 3-141 =Koz Koz =ks_ 341 3241 =Koz ;kaz =ks_ 41 3-341 =Ky
k31 =ks_341 3-141 =K1z ksp =ks_341 3-241 =K1z s k33 = ks 341 3-341 = kqg

k11 k12 k13
Corresponding centro-symmetric matrix of N takes entries as follows:|ky1  kzz ko

k13 k12 kll
0.1 05 0.6
B =1(0.2 0.9 0.2]isacentro-symmetric fuzzy matrix.
0.6 0.5 0.1

Definition 4.3 (Centro-Symmetric Hesitant Fuzzy Matrix): C = [Cif]nxn is centro -
symmetric hesitant fuzzy matrix if k;;=k,_; 1, n—j+1, Where k;; € [0,1]

{0.1,0.2}  {0.5,0.7,0.4,0.3}  {0.6,0.8}
Example 4.4: B = |{0.4,0.9,0.1}  {0.3,0.9,0.5}  {0.4,0.9,0.1} [is a centro-symmetric

{0.6,0.8)  {0.5,0.7,04,03}  {0.1,0.2}
hesitant fuzzy matrix

5 Polynomial Hesitant Fuzzy Matrix, Polynomial Centro- Symmetric Hesitant Fuzzy
Matrix

In this section polynomial hesitant fuzzy matrix and polynomial centro-symmetric
hesitant fuzzy matrix are introduced with an example
Definition 5.1 (Polynomial Hesitant Fuzzy Matrix): A matrix M(4) is a polynomial
hesitant fuzzy matrix if all entries are polynomials whose coefficients have hesitant fuzzy
degrees.
Example 5.2: Let M(A4)

{0.2,0.5342 + {0.1,0.2} 2 + {0.3,0.5,0.6,0.8} {0.9,0.132? + {0.5,0.9,0.7,0.2} 2 + {0.1,0.8} {0.7,0.1,0.232% + {0.2,0.4,0.8,0.9} 1 + {0.5,0.6,0.1,0.2}
{0.3,0.9,0.1,0.6,0.134> + {0.5,0.8,0.9,0.1} 2 + {0.2,0.3,0.6,0.7} {0.4,0.6,0.132% + { 0.5,0.8,0.1,0.2} 2 + {0.9,0.7,0.1,0.3} {0.3,0.4,0.8,0.932% + {0.6,0.1} 1 + {0.5,0.1,0.4}
{0.8,0.7,0.3}42 + {0.3,0.2} 2 + {0.4,0.9,0.8,0.1} {0.1,0.5,0.834* + {0.7,0.8} 2 + {0.7,0.8,0.5,0.2} {0.5,0.234? + {0.4,0.9,0.2,0.1} 2 + {0.7,0.2,0.1,0.6,0.9}

= M,A% + M; A + M,

{0205} {0901} {07,01,02} {0102} {0509,0702} {0204,0809}
where M, = |{0309010601} {040601} {03040809}[,M; = [{05080901} {05080102} {o6,01}
{080703} {o1,0508} {0502} {0302} {0.7,0.8} {0.409,02,01}
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{03,05,0.6,08} {0108} {05,0.60.1,02}
M, = [{02030607} {0907,0103} {o501,04}
{04090801} {07080502} {0.7,02010609}

Definition 5.3 (Polynomial Centro-Symmetric Hesitant Fuzzy Matrix): A square
polynomial matrix M(A) is Polynomial Centro symmetric hesitant fuzzy matrix if
M(A)=M(A)T, where M (1) is a polynomial hesitant fuzzy matrix.

Example 5.4: Let H(1)

{0.2,0.5342 + {0.1,0.2} A + {0.3,0.5,0.6,0.8} {0.9,0.1342 + {0.5,0.9,0.7,0.2} A + {0.1,0.8} £0.7,0.1,0.2342 + {0.2,0.4,0.8,0.9} A + {0.5,0.6,0.1,0.2}
{0.3,0.9,0.1,0.6,0.1}4% + {0.5,0.8,0.9,0.1} 2 + {0.2,0.3,0.6,0.7} {0.4,0.6,0.1}A% + { 0.5,0.8,0.1,0.2} A + {0.9,0.7,0.1,0.3}  {0.3,0.9,0.1,0.6,0.1}4% + {0.5,0.8,0.9,0.1} 2 + {0.2,0.3,0.6,0.7}
{0.7,0.1,0.2322 + {0.2,0.4,0.8,0.9} A + {0.5,0.6,0.1,0.2} {0.9,0.1322 + {0.5,0.9,0.7,0.2} A + {0.1,0.8} {0.2,0.5}2 + {0.1,0.2} A + {0.3,0.5,0.6,0.8}

