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Abstract

A study on a degenerative simple repairable system under an extreme shock maintenance
model has yielded explicit expressions for the long-run average cost using a bivariate
replacement policies (T, N),( T*,N),(U, N),(U",N).Moreover, the research has established the
existence of an optimal conditions that minimizes costs.
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1 Introduction

Reliability heavily relies on the study of maintenance problems. While most
maintenance models focus solely on internal failure causes, they often overlook
external factors. System failures can be triggered by external shocks. Shock models
successfully applied in physics, communication, electronic engineering, and medicine,
and also they are underutilized in analyzing deteriorating systems interrupted by
random shocks. According to our model, system failure occurs when a single
significant shock's damage surpasses a predetermined threshold. This type of shock is
termed a 'deadly shock," as its damage exceeds the threshold, leading to system
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failure. This concept is foundational to extreme shock models. Notably, Chen and Li
(2008) explored maintenance strategies under the N-policy using an extreme shock
model.

This study derives the long-run average costs for multistate degenerative systems
under four bivariate replacement policies: (T,N) Policy: Replace the system after a
fixed working age (T) or upon N-th failure, (U, N) Policy: Replace the system after
cumulative repair time (U) or upon N-th failure,( T*,N) Policy: Replace the system at
the first failure point after cumulative operating time exceeds T or upon N-th failure,
(U',N) Policy: Replace the system at the failure point just before total repair time
exceeds U or upon N-th failure.

The study establishes the existence of optimal solutions for bivariate replacement
policies, ensuring system efficiency. This research investigates the maintenance
optimization problem using a bivariate replacement policy under an extreme shock
model, demonstrating that the optimal bivariate policy outperforms univariate optimal
policies .

The rest of the paper is organized as follows: In Section 2, A comprehensive
overview of the model is provided. In Section 3,4,5 and 6, The long-run average cost
per unit time is analytically derived for the model, exploring the impact of bivariate
replacement policies. Finally the Conclusion is given in Section 7.

2 The Model
We make the following assumptions about the model for a simple degenerative
reparable system subject to shocks.

Assumption 2.1 : At time t =0, a new system is installed. Whenever the system fails, it will
be repaired. The system will be replaced by an identical new one, some times later.

Assumption 2.2 : Once the system is operating, the shocks from the environment arrive
according to a renewal process. Let X, i = 1,2, ... be the intervals between the (i — 1)-st and
i-th shock, after the (n-1)-st repair. Let E(X11) = A. Assume that Xy, i = 1,2, ..., are iid
sequences, for all n € N.

Assumption 2.3 : Let Yy, i = 1,2, ... be the sequence of the amount of shock damage
produced by the i- th shock, after the (n — 1)-st repair. Let E(Y11) = u. Then

{Yni,1=1,2,3, ... } are iid sequences, for all n € N. If the system fails, it is closed, so that the
random shocks have no effect on the system during the repair time. In the n-th operating
stage, that is, after the (n — 1)-st repair, the system will fail, if the amount of the shock
damage first exceed (2" Bo)M, where 0 < By < 1 and M is a positive constant.

Assumption 2.4 : Let Z», n = 1,2, ... be the repair time after the n-th repair and Z,, n =1,2,
... constitute a non decreasing partial sum process with E(Z1) = § and ratio P, such that
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0 < Bo< 1. Nn(t) is the counting process denoting the number of shocks after the (n — 1)-st

repair. It is clear that E(Zy) = 6(2i_‘:ﬁ )
0

Assumption 2.5 : Let r be the reward rate per unit time of the system when it is operating
and c¢ be the repair cost rate per unit time of the system and the replacement cost is R. The
replacement time is a random variable Z with E(Z) = .

Assumption 2.6 : The sequences {Xni, i=1,2, ... }, {Yni,1=12, ...}, {Zn,n=12, ... }
and Z are independent.

