2456-8686, viii(ii), 2024:052-068
https://doi.org/10.26524 /cm195

ORIGINAL RESEARCH Open Access

Some Results in Fixed Point Theorem using Weakly

Compatible Mappings in Neutrosophic Metric Spaces

Shakila VB[] and Jeyaraman MP]
Received: 29 July 2024/ Accepted: 12 October 2024/ Published online: 10 December 2024
(©Sacred Heart Research Publications 2017

Abstract

Neutrosophic metric space was introduced by Kirisci and Simsek in 2020. In this paper,
the author introduced the concept of coupled fixed point, coupled coincidence point, common
coupled fixed point. To define the above concept two mappings are used also, we prove some
common fixed point using compatible and weakly compatible mappings in Neutrosophic metric
space.
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1 Introduction

Zadeh [20] proposed the concept of fuzzy sets in 1965. The application of fuzzy
set theory is crucial to all engineering and mathematical fields. In 1975, Kramosil
and Michalek presented the idea of fuzzy metric space. George and Veeramani then
reformulated the idea of fuzzy metric space [9, 10].In fuzzy metric space, only a
membership value between 0 and 1 was defined. But in reality, this knowledge proved
to be inadequate. In 1983, Atanassov [3],4] proposed the Intuitionistic fuzzy set, which
was an expansion of the fuzzy set. Non-membership value was specified in intuitive
fuzzy sets.

Many authors have written on the idea of coupled fixed point, such as
Lakshmikantham [5, 12], Sedghi et al. [I4]. Using contractive criteria, Jin-xuan
Fang[8] developed the idea of common fixed point theorems for compatible and weakly
compatible systems. A common fixed point theorem for mappings in fuzzy metric
spaces under contractive conditions was established by Xin-Qi Hu [II]. The fixed
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point theorem in metric spaces was proved by several authors [2] - [6].

Later, in 1995, Florentin Smarandache[I7] defined a neutrosophic set, which
was an extension of intuitionistic fuzzy sets. We include a new concept in the
Neutrosophic set, namely indeterminacy. Thus, every neutrosophic set deals with
three components, namely the truth value (T), the indeterminacy value (I) and
the false value (F). Neutrosophic sets play a vital role in medical image processing.
Jeyaraman et al. [18, [19] discussed fixed point results in neutrosophic metric spaces
using contraction mapping and coupled coincidence point. Also, Shakila et.al.[T5] [16]
discussed about the fixed point results in Neutrosophic b-metric spaces.

In this paper, we have proved that there is a common fixed point in weakly
compatible mappings in neutrosophic metric space using contractive conditions with

an example.

2 Preliminaries

Definition 2.1 Let % be a t-norm and let %, : [0, 1] x [0,1] — [0,1],n € N be defined
as follows: *; (k) = *(k, k), *p41(Kk) = *(x,(k), k), (n € N,k € [0,1]).

The t-norm # is said to be of $ - type if t is continuous and the family {x,(x),n € N}
is equicontinuous at Kk = 1.

The family of functions {*,(x),n € N} is equicontinuous at x = 1 if for every 4 € [0, 1]
there exists v(/5) € (0,1) such that the following condition is satisfied: k > 1 — v(3)
implies *,(k) > 1 — g for all n € N.

Definition 2.2 Let ¢ and ® be t-conorms let {,, : [0,1] x [0,1] — [0, 1], ®, : [0, 1] X
[0,1] = [0,1],» € N, be described as follows:

Ql(ﬁ) = O(“v H)a <>n+1("€) = <>(<>n</€)? ’%)7 (TL eN,k € [07 1])
©1 (k) = O(K, K), Ont1(k) = O(On(k), k), (n € N,k € [0,1])

We say that the t-conorms ¢, ® are of ) - type if t is continuous and the family
{On(k), ®n(K),n € N} is equicontinuous at k = 0.