= M,A% + M A + M,
{0205} {o9,01} {07,01,02}
0309010601} {040601} 0309010601}
{0.7,01,02} {o9,01} {0205}

where M, = {05080901} {05080102} {05080901}

{02,04,0809} {0509,0702} {o1,02}

aM1:

{o102} {0.5,09,0.7,02} {0.2,0.4,0.8,0.9}]
1

My = [{02030607} {09070103} {0.2030607}

{05,0.60.1,02} {0108} {0.3,05,0.6,038}

{03,05,06,08} {0108} {0.5,0.6,0.1,0.2}]

6 Determinant of a Polynomial Centro-Symmetric Hesitant Fuzzy Matrix
In this section determinant of a Centro- symmetric hesitant fuzzy matrix is discussed
with example

Definition 6.1 (Determinant of a Centro-symmetric fuzzy matrix): Determinant is defined
as follows:

my1 My My3

Let M =[m21 My, Myq
my3 My My

be a Centro-symmetric fuzzy matrix. Its determinant is defined

as follows:
my; My My3

mp1 My My
my3 Myqp; My

Mmyp,; Myy
mi; Myqq

my; Myy

my3 Mgqq

my; My,
M| = |

+ m
| 13my; my,

= My, | + My,

= Mqq *max{min{mzz,mn}, min{mlz,mu}} +
my, *max{min{m21, my,}, min{m,,, m21}} +
my3 *max{min{m21, my,}, min{my, mzz}}

0.1 05 0.6
Example 6.2: Let M = (0.2 0.9 0.2[ is a centro-symmetric fuzzy matrix
06 05 0.1

09 0.2
0.5 0.1

0.2 0.2
0.6 0.1

0.2 09

0.6 05l~ 90

|M|:Q1| +05| +06|

Remark 6.3: Determinant of a centro-symmetric fuzzy matrix and its transpose are the same.
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01 02 06
Example 6.4: MT = [0.5 0.9 0.5]
0.6 02 01
' _nq1]09 05 05 05 05 09| _
IM7] O'1|0.2 0.1 +O'2|O.6 0.1 +O'6|0.6 0.2/702+05+06=06

Definition 6.5 (Determinant of a Centro-symmetric hesitant fuzzy matrix):

Determinant of a (3 x 3) centro-symmetric hesitant fuzzy matrix is defined as
follows:

mpy1 Mz Mgz
Let M = |my; My, Myq| be acentro-symmetric hesitant fuzzy matrix. Its determinant is
_ M3 Mgy Mgy
defined as follows:

my; My Myj

My Myq My Mpyq my1 My
|M| =[(Mz1 My My = mqq m m | + my, m m | + mq3 m m |
Mz Myy My 12 11 13 11 13 12
= m *max{min{mzz,mn}, min{m12:m21}} +
mq, *max{min{m21, a11}, min{mlg, m21}} +
my3 *max{min{m2 1, M1z}, min{ms, mzz}}
Example 6.6: To find the determinant of example 5.4
{0.2,0.5} {0.9,0.1} {0.7,0.1,0.2}
IM,| =1{0.3,0.9,0.1,0.6,0.1} {0.4,0.6,0.1} {0.3,0.9,0.1,0.6,0.1}
{0.7,0.1,0.2} {0.9,0.1} {0.2,0.5}
_ {0.4,0.6,0.1} {0.3,0.9,0.1,0.6,0.1}
_{0'2'0'5}| {0.9,0.1} {0.2,0.5,0.7}
{0.9,0.1} |{0.3,0.9,0.1,0.6,0.1} {0.3,0.9,0.1,0.6,0.1}

{0.7,0.1,0.2} {0.2,0.5}

3,0.9,0.1,0.6,0.1} {0.4,0.6,0.1}

{0.