Assumption 2.7 : The replacement policy (T, N) ,( T",N), (U, N), (U",N) is adapted.
3 The Bivariate Replacement Policy (T, N)

In this section, we study an extreme shock model for the maintenance problem of a
simple repairable system under (T, N) policy. Let
Ln = min{l; Yo > 2" By M}
and
Wo= B2, X
Thus , L, is the number of shocks until the first deadly shock occurred following the (n — 1)-
st failure and Ly, has a geometric distribution with P{L. = k} = p, q.*,k=1,2,3... where

Pn=P(Yi> 2 By M) and g,=1-p, . We have E(Ln)= pi. Since {Xni, i=12, ... }, {Yni, i =

1,2, ... } are independent , it is clear that L, are independent. Now

ln
E(Wh) = QY Xu)
i=1

= E(L)E(Xn1)

The distribution function of W, is F;, (.).
The Working age T of the system at time t is the cumulative life-time given by

T(t)_{t—Vn Up+ Vo St <Upy + W
B Un+1 :Un+1+VnStSUn+1+Vn+1

Where, U, = Y3 W, and V, = Yy-1Z, and Uy=V, = 0.

The replacement process can be modelled as a renewal process, where {T;,,n=1,2,..}
represents the inter-replacement time between the (n-1)-st and n-th replacements.
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Specifically, T; denotes the time to first replacement, while T,, (n > 2) denotes the
time between the (n-1)-st and n-th replacements. This sequence {T;,,n=1,2,..} forms
a renewal process. Cycles are defined by the time between consecutive system
replacements, spanning from initial installation to first replacement, and subsequent
replacement intervals. Each replacement concludes one cycle and begins another. By
combining the successive cycles with the costs associated with each, we establish a
renewal reward process, facilitating the assessment of cumulative costs, rewards,
and system efficiency.

The length of the cycle under the replacement policy (T,N) is

n N N-1
W=7+ 2, | xwuon + (Z Wot ) Zn> Xwer + 2
n=1 n=1 n=1
where n =0,1,2, ... , N — 1 is the number of failures before the working age of the

system exceeds T and y(A) denotes the indicator function.

The expected length of the cycle is
E(W)= E[(T + ZZ:l Zn)X(UN>T) + (h= W + 2021 Zn)Xwy<r) 1 Z]
=E[(T+X]_, Zn)X(UN>T)] + E[EN-s W + Xnzt Z)xwy<ny] + ElZ]
= E[TX(UN>T)] +E[((ZZ=1 Zn)X(UN>T)]
+E{E[(ZN=1Wh + ZN=1 Zn)Xwysr)/ Un = Ul}+E[Z]

= Thn (1) +8 EN=E (57) ECtwnsr<un) +Jy ECZey WodudFiy ()

+f ENLE(Z)dFy (Wt T

= TFy(T) +8 EN=1 (527) (BalD) = Fy (D) + f By ZudFy (W)

+SEN () Fu (M) 4 7

2i—1B0

=Th (D) + 85021 (G ) (R + ) Thes ZudFy + 1 (3.)

2i—1ﬁ0

Let C(T,N)be the long-run average cost per unit time under the bivariate
replacement policy (T, N). By the renewal reward theorem, the long-run average
cost per unit time under the replacement policy-(T, N) is given by

C(T,N) = The expected cost incurred in a cycle
’ The ecpected length of a cycle
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_ [E{(C ZZ=1 Zn — rT)X(UN>T)} + CpE(Z) + E{(C Zg;% Zy — rZLl Wn)X(UNsT)} + R]
B E(W)

(3.2)
Using the equation (3.1) in equation (3.2) we obtain the following result.

Theorem 3.1 For the model described in Section 2, under the assumptions 2.1 to
2.7, the long-run average cost per unit time under the bivariate replacement policy
(T, N) for a simple degenerative repairable system is given by

sy N1 (2‘ 7 )(F (M) +cyt+R—1TFy(T) —1 XN_ /1fOTudFN(u)

TFy(T) + 8XN- 1(

C(T,N) =

i) (D) + By Jy udFy ) + 7

Deductions

The long-run average cost C(T,N) is a bivariate function in T and N. Obviously ,
when N is fixed, (T, N) is a function of T. For fixed N = m , it can be written as
C(T,N) = C,(T), m=12, ...