The family of functions {0, (k), ®,(k),n € N} is equicontinuous at £ = 0 if for every
p € [0,1] there exists v(8) € (0,1) such that the following condition is satisfied:
k < y(B) implies Oy, (k) < B, ®n(k) < B for all n € N.
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Definition 2.3 A Neutrosophic Metric Space(NMS) is a 7-tuple (A, 1, T, Z, %, 0, ®),
if A is an arbitrary set, * is a continuous triangular norm, ¢, ® are continuous
triangular conorms, 1, ©, T are nonempty sets on A? x [0, co) that fulfills the following
requirements: For every o,¢,6 € A and ¢, A > 0,

(i) e, 0) + (o5, 90) + Z(o,5,) <3,
(i) 0 < o,5,) < 1,0<T(0,6,0) <1;0 < Z(p,6,0) <1,
(iii) T(o,s,¢) =1iff p =,
(iv) e, s,9) = (s, 0,9),
(v) To,s,¢) * (s, 0,\) < (0,9, 0+ ), for all p, A >0,
(vi) T(o,5,+) : (0,00) — [0, 1] is Neutrosophic continuous,
(vi 1)3 (o, s,¢) =1, for all ¢ > 0,
(viii) P(Q,§ ) =0iff p =g,
(ix) T(e,5,9) = I(s, 0,)
(x) (o, 9)0L(s,8,A) = T'(0,8, ¢+ A), for all ¢, A > 0,
(xi) I'(o,s,) : (0,00) — [0, 1] is continuous
(xii) Jlm I'(0,5,¢) = 0 for all p > 0,
(xiii) Z(o,s,¢) =0iff p =,
(xiv) Z(e,5, ) = Z(s, 0,%¢);
(xv) Z(0,5,0) ® Z(5,0,\) > Z(0,6,0 + ) for all ¢, A >0,
(xvi) Z(o,5,-): (0,00) — [0,1] is continuous
(xvii) hm Z(p,s,¢) =0 for all ¢ >0,

Here, T(o,s,¢),I(0,s,¢) and Z(p,s, ) signify the degree of nearness, the degree
of neutralness and the degree of non-nearness between p and ¢ with respect to ¢

respectively.

Example 2.4 Let (A, 1,T, Z, %, 0, ®) be a NMS. Define t-norm by py * pie = piq - fio,
t-conorm by Qe = p1 + po — pa - plo, 1 © plo = pa + po — pg - po. For all

0,5 € A, >0, define (0,5, ¢) = 58, T(0,5,9) = S5 and Z(o,5, ) = 42,

Then (A, 1,T, Z,%,0,®) is a NMS.

Definition 2.5 Let (A, 1,T, Z, %, 0,®) be a NMS. Then

(i) a sequence {p,} in A is referred to as convergent to ¢ if lim T1(g,,0,¢) = 1,
n—oo
lim ['(on, 0,) = 0 and lim Z(p,,0,¢) = 0 for all ¢ > 0 and is denoted by
n— 00 n—0o0
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lim o, =0

(ii) g_;ieoquence {on} in A is referred to as Cauchy sequence if for any ¢ > 0, there
exists ng € N, such that 1(0,, 0m, ) > 1—&,T(0n, 0m, ¥) < € and Z(0n, 0m, ) <
¢ for all n,m > ny.

(iii) a NMS is referred to as complete if and only if every Cauchy sequence in A is

convergent.

Definition 2.6 Let ¥ : Rt — RT and for each 1) € ¥, where R™ € [0, 00) fulfills
the following requirements:

(1-1) 9 is non-decreasing,

(¥-2) ¢ 1S upper semi continuous from the right,

(1-3) > ¢™(p) < +oo for all ¢ > 0 where " (p) = P ("(p)),n € N,
(1-4) ZD is non-increasing,

(1-5) 1 is upper semi continuous from the left,

(1-6) ioj YP"(p) > +oo for all p > 0 where " () = (" (p)), n € N.

Lemma 2.7 Let (A,71,T, Z, %, 0,®) be a NMS where * is a continuous t-norm, ¢, ®
are continuous t-conorms of $-type respectively. If there exists ¢ € ¥ such that

o, s, ¥(p) = o,s,»), (1)
['(o,6,9(¢)) <T(o,5, ) and (2)
Z(0,5,%(0) < Z(0,5, ) (3)

for all ¢ > 0 then o =s.