={0.2,0.5} * {0.1} + {0.9,0.1} * {0.1} + {0.7,0.1,0.2} * {0.1} = 0.1

{0.1,0.2} {0.5,0.9,0.7,0.2} {0.2,0.4,0.8,0.9}
IM,| = [{0.5,0.8,0.9,0.1} {0.5,0.8,0.1,0.2} {0.5,0.8,0.9,0.1}
{0.2,0.4,0.8,0.9} {0.5,0.9,0.7,0.2} {0.1,0.2}
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{0.5,0.8,0.1,0.2} {0.5,0.8,0.9,0.1}

=1{0.1,0.2} |{0.5,0.9,0.7,0.2} {0.1,0.2)

{0.5,0.8,0.9,0.1} {0.5,0.8,0.9,0.1}

{0.5,0.9,0.7,0.2} |{0_2,0.4,0.8,0.9} {0.1,0.2}

{0.5,0.8,0.9,0.1} {0.5,0.8,0.1,0.2}

{0'2'0'4'0'8'0'9}’{0.2,0.4,0.8,0.9} {0.5,0.9,0.7,0.2}

= {0.1,0.2} * {0.1} + {0.5,0.9,0.7,0.2} * {0.1} + {0.2,0.4,0.8,0.9} * {0.1} = 0.1

{0.3,0.5,0.6,0.8} {0.1,0.8} {0.5,0.6,0.1,0.2}
IM,| = [{0.2,0.3,0.6,0.7} {0.9,0.7,0.1,0.3} {0.2,0.3,0.6,0.7}
{0.5,0.6,0.1,0.2} {0.1,0.8} {0.3,0.5,0.6,0.8}

9,0.7,0.1,0.3} {0.2,0.3,0.6,0.7}

_ {0.
B {0'3’0'5’0'6’0'8}| {0.1,0.8} {0.3,0.5,0.6,0.8}

{0.2,0.3,0.6,0.7} {0.2,0.3,0.6,0.7}

{0.1,0.8}’{0_2,0_3,0_6,0,7} {0.3,0.5,0.6,0.8}

{0.2,0.3,0.6,0.7} {0.9,0.7,0.1,0.3}

{0:5,0.6,0.1,0.2} |{0.5,0.6,0.1,0.2} {0.1,0.8}

= {0.3,0.5,0.6,0.8} * {0.1} + {0.1,0.8} = {0.2} + {0.5,0.6,0.1,0.2} x {0.1} = 0.1
7. Real Life Application of Polynomial Centro-Symmetric Hesitant Fuzzy Matrix

In this section one real-life application is provided based on the new concept.
Nowadays human-elephant conflict is increasing in a higher level. Three problematic
elephants are selected from 3 different states of India, namely Kerala, Tamil-Nadu and
Karnataka and an analysis has done on this problem using the new tool introduced in this

paper.

LetE; = Arikomban, E, = Karuppan and E; = Belur Megna are the three elephants in
news recently because of some issues happened.

Let R, = Habitat Loss,
R, = Anti — Social activities inside forest,
R; = Encroachment(for construction of roads, railwaylines in elephant corridors & farming inside forest areas.)

Step 1: Consider a elephant-reason polynomial Centro-symmetric hesitant fuzzy matrix of order (3 x 3)

R, R, R,

K = E; ({0.2,0,734% 4+ {0.6,0.7,0.931 + {0.2,0.5,0.7} {0.3,0,4}4* 4 {0.5,0.8,0.931 + {0.7,0.8,1} {0.2,0,7}4% + {0.6,0.7,0.9}1 + {0.2,0.5,0.7}

E,[ {0.1,02,0.3}4% +{0.3,04}1+{0.7,0.8}  {0.6,0.8,0.9}4% + {0.2,0.6}4 + {0.4,05}  {0.3,0.4,0.5}12 + {0.2,0.5}4 + {0.5,0.6}
Es| {0.3,04,0.5}4% + {0.2,0.5}1+ {0.5,0.6}  {0.6,0.8,0.9}4% + {0.2,0.6}A + {0.4,05}  {0.1,0.2,0.3}22 + {0.3,0.4}4 + {0.7,0.8}

Step 2: Consider a state - elephant polynomial K° Centro-symmetric hesitant fuzzy matrix of order (3 x 3)
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E, E, Es
{0.2,0.5}A2 + { 0.6,0.9,0.3}1 + {0.1,0.4}  {0.7,0.5,0.8}A + {0.3,0.2}1 + {0.9,0.4,0.7}

L=5,| {0.9,0.5}A2 +{0.7,0.1,0.3}1 + {0.6,0.8} {0.1,0.4342 + { 0.6,0.9}4 + {0.2,0.5,0.9}
S51{0.8,0.3,0.5}4% + {0.2,0.5,0.9 }A + {0.4,0.7} {0.7,0.5,0.8}4% + {0.3,0.2}A + {0.9,0.4,0.7}