Thus, for a fixed m, we can find T, by analytical or numerical methods such that
Cm(Tyy) is minimized. That is, when N=1,2,3...m...,we can find Ty, T;, T3, ..., T, -
respectively such that the corresponding C;(Ty), C2(T3), C3(T3),... Cn(Tyy), ... are
minimized. Because the total life-time of a multistate degenerative system is limited
,the minimum of the long-run average cost per unit time exists . so we can determine
the minimum of the long-run average cost per unit time based on C,(Ty), C(T3),

C3(TD),... Co(Ty2), ..

Then, if the minimum is denoted by C,(T;) we obtain the bivariate optimal
replacement policy (T, N)* such that
C(T,N)*= mA%'n Cn(Ty)

= miny [rnTin C(T,N)]

< miny C(oo,N) = C(N*)
The optimal policy (T, N)* is better than the optimal policy N*, moreover, under
some mild conditions the optimal replacement policy N* is better than the optimal
policy T*. So under the same conditions, an optimal policy (T, N)* is better than the
optimal replacement policies N* and T*.

4 The Bivariate Replacement Policy (T*, N)

In this section, we study an extreme shock model for the maintenance problem
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of a simple repairable system under (T*,N) policy. Let L, = min{l; Y. > 2"(n-1) By M} and

Thus Ly is the number of shocks until the first deadly shock occurred following the
(n — 1)-st failure and L, has a geometric distribution with P{L»= k}= pn q.?,
k=1,2,3... where p n= P (Ynl > 2" BM) and g,=1-p,. We have E(L,)= pi. Since

{Xni,i=12, ...}, {Yni,i=12, ... } are independent , it is clear that L n and
{Xni}are independent.

By Wald’s equation ,

E(Wo) =E (i Xni)

= E(Lp)EXn1)

The distribution function of W, is F,(.).

The Working age T of the system at time t is the cumulative life-time given by

T(t)_{t—Vn U+ V, St <Upq +V,
- Un+1 rUn+1+VnStSUn+1+Vn+1

where, U, = Yp=, Wy and  V,, = X72_, Z, and Uy=V, = 0.
The distribution function of 1, is G, (.).

Let T; be the first replacement time; in general for n=2,3,.. let T,, be the time between
the (n-1)-st replacement and the n-th replacement. Thus the sequence {T,,n=1,2,..}
forms a renewal process. A cycle is completed , if a replacement is done. A cycle is
actually the time interval between the installation of the system and the first
replacement or the time interval between two consecutive replacements. Finally, the
successive cycles together with the cost incurred in each cycle will constitute a
renewal reward process.

The length of the cycle under the replacement policy (T*,N) is

W={(ZZ=1 Wn + ZZ=1 Zn—l)X(UN>T)}{(Zg=1 Wn + Zggll Zn)X(UNsT)} +7Z
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where n = 0,1,2, ..., N — 1 is the number of failures before the total operating time of
the system exceeds T and y(A) denotes the indicator function.

The random variable n has a geometric distribution given by

Pn=))=PW, ST W, <T,..W,_, <T,W, >T); j=12..
Since n is a random variable,

E(n—1) =X, -DPH =)

= F(T) £72,( — DF/~H(T)

_ F()

~F(T)

The expected length of the cycle is

n n
Z Wn + 2 Zn—1 | X(uy>T)
n=1 n=1

EW)=E +E + E[Z]

N N—-1
(Z W + Z Zn) X(Uy<T)
n

n=1 =1

(4.1)

Consider,
E[(ENo W) Xwyer)] = E[EEN=1 WalUy = wxwysn]
= [} E(ZN_, Wyl Uy = u)dFy ()
= [ E(EN_ W) udFy(u)
= fy Zher - udFy (W)
= T - fy udFy (W) 4.2)

n

E[(Zrl\{;% Zn)X(UNST)] = E[E(Zg;% Zy|Uy=u )X(UNsT)]
= [, EQENZ1Z, | Uy = u) dFy(u) = [, E(EN=1 Z,) dFy (u)