Definition 2.8 An element (p,¢) € A x A is referred to as a coupled fixed point of
the mappings Q : A x A = A if Q(o,¢) = 0,Q(s, 0) =

Definition 2.9 An element (9,¢) € A x A is referred to as a coupled coincidence
point of the mappings 2: A X A - Aando: A — A if

Q(o,¢) = a(0), s, 0) = a(s). (4)
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Definition 2.10 An element (p,5) € A x A is referred to as a common coupled fixed
point of the mappings 2: A x A - Aando: A — A if

0=Q0,¢) =0(0),s = Qs,0) = 0o(s) (5)

Definition 2.11 An element p € A is referred to as a common fixed point of the
mappings
Q:AxA—Aando : A — Aifp = 0(p) = Qo, 0)- (6)

Definition 2.12 The mappings 2 : A x A — A and o0 : A — A are said to be
compatible if

Tim T(aQ(0n; n)s o (0n), 0 (sn))s ) = 1, (7)
nh_{go_i((jﬂ(gmQn)aQ(U(gn)>U(Qn))>90) =1, (8)
Jim D(0€2(0n, ), 20 (en), (), ) = 0, (9)
Jim T(0Q(sn, o), 0 (sn), o(2n)), ) = 0, (10)
T Z(09en,52), Ao(2,),0(51)). ) = Oand (1)
Tim Z(0€2(sn, 00), Q0 (sn), 0 (n)), ) = 0, (12)
for all ¢ > 0 whenever {o,} and {s,} are sequences in A, such that
Tim Q(0n,6p) = lim o(g,) = o, lim Q(cy, 0) = lim () =< (13)

for all o,¢ € A are satisfied.

Definition 2.13 The mappings €2 : A x A — A and ¢ : A — A are referred to as
weakly compatible mappings if (o, <) = o(0), (s, 0) = o(s) implies that
a§2(0,<) = Q(00,05), (s, 0) = Q(os, 00) for every o, € A.

Remark 2.14 If 2 and o are compatible then they are weakly compatible, but the

converse need not be true.
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3 Main Results
Denote [1(o,5,¢)]" = Wo,s,9) * Wo,s,9) *---* 1(o,5,¢) for all n € N.

n

Theorem 3.1 Let (A, 1,1, Z, %,0,®) be a complete NMS, where * is a continuous
t-norm, ¢ and ® are continuous t-conorm of §) - type satisfying ((vii), (xii) and (xvii)
of definition (2.3))). Let @ : A x A — A and 0 : A — A be two mappings and there
exists ¥ € ¥ in such a way that

for all o,¢,p, 7 € A, > 0. Suppose that Q(A x A) C o(A), o is continuous,  and o
are compatible. Then there exists o,¢ € A such that o = o(g) = Q(p, p); that is, Q

and ¢ have a unique common fixed point in A.

Theorem 3.2 Let (A, T,T, Z, x,0,®) be a NMS, where * is a continuous t-norm,
O, ® are continuous t-conorms of §) - type satisfying ((vii), (xii) and (xvii) of definition
(2.3). Let Q: Ax A — Aand o0 : A — A be two weakly compatible mappings and
there exists ¢ € U satisfying (14), and (16). Suppose that Q(A x A) C o(A) and

Q(A x A) or o(A) is complete. Then Q and ¢ have a unique common fixed point in
A.

Proof: Let gy, € A be two arbitrary points in A. Since Q(A x A) C o(A), we can
choose p1,¢1 € A such that o(01) = Q(00,%) and o(s1) = (o, 00). Continuing this
method, we can two sequences {p,} and {g,} in A such that

0(0n+1) = 0n,Sn), 0(Sns1) = S, 0n) for alln > 0. (17)

We will the prove the above result in 4 steps.

Step 1: First we shall demonstrate that {op,} and {o¢,} are Cauchy sequences.