Step 3: Compute T= Ko'L

0.3 + 0.3+ 0.4 0312+ 0.21+ 0.4
=10.342 4+ 0.64 + 0.6 0.54% + 0.51 + 0.4
0.24% + 0.22+ 0.4 0312+ 0.21+ 0.4

Step 4: Complement matrix of K and L

{0.9,0.8,0.73A2 + {0.7,0.6J1 + {0.3,02}  {0.4,0.2,0.1}A% + {0.8,0.4}1 + {0.6,0.2}

{0.7,0.6,0.5}A2 + {0.8,0.5}1 + {0.5,0.4}  {0.4,0.2,0.1}A% + {0.8,0.4}1 + {0.6,0.2}

{0.8,0.5}22 + {0.4,0.1,0.7}1 + {0.9,0.6}

L =| {0.1,0532% + {0.3,0.9,0.731 + {0.4,0.2} {0.9,0.6342 + {0.4,0.1}1 + {0.8,0.5,0.1}
{0.2,0.7,0.5}A% + {0.8,0.5,0.134 + {0.6,0.3} {0.4,0.5,0.2}22 + {0.7,0.8} + {0.1,0.6,0.3}

Step 5: Compute composition matrix T = K€o LC.

c {0.7,0.6,0.5}A% + {0.8,0.5}1 + {0.5,0.4}
K“=[08,03322 + {0.4,0.3,0.132 + (08,0503} {0.7,0.6}A% + {0.5,0.2,0.1}4 + {0.3,02,0} {0.8,0.3}A% + {0.4,0.3,0.1}4 + {0.8,0.5,0.3}
{0.9,0.8,0.7}4% + {0.7,0.6}1 + {0.3,0.2}

{0.8,0.3,0.5}42 + {0.2,0.5,0.9 }1 + {0.4,0.7}
£0.9,0.5}4% + { 0.7,0.1,0.3}A + {0.6,0.8}
£0.2,0.534% + { 0.6,0.9,0.3}A + {0.1,0.4}

0.21%2 + 0.21 + 0.4
0.312 4+ 0.61 + 0.6
0.312 + 031+ 0.4

{0.1,0.532% 4+ { 0.3,0.9,0.7}1 + {0.4,0.2}

£0.4,0.5,0.234% + {0.7,0.8}A + {0.1,0.6,0.3}  {0.2,0.7,0.5}4% + {0.8,0.5,0.1}2 + {0.6,0.3}
{0.8,0.5}A2 + {0.4,0.1,0.7}A + {0.9,0.6}

Step 6: Compute V' = C(—)T, which represents relation between the reason for conflicts of

elephants in each state
Step 7: Compute relativity values and comparison matrix

/G-

HR, (SD=k5, (R)
max{uh (50, uk (R}

f(s_l) —0 f(s_l) _ —0.14%-0.21 f(ﬁ) —0
R/ 7 \Ry) T 0322+032+02' 7 \Ry/ T
f(sz) _012%+0.22 _f(sz) — 0 f(sz) _0.1A%40.22
i/ 7 03224032402° 7 \R,/ T 7'/ \R3/ T 0.312+40.31+0.2
f(53) — 0 f(s3) _ —0.12%-0.21 _f(s3) ~0
J 7 T Ry T 0322+032+02' 7 \Ry/ T
[ 0.11%2-0.22
0 T i,
| 0.32%+40.31+0.2
. . 12%40.2
- Comparison matrix: R = |22 *+022 0
0.32%+40.31+0.2
[ 0.11%2-0.22
0.31%+0.3140.2

R;
Maximum of i*" row (i=1, 2, 3) = [Rl,R3]
R,

0

]
0.1A%+0.22 I
0.322+0.31402 2J
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It is found from this analysis that, reason for elephant-human conflict in Kerala and
Karnataka States is mostly due to anti-social activities and that of Tamil Nadu are habitat loss
and encroachment. Being counted as an animal of IUCN red list, each of the governments
should have to take necessary actions to protect this endangered species and have to give
awareness among young generations to attain sustainability goal 15 (Year - 2023).

8 Conclusion

Real life situations can be easily converted to polynomials. Matrices are the simple
tools which could be made use in computer languages. Being a hybrid representation of both
these, polynomial matrices which serve more efficiently in day-to-day life situations.
Polynomial matrices in fuzzy matrix theory is a novel concept. This paper aims to introduce
the idea of centro-symmetry in polynomial hesitant fuzzy matrix. Its determinant is discussed
with examples. A real life application is also provided.
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