= Iy 83} (57—) dFw

n—1
27 7B,
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= 3Nt (n—lﬁo)f dFy(uw)

= 8 X () Fn(D) (43)

E[(ZZ=1 Wn)X(UN>T)] ZE[ZZ=1(W71)X(UN>T)]

=Y JEW,|n=n—-1)PU, <T <Uy)

_ % Z:é [P(U, < T < Uy)]
_F(D
= fip TN (D) = Fy(D)] (4.4)

E[(ZZ:l Zn—l)X(UN>T)] =E[ZZ=1(ZTL—1)X(UN>T)]

» E(Zy1lm=n—-1PU, <T < Uy)

= 830 (54 [F(T) — Fu(T)] (45)

n= 2,80

Using the equation (4.2),(4.3),(4.4),(4.5) in equation (4.1) we obtain the following

n n N N-1
Z W, + z Zn—1 | X(y>T) (Z W, + Z Zn) X(Uy<T)
n=1 n=1 n=1 n=1
N N-1
=E (Z Wn)X(UNsT) ( Zn) Xwuysn| T
n=1 n=1

n
Zn—1 | X(uy>T)
n=1

N 1T N-1 U N 1
ZEJ@ udFN(u)+(SZ(2n 3, ) Fy(T) + F(T Zp_ [P(U, <T < Uy)]
n=1 n=1 n=1

+ 8 (W_L%)[Fn(T)—FN(T)HT

EW)=E +E +E[Z]

+E

E +E + E[Z]

1

n
Z WTL X(UN>T)
n

S
I
N
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52 < (
= Z—f udFN(u)+82 (2n e )FN(T)+F(T; [F (T) = Fx(T)]
n=1
by 1(2n 23) [Fy(T) — Fy(T)] +

n=2

Let C(T*,N) be the long-run average cost per unit time under the bivariate replacement
policy (T*,N). By the renewal reward theorem, the long-run average cost per unit time
under the replacement policy (T*,N) is given by

the expected cost incurred in a cycle
C(T*,N) =

the ecpected length of a cycle

IE{(C Z1r11=1Zn—1 - rZZ=1 Wn)X(UN>T)} + e E(Z)
+E{(C Zg;% Zn - 7‘2%:1 WTL)X(UNST)} + R

C(T*N) = A

[E[C PN Zn-1lxwy>m—Elr PR Walxwy>m+cpE(2)
| +B[E[cINZE Zalxwysm) |- E[Elr SN=1 Walxwy=m | +R
- E(W)

8 ¥N: 2(W)[F"(T) PN - r B s A [ (D =Fn (D] + cpr\

+ c8XN: 1(W)FN(T) = A T udEy @ +R
EW)

Theorem 4.1 For the model described in Section 2, under the assumptions 2.1 to 2.7,
the long-run average cost per unit time under the bivariate replacement policy (T*,N)
for a simple degenerative repairable system is given by

C(T*N)
u F(T) 2
e 30 (kg ) (D) — v = 7 gy B i, [F(T) = Fa (D]
[ + CSZn 1 <2n 1,3 )FN(T) - T Zn:lﬁfo udFN(u)
_ + R + ¢t
Lo fy Py )+ 8 T (b En(1) + R SNzt (1) = (D)
+82n 2<2n‘uzl[)>)[Fn(T)_FN(T)] +7
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Deductions

The long-run average cost C(T*,N) is a bivariate function in T* and N.
Obviously , when N is fixed, C(T™*, N) is a function of T*. For fixed N=m , it can
be written as

C(T*,N) =C,(T*), m=12,..