Since x is a t-norm, ¢ and ® are t-conorms of $ - type, for any 5 > 0, there

exists v > 0 such that, (1—v)*(1—v)*---x(1—v) > 1—73, vOrd...0v < g,
A QAL

S

-~

q q
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voOve---Ov < f foralge N Since T(o,5,-), (0,5, ) and Z(o,, -) is continuous

q
and lim T(g,5,¢) = 1, lim I'(g,5,¢) = 0 and lim Z(p,s,¢) = 0 for all g,¢ € A,
(p—r00 p—r00 P00
there exists ¢ > 0 such that

(o0, 001, 90) > 1 — v, (050,061, 00) > 1 — 1, (18)
F<O-QO7O-Q17§00) S F(O-§07O-§17S00) S v, (19)
Z(000,001,0) < v, Z(0%, 061, 90) < v, (20)

On the other hand, since ¢ € ¥, by using (1-3), we have Y >°  ¢"(¢g) < co. Then
for any ¢ > 0, there exists ng € N such that

0> (o) (21)
q=no

By using condition , and we have
_](CTQMUQ% ( )) _[( (Qo,§0)79(917§1) @ZJ( )) > 7(09070Q1>900) * -I(UCO,UQMPO)
(061,062, 1%(p0)) = THQ(s0, 20), 2sa, 01), ¥ (0)) = (00, 061, o) * (000, 701, $0)
F(0Q17U(Q27 ( 0)) ( (QngO)aQ(Qlygl) ( )) S (O-Q070-Q17g00)<>r(0-§070-g17800)
I'(os1, 062,19 (¢0)) = T'(2(s0, 00), 2s1, 01), ¥ (v0)) < (o0, 061, 0) 0L (000, 001, ¢0)
Z(UQhUQ% ( 0)) ( (QO7§0)7Q(QI;gl)7¢(§DO)) < 2(09070917900) © Z(UGO,UQ;SDO)
Z(061,062, ¥ (w0)) = Z(Q(s0, 00), Q(s1, 01), ¥ (w0)) < Z(0%0, 061, 00) © Z(0 00,001, P0)

Similarly we have

_‘(0027003=1/)( 0)) = 1201, 51), (927§2)a¢2(900))

oo1, 000, 9(0)) * (061,06, ¥(0))
(oo, 001, 900)]2 * (o<, o1, 900)]2
(1, 01), Asa, 02), 9% (0))
(050, o1, @0)]2 * [1(o 00,001, 900)]2
['(Q(e1, 1), (QQ,Q):@/)Q(%DO))
I'(001, 000, ¥(¢0)) O (061, 062, (o))
[T(000, 001, 90)]*0 (050, 051, ¢0)]°

(AVARVS

—i(0§27 043, wZ(@o))

A%

I'(002, 003, 9% (¢0))

IAIA
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(062,063, 9°(0)) = L(Qs1, 01), sz, 02), 9% (00))

[T (00, 051, ¢0)]* O[T (000, 701, $0)]°
Z(Qo1,1), 02, 52), ¥ <900>)
Z(o01,002,%(¢0)) © Z(061,062, (o))
[Z(000, 001, 0))* © [Z(060, 061, %0)]
Z(Q(§1791)>Q(§2,92)7¢2(‘Po>)

< [Z(o%, 061, 900)]2 © [Z(000, 001, 800)]2

IN

Z(0Q2,0Q3,¢ ( ))

IA A

Z(062, 053, 0% (00))

By induction we get,

n—1 n—1

* [_I(O-gan-glvspﬂ)P ;

n—1

[ (0-00;0@17@0)]2
[ (0-§070-§17900)]2n71 * [-[(09070917 SDO)]Q

(o0, 00nt1,¥" (0)) >

>

< [(og0, 001, 90)]*" " O[L (050, 061, 00)]"
< 2

<

<

(
_i(O'Cn, O’§n+1, ( ))
(UQmUQn—&-l;w ( 0))

!

n—1

)1

[ (U§0,U€1,900)]2 O[F(UQ()aUQl,ﬁPo)] "
[ (O-Q()vo-nglagp(])]yl_l

n—1

(U§n70§n+1?w ( ))
Z(00n, 0011, " (0))
Z(06n; 0541, 9" (0))

From , , and for p > n > ng, we get

O [Z(0so, o<1, 00)]2"

n—1

Z (U§0,0§1;900)]2 ®[Z(09070917900)]2

_i(UQn, O-Qpa 90) Z -i(O'Qn, Uva Z ¢q(¢0>)

q=no
.

> (000,005, Y ¥"(0))
q=n

> (00, T0n11,¥"(#0)) * W0 0n 41, 00042, 9" (00)) -+ %
(001,00, VP~ (90))

[((e00,001, 900)]2n_1 * [1(0<0, 061, ©0)] * [(0 00,001, 900)]2n
[oso, 051, 00)]”" %+ % [Nogo, a01, o) * [0, 051, 00)]”
= [ooo, cor, o) " % [Now, os1,00)]” >
2&1—1/)*(1—1/)*---*(1—1/221—5

g

2p —2n

2n—1

v

p—2

*

which implies
o0n,00p,0) >1—1 (22)
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T(00n, 00p,¢) <T(00n, 005, Y 4(00))

q=no

p—1
< T(00n, 005 Y _ 1 (¢0))

g=n
< (000, 00n+1, ¥" (190)) OT (0001, 0 0ns2, V" (0))0 - .. O
T(00p-1, 00, " (¢0))
< [[(o00, 701, 90)*" O[T (060, 1, 00)]*" O[(000, 701, 0)]*"
O[T (050, 01, 90)]*" 0 - .. O[L (000, 01, 90))* O[L (050, 051, 90) ]
= [[(o0o, 001, 900)]2p_1_2n_1 Ol (oo, 061, %)]2;7_1_2”_1
<vOrd... v <p
9p ~on
which implies
L(00n, 000 9) < B (23)

Z(00n,00p, %) < Z(00n,00p, »_ ¥(20))

q=no
p—1
< Z(00n,00p, »_ 1 (00))
o=
< Z(00n, 00n+1, V" (©0)) @ Z(00n11, 00012, 0" (00)) @ -+ ©
Z(00p-1,00p, V" (0))
[Z<0Q07 001, 900)]2%1

IN

© [Z(U§0,U§1>S00)]2n ®© [Z(UQO:UQ1>900)]2n
® [Z(0%, 061, 00)]>" @ -+ © [Z(000, 001, 00)* @ [Z(00, 061, 00)]
= [Z(000, 001, 00)> ¥ ©[Z(0%, 05, 0)]F

<rvoOve---Ou<f
2p—2n

op—2

which implies
Z(00n,00p,0) < B (24)

for all p,n € N with p > n > ng and ¢ > 0.
Hence, {00, } is a Cauchy sequence. Similarly, we can prove that {og,} is a Cauchy
sequence.
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Step 2: Here, we will prove that €2 and o have a coupled coincidence point.
We can assume that o(A) is complete and hence there exists o,¢ € o(A) and w,¢ € A
such that

lim o(on) = lim Q(0n, ) = 0(w) = o, (25)
nh_{ﬂlo o(sn) = nh_{{.lo Qs 00) = 0(5) =5 (26)

By using , and we get,

(Q2ns sn), Aw, ), ¥ ()
I'(Q(on, ), Aw, 6), ¥(p))
Z(Qon,n), Aw, ), ¥(p))

v

Vo0, 0(w), ) * o6, o(s), ),
[(oon, o(w), )0 (06n, o (5), ¥),
Z(00n,0(w),¢) © Z(06s,0(s), »).

IA A

Since 1,I" and Z is continuous, taking limit as n — oo, we get

T(o(w), 2w, <), v(p)) =1, T'(o(w), 2w, <), ¢(¢) = 0, Z(o(w), 2w, <), ¥(¢)) = 0,

which shows that Q(w,¢) = o(w) = 0.

Similarly, we can prove that Q(s,w) = o(s) = ¢. Since € and o are weakly compatible,

we get that oQ(w,s) = Q(o(w),o(s)) and oQ(s,w) = Q(o(s),0(w)), which implies

that o(0) = Q(p,<) and o(s) = Q(s, 0).

Step 3: Next, we prove that o(g) = ¢ and o(<) = .