Thus, for a fixed m, we can find T}, by analytical or numerical methods such that
Cn(T*;,) is minimized. That is , when N=1,23..m..., we can find
T+, T+, T*s, ...,T*, .., respectively such that the corresponding C,(T*)),
Co(T*3), C3(T*3),... C(T 1), ... are minimized. Because the total life-time of a
multistate degenerative system is limited ,the minimum of the long-run average
cost per unit time exists . so we can determine the minimum of the long-run
average cost per unit time based on C;(T*7), C,(T*3), C3(T*3),... Cu(T* 1), ..

Then, if the minimum is denoted by C,(T™*;) we obtain the bivariate optimal
replacement policy (T*, N)* such that

C(T*,N)'=min Cy(T*7)
= [minC(T™,N)]

< C(o,N) = C(N*)

The optimal policy (T*, N)* is better than the optimal policy N*, moreover, under
some mild conditions the optimal replacement policy N is better than the optimal
policy T*". So under the same conditions, an optimal policy (T*, N)  is better than
the optimal replacement policies N“ and T+".

5 The Bivariate Replacement Policy (U, N)

In this section, we study an extreme shock model for the maintenance problem of a
simple repairable system under (U, N) policy. Let Ln = min{l; Ynl > 2" 18,M}
and

Thus Ly is the number of shocks until the first deadly shock occurred following the

(n — 1)-st failure and Ln has a geometric distribution with P{Ln = k} = p,q%1,

k =1,23..where p,=P (Ynl >2""18,M) and q, = 1 — p,, . We have E(Ln)= pi
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. Since {Xni, i =12, ... }, {Yni, 1 =12, ... } are independent , it is clear that
L, and {X,,; }are independent.

By Wald’s equation ,

Ln
E(W,) = E (Z Xni>
= E(Ln)E(an)

Pn
The Working age T of the system at time t is the cumulative life-time given by

T(t)_{t—Vn Up+ VSt <Upiq +V,
- Un+1 :Un+1+VnStSUn+1+Vn+1

where, U, = X3 W, and V, =Y}, Z, and Uy=V, = 0.

The replacement times are represented by the sequence {U,,n=1,2,..}, where U,
denotes the time to the first replacement, and U,, (n > 2) represents the time between
the (n-1)-st and n-th replacements. This sequence forms a renewal process, where
each replacement restarts the cycle, ensuring independent and identically distributed
inter-replacement times. A cycle is defined as the time interval between the
installation of the system and its first replacement, or the time interval between two
consecutive replacements. Upon completion of a cycle, a replacement is performed,
marking the beginning of a new cycle. Successive cycles, coupled with the costs
incurred in each cycle, form a renewal reward process. This process enables the
analysis of long-term system performance and associated costs, leveraging the
renewal theory framework.

The length of the cycle under the replacement policy (U, N) is

n N N-1
W=(U+ Z Zn | Xwysv) + < Wa + Zn) Xwysvy +2Z
&

n=1 =1 n=1

where n =0,1,2, ..., N — 1 is the number of failures before the total repair time of the
system exceeds U and y(4) denotes the indicator function.

The expected length of the cycle is

n N
EW) =E|| U+ Z Zy | xwyouy + (Z W, +

n=1 n=1

=

-1

Zn) Xwys) T2
1

S
1]
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n
=E U+ Z ZTL X(VN>U) +E

n=1

=UGy(U) ++68u

G,(U) + Z < znn+11(ﬁ )>
+ fUE(Z W) udGy (u) + fU z Zn dGy (u)
0 =1 0 n=1

E(X(Vn5U<VN))

+T
= UGy (U) + 8u|G,(U) + Z < znn+11(ﬁ )> P(V,<U<Vy)+
N-1 1
] Z—udGN(u)+ Sull + (2” 2ﬁ0> Gy + T

= UGy(U) + 8

(o) N
nt A ("
GZ<U)+2(2n 11(3 )) G(U) + Zp_f udGy (V)
n=1""1"0

=2

2

-1

5 et

2

+ou Gy(U) + 1

S
1l

(5.1)
Let C(U, N) be the long-run average cost per unit time under the bivariate replacement

policy (U, N). By the renewal reward theorem, the long-run average cost per unit time
under the replacement policy-(U, N) is given by

the expected cost incurred in a cycle

C(U,N) =
U, N) the ecpected length of a cycle
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E{(C ZZ:lzn - rU)X(VN>U)} + E{(C 25;11 Zn - TZﬁﬂ Wn)X(VNSU)}
+R + c,E(Z)
E(W)