Since * is a t-norm ¢ and ® are t-conorms of §) - type, for any 5 > 0, there exists

av > 0such that (1—v)x(1—v)*---x(1—v) > 1—-03, vOrd...0v < B,
—_—

"

-~

q q
vrove---Or < g, forall geN.

q
Since (o,5,),(o,s,-) and Z(p,s,-) is continuous and

lim T(g,5,¢) =1, lim I'(g,¢,) =0 and lim Z(p,s,¢) =0

p—00 p—00 p—00

for all p,¢ € A, there exists ¢y > 0 such that

_I(O'Q,g,SO()) Z 1— v, -I(O'C,Q,QOO) Z 1-— v,

['(00.¢,¢0) < v, I'(06, 0,00) < v and

Z(00,s,0) < v, Z(05, 0,0) < V.

Also, since ¢ € ¥, by using (¢-3), we have >~ 1" (pp) < o0.

Then for any ¢ > 0, there exists ng € N such that ¢ > Zzino (o).

Since

_](UQ> OSn+1, ¢(¢0)) = _KQ(Qa C), Q(gnv Qn)a ¢(@0))

‘I")J ournal of Computational Mathematica Page 61 of



2456-8686, viii(ii), 2024:052-068
https: //d01 org/10.26524/cm195

> (00,06, ¢o) * (oS, 000, ¢0),
Lo, ), 2(sns 0n), (o))
(00,06, o)L (06, 00n, po)and
Z(€2(0,), sn, 00), (o))
Z(00,0%n,0) © Z(06, 004, $0),

[(00, 061, ¥ (o))

IN
}1

Z(O’Q, O-gn+17 ( ))

IN

Letting n — oo, we get

—[<O-Qvg777b(900)) 2 _|<0-Q7§7900> * _|<J§7 o, 900) (27)

F(O'Q,le(g@o)) < F(O'Q,§, ¢0)<>F(U§, 0, QOO) (28)

Z(O’Q,g,@[)(@())) < Z(O’Q,§,Q00) © Z(O’§, 0, 900) (29)
Similarly, we can get

(o, 0,9(0)) = o0, 00) * (06, 0,%0) (30)

F(Ugv 971/)(900)) S F(O-Q7§7 SOO)OF(O-§7 0, §00) (31)

Z(O’§, Q’¢(w0)) < Z(O-Qaga(pO) @Z(O’§, 0, 900) (32)

From ,, , , and we have

(oo, ¥(e0)) * (o5, 0,¢(¢0)) > [0, s, 00)]* * [0, 0, %0)]°
L(00,5,¢(0))0T (05, 0,1(0)) < [L(00, 5, 00)]*O[L(05, 0, ¢0))*
Z(00,5,9(¢0)) © Z(0s, 0,¢(¢0)) < [Z(00,5,90)]° © [Z(05, 0, 00))

Proceeding like this n times we get,

T(o0,5,9" (o)) * Mo, 0,9"(00)) > [T(o0,5, 9" (w0)]* * [T(as, 0,4 (0))]?
> [Tao, 5, 00)*" * (a5, 0, 00)]*",
L(a0,5,9"™(#0))OT (05, 0,9 (¢0)) < [[(a0,5, 9" (0))]*0[T (5, 0, 9™ (00))]
< [[(00,5,%0)]* O[L(05, 0, 90)]*",
Z(00,5,9"(0)) © Z(0s, 0,9 (90)) < [Z(00,5,4"(0))]* © [Z (06, 0,9" (0))]?
< [Z(0o,s,90)])* @ [Z(0s, 0, p0)]* for all n € N.

J[DJ ournal of Computational Mathematica Page 62 of



2456-8686, viii(ii), 2024:052-068
https: //d01 org/10.26524/cm195

Since ¢ > > "2 (pp) We get

T(o0,5,0) * W05, 0,0) = oo, Y (o)) * Tos, 0, Y ¥(0))

> (00,5, 9™ (o)) * (o5, 0, V"™ (o))
[((o0,5,0)1" * (o5, 0, 00)]*"
A=v)x(I-v)*-x(1-v)>1-B,

~
22n0

T(00,5,¢)0T(05,0,0) <T(00,5, > "(0))0T (05,0, Y V()

q=no g=ng

I'(o0,<, 4™ (0)) 0T (0, 0, " (¢0))
[C(a0,<, 00)]" O[T (06, 0, 00)]*"
< vord...0v < fand

——

22n0

IN |/\

Z(a0,5,9) © Z(05,0,0) < Z(a0,5, Y, ¥(¢0)) © Z(05, 0, > ¥(20))

q=no q=no

< Z(00,6,9™ (o)) ® Z(o6, 0,V (¢0))
< [Z(oo,5,90)]*" © [Z(0s, 0, 00)]*"
SYore--ous<p

22n0

Hence, for any 8 > 0, we get

oo, s, 0) *os,0,9) > 1= T(oo,5,¢)0I (05, 0,¢) < B and

Z(00,6,0) ® Z(0os,0,0) < forall p > 0.

Hence we conclude that op = ¢ and o¢ = p.

Step: 4 Next, we prove that p =¢

Since * is a t-norm and ¢ is a t-conorm of ) - type, for any g > 0, there exists a
v > 0 such that

El—y)*(l—y)*---*(l—yzz 1—-6, vOvd...0v < and g@u%---@ggﬁ

-~

q q
for all ¢ € N.

Since (o,s,:),T'(0,5,-) and Z(p,s,-) is continuous and lim T(g,¢,¢) = 1,
(p—r00

lim I'(g,¢,) = 0 and lim Z(p,¢,9) = 0 for all p,¢ € A, there exists ¢y > 0

p—00 p—00

such that (o, <, 00) =2 1 —v, I'(0,<,00) < v and Z(o,s, po) < v.
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But ¢ € U, by using (¢-3), we have > >° 1" (¢o) < co. Then for any ¢ > 0, there

exists ng € N such that ¢ > > 9(¢p).

By using , and we get,

1(09n+170§n+17 ( ) _[

i1V
R |

Q(0n,5n), 2

00n; 0Sn; Yo

F(O’Qn+1, OSn+1, 1?(%)

(
)

IA
)1

Z(00n+1,0Sn11, Y (@0) (
< Z(

As n — oo we get

1(@,91/1(300)) _|(Q,§ QOO) *_[(§ o, @0)
(o

Hence, we get

To,s,9) = Toss, > (o))

q=no

> (0,5, Y™ (¢0))

(AVARAY,

.

~~
22n072

L(o.5.¢) < Tlos, > (o))

q=no

(0,6, 4™ (¢0))

IA A

<vOrd... Qv <p
N————

2277,0 -2

Z(0,5,%) < Z(0,5: ) ¥(0))

q=no

(Q2(0n: Sn), s, 0n), ¥(¢0)))
(00n, 7n: 0) * 100, 000 $0),

( Sns 0n); ¥(0)))

( OT (06, 00n, po)and

Z(Q(0n,5n): Qsn, 0n), ¥ (¥0)))
O0n,0%n, 900) O, Z(O-gna 0 0On, 900)

S 0,5, QDO)OF(g? 0, @0)and
Z(0,5,%(0)) < Z(0,5,00) © Z(s, 0, 0).

(o, 00l [ls 000)"
(1—V)*(1—I/)*--->I<(1—VZZ1—5

(o, s, 0)*" OIL(s, 0,00)*
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Z(0.5.0" (¢0)
[Z(0,5, 007" ©[Z(s, 0,00)]7""
_VQVQQVJSB

~~
22n0 -2

IA A

which shows that ¢ = .
We have therefore demonstrated that there is a shared fixed point in A for €2
and o. Using the same method as previously, the fixed point’s uniqueness can be

demonstrated. This completes the proof.