C(U,N) =

(5.2)

Consider,
E[(C ZZ:lZn)X(VN>U)] = E[(C 21711=1 Zn)X(VnSU<VN)]
=cXn1 EZD)EXwsu<vy]

= szzlE(Zn)P(Vn U< VN)

= 6c 1 [G2(U) + T (B2 | Gy (1) (53)

Zn_lﬁo

Now,
E[(c BN2E Zi) xwwsoy)= E [E[(c N2 2o | Vi = D wysw) ]

= J, cE(ENZA Z, | Vy = U)dGy (V)

= [/ c(TNLE(2,))dGy (V)

=YNZLE(Zy) J) cdGy(U)

=8cu 1 + 2023 (52 | G (W) (5.4)
E[r(EN s W)X wy<o|= E [E[r Zhoy W | Viy = Dxyzo ]

= [ TE(ENoy Wy | Viy = U)dGy (U)

=TE(ZN_, W) J, dGy (V)

AU
=7‘Z¥=1;f0 dGy(U)

=T SN G (V) (5.5)
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And
E[rUX(VN>U)] = rE[UX(VN>U)]
= rUE[X(VN>U)]
=rUGy(U) (5.6)

Using the equation (5.1),(5.3),(5.4),(5.5),(5.6) in equation (5.2) we obtain the
following result.

Theorem 5.1 For the model described in Section 2, under the assumptions 2.1 to
2.7, the long-run average cost per unit time under the bivariate replacement policy
(U, N) for a simple degenerative repairable system is given by

Scu [GZ(U) + ¥, (62”%1%'))] Gy(U) —rUGy(U)

+c8u [1 + yN- 2(2” 75 )] Gy(U) —rYi_ 1; GN(U)+R+Cp

O UGN(U) + o6, + 22, (G2 Gv )
+ B2 G () + w1+ 2N ()| v @) + 7
57)
Deductions

The long-run average cost C(U,N) is a bivariate function in U and N.
Obviously , when N is fixed, C(U,N) is a function of U. For fixed N = m , it can
be writtenas C(U,N) = C,,(U), m =1,2,...

Thus, for a fixed m, we can find U;;, by analytical or numerical methods such
that C,,(U;) is minimized. That is, when N=1,2,3...m..., we can find
U;,U;,U;, ..., Un, ..., respectively such that the corresponding C,(Uy), C,(U3),
C5(U3),... C(Up), ... are minimized. Because the total life-time of a multistate
degenerative system is limited ,the minimum of the long-run average cost per unit
time exists . so we can determine the minimum of the long-run average cost per unit
time based on C,(Uy), C,(U3), C3(U3),... Cr(Up), ...

Then, if the minimum is denoted by C, (U,,) we obtain the bivariate optimal
replacement policy (U, N)* such that

C(U,N)*=min Cy(U5)
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= [mUinC(U, N)]
< C(o,N) = C(N*)

The optimal policy (U,N)* is better than the optimal policy N*, moreover, under
some mild conditions the optimal replacement policy N~ is better than the optimal
policy U ". So under the same conditions, an optimal policy (U, N)” is better than the
optimal replacement policies N“ and U .

6 The Bivariate Replacement Policy (U~,N)
In this section, we study an extreme shock model for the maintenance problem
of a simple repairable system under (U~,N) policy. Let Ln = min{l;Yn[ > 2" 1p,M}

and

Thus Ly is the number of shocks until the first deadly shock occurred following the
(n — 1)-st failure and Ln has a geometric distribution with P{Ln = k} = p,,qk~1,

k =1,2,3..where p,=P (Ynl >2""15,M) and q,, = 1 — p,, . We have E(Ln)= pi

. Since {Xni, i=12, ... }, {Yni, 1 =12, ... } are independent , it is clear that
L, and {X,,; }are independent.

By Wald’s equation ,

E(W,) = E (i Xni)

= E(Ln)E(an)

The distribution function of W, is F,(.).

The Working age T of the system at time t is the cumulative life-time given by
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T(t)_{t—Vn U+ VSt <Uppq +V,
- Un+1 :Un+1+VnStSUn+1+Vn+1

where, U, = YR W, and V, =Yp_,Z, and Uy=V, = 0.

The distribution function of 1}, is G,,(.).

The replacement times are represented by the sequence {U,,n=1,2,..}, where U,
denotes the time to the first replacement, and U,, (n > 2) represents the time between
the (n-1)-st and n-th replacements. This sequence forms a renewal process, where
each replacement restarts the cycle, ensuring independent and identically distributed
inter-replacement times. In the context of renewal theory, a cycle is formally defined
as the interval between system installation and first replacement or between
successive replacements. Cycle completion coincides with replacement.

The resulting sequence of cycles and associated costs forms a renewal reward
process, characterized by independent and identically distributed cycles and rewards,
enabling analysis of system performance and cost optimization.

The length of the cycle under the replacement policy (U~,N) is

n v N N-1
W=D Wt Y Zu |t |+ {(Z Wyt ) Zn>stu>} +2
n=1 n=0 n=1 n=1

where n = 0,1,2, ..., N — 1 is the number of failures before the total operating time of
the system exceeds U andv = 0,1,2,.. ,N — 1 is the number of repairs before the
total repair time is expected to exceeds U . If V, <U < V,4q for n=0,1,2,.. N -1
then U — 1, will be virtual repair time.

X(A) denotes the indicator function.

The random variable n has a geometric distribution given by
Pn=))=PW, ST W, <T,.. W,y <T,W, >T); j=1.2..
= /TN (U)G)

Since n is a random variable,

Ew—=1) =25, -DPHn=))

=G(U) X7, — DEH()

_ G
G

The expected length of the cycle is
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EW)=E

n=1 =1

Consider,
E[(Zgﬂ Wn)X(VNsU)] = E[E(Zg=1 Wol(Vy = u )X(VNSU)]
= [V E(EN_y Wl (Vi = w)dGy ()
= [, E(EN_1 W) udGy(w)
= Jy TNt T udGy ()

A U
= Zg=1af0 udGy (u)

E[(Z%’;% Zn)X(VNsU)] = 5[5(2%;11 Zn|(Vy =u )X(VNSU)]
= [ E(ENZ, | (W = u) dGy(w)

= [ E(ENZ1 Z,) dGy ()

= J, 82N (55) dGn(w)

2n_1B0

= 8 201 (5tg) Jo dGw )

2n-1p,
= 8201 (57) Gn )
E[(Zno: Wo)xwas] = EZacsWdxwysu))
=Yn EWy|n=n—1PWV, <U<Vy)

_1 A
= I0 = [P(Vaer S U< V)]

= SN [Ga (U) = Gy ()]

n

E[(ZZ=1 Zn)X(UN>U)] =E[ZZ=1(Zn)X(vN>U)]

7 v N N-1
Z Wn + Z Zn X(y>0) + {(Z Wn + Z Zn)X(VNsU)}
n=1 n=0 n

+ E[Z]

(6.1)

(6.2)

(6.3)

(6.4)
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n
- Z E(Z,| v)P(V, <U < Vy)

=YN-AEZ)E@W— 1P, <U < W)

_GW) GW) g -

0 (zn -2, ) [Gn(U) = Gy ()] (6.5)

Using the equation (6.2),(6.3),(6.4),(6.5) in equation (6.1) we obtain the following

n v
EW =E|| D W+ D Zo | 2o
n=1 n=0
N N-1
E (2 W+ ) Zn) Xonsw)
n=1 n=1

=E [(Zz=1 Wn)X(VNSU)] + E[(Zﬁ;ll Zn)X(VNSU)]

+E[Z]

+E[(Zg=1 Wn)X(VN>U)] + E[(E%:o Zn))((VN>U)] + E[Z]

A U -
= Ser 2 fy udGn (W) + 8 IV (5757 ) v (W)

2

-1

A
Pn

1

+ [Gn-1(U) — Gy ()]

S
I

F 28 I3 (55 ) [Ga(U) = G (W] +
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EW) = i%LUudGN(u) + slvz_l(znf‘lﬁo)aN(u) 1

N-—1 /1
+ Z E [Grr (U) — Gy ()]

-1
G(U) U
+="730 (Zn_—Zﬁo

5 )16 (0) = G )

Let (U™, N) be the long-run average cost per unit time under the bivariate replacement
policy (U~,N). By the renewal reward theorem, the long-run average cost per unit time
under the replacement policy (U~,N) is given by

the expected cost incurred in a cycle
the ecpected length of a cycle

C(U~,N) =

[E{(czz:ozn —r X W) xwwsny ) + HEZ)
+E{(C Yol Zy =T XNy Wn)X(VNsu)} +R
E(W)

E[C Z%:O Zn]X(VN>U) - E[T‘ ZZ=1 Wn]X(VN>U) + CpE(Z)
E[E[C ervl=_11 Zn]X(VNsU)] - E[E[r Zg=1 Wn]X(VNsU)] +R

E(W)
c(U-,N)
E ggggaz (g ) 16 ) = Gy =7 SATEE | s (V) = Gy )|
Il + CSZn 1(2nulﬁ )GN(U.) - T anlafouudGN(u) JI
_ T T + R
B EGW)

Theorem 6.1 For the model described in Section 2, under the assumptions 2.1 to 2.7,
the long-run average cost per unit time under the bivariate replacement policy (U™,N)
for a simple degenerative repairable system is given by
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c(U~,N)

[ gEZ%SZn Z(Zn 28, )[Gn(U)_GN(u)] -r ZN L /1 [Gn_l(U)—GN(u)]
|

| + c8YNC 1(2n 18, )GN(U) - r Xat Af udGy(u)
+ T + R

R —

BN ) udGy () + 8 T (b ) G+ a2 [Guoa (V) = Gy ()

Pn n= 1p
gggSZn Z(Zn 75 )[G () — Gy (w)] tr

Deductions

The long-run average cost C(U~,N)is a bivariate function in U~ and N.
Obviously , when N is fixed, C(U~,N) is a function of U~. For fixed N=m, it can
be written as

C(U~,N)=Cp(U), m=12, ...

Thus, for a fixed m, we can find U, by analytical or numerical methods such that
Cn(U 7)) is minimized. That is , when N=1,23..m..., we can find
U, U5 U3, .., U, .., respectively such that the corresponding C,(U~71),
C,(U3), C3(U73),... Cp(U™ ), .. are minimized. Because the total life-time of a
multistate degenerative system is limited, the minimum of the long-run average
cost per unit time exists . so we can determine the minimum of the long-run
average cost per unit time based on C,;(U~71), C,(U™3), C3(U™3),... Cn(U™ 1), ...

Then, if the minimum is denoted by C,(U~;) we obtain the bivariate optimal
replacement policy (U™, N)* such that

CU™,N)'=min Co(U ™)
= [minC(U~, N)]

< C(e,N) = C(N*)

The optimal policy (U™, N)* is better than the optimal policy N*, moreover, under
some mild conditions the optimal replacement policy N is better than the optimal
policy U~". So under the same conditions, an optimal policy (U~, N)" is better than
the optimal replacement policies N" and U~".

7 Conclusion

Considering an extreme shock maintenance model for a degenerative simple
repairable system, explicit expressions for the long-run average cost under the
bivariate replacement policies: (T, N), (U, N), (T*,N), (U~,N) has been obtained.
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Existence of optimal value of has been deduced. This result enables optimization of
maintenance strategies for degenerative repairable systems under extreme shocks.
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