Corollary 3.3 Let (A, ,T', Z, x,0,®) be a NMS, where * is a continuous t-norm, ¢

and @ are continuous t-conorms of §) - type satisfying (vii, xii and xvii of definition

2.3))-

Let ©2: A x A — A and there exists ¥» € ¥ such that

(Q2(0,6), 2p, 7),1(9) > o, py ) * (s, 7, ), (33)
['(Q(0,¢), 2p,7),¥()) < T(o, p,p)OL(s, 7, ), (34)
Z(Q2(0,6),Qp, 7),¥(p)) < Z(0,p,0) © Z(s, T, ) (35)

for all o,¢,p,7 € A, > 0. Then Q(A) is complete. Then there exists o € A such
that o = Q(p, 0), ie. © admits a unique fixed point in A.

The following example supports Theorem (|3.2))

Example 3.4 Let A = {0,1,1/2,1/3,...,1/n,...},* = min,0 = max,® =
max, -i(Q,§ 80) ma F(Q,C SD) |Q‘Q<|i¢7 (Q,C 90) = % for all 0,6 € A)SO > 0.

Then T(o,s,¢),T'(0,5,¢) and Z(p,s, ) is a NMS.
Let (p) = 2. Let Q: A x A — Aand o : A — A be defined as

O, Q = O
aipr (0,6) = (1/2n,1/2n)

ol0=9 1 o=g5 Moo= . .
, others

1 _ 1
ot 27 a3y

Let o,,5, = 1/2n. We have o, = 2n+1 — 0,200, 5) =

(2n+1)4 — 0, but

(Qo0n,0), 7200, 50), ) = 10, 1,0) = 0,
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L'(Q(00n,06,), 0 0n,5n), ) =I'(1,0,¢) - Land
Z(U00n,06), 0 0n,50), ) = Z(1,0,¢) - 1.

So 2 and ¢ are not compatible.

From Q(o,<) = 0(0), s, 0) = o(s) we get (0.<) = (0,0) and 2(0,0) = Q(c0,00)
which implies that €2 and o are weakly compatiable. It is clear that

i 2 mln{H+gp’K+<p} < A <max{H, K}, forall A, HL K > 0,¢ > 0.

As we already defined 7,T, Z, % and by the above result we get the inequality ,

and (T5).

which is equivalent to the following results:

2Q(0,¢) = Qp, 7)| < max{|o(e) — a(p)l, o () — a(T)[}, (36)

We will verify the above inequality .

Let T = {%,nEN},T:A—T.

Now, we discuss the following possibilities for (g, <) and (p, 7).

Case 1: (p,5) € T x Y, (p,7) € T x Y. It is clear that is true.

Case 2: (p,5) € T x Y, (p,7) € T x T. It is clear that is true.

Case 3: (0,6) € T x Y, (p,7) € T xT. If p# 7, is true. If p = 7 then take
p=7=1/2n. Then we get

20) 2607 = gl sl le) ~lo) ) =10} =

which shows that (36 is true.

Case 4: (o, )GTXT( 7) € T x T. It is clear that (36) is true.
C’ase5:(,)€TxT( T)ET xT. If p# 7, (36) is true. If p = 7 take

o€ Y, ¢=q5,p=7=5 then we get 2|Q(0,s) — Qp, 7)| =
max{lo(e) — o (o), o(s) — o(r)|} = max {7, |2

2
(2n+1)%

21 2n+1 }}’ or

max {|o(0) —a(p)|,|o(s) — a(7)|} = maX{QnH, |2T1Jr1 — 2n1+1|} implies is true.
Case 6: (0,) €T xT,(p,7) €T xT.

If o #,p#7, (30) is true.
lo#cp=rtakeo=g,c =5 87 mp= T %tlhenm?(& c)_lg(/)ﬁ)l = G
max{|o(0) —o(p)|,|o(s) —o(T)|} = rnabx{’%+1 - 2n+1| , ‘27’4—1 - 2n+1}}, which shows
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that is true. If o =¢,p =7 take o =¢=1/2p,p =7 =1/2q. Then

219(0,5) = p 7)| = 2| ke = k|

max{|o(0) — a(p)|,|o(s) — o(7)|} = ‘ﬁ — 57|, which shows that |D is true.
Therefore 0 is the only comon fixed point of 2 and ¢ and all the criteria in Theorem

(3.2) are met.

4 Conclusion

In this paper, we establish a new idea namely Neutrosophic Metric Space
(NMS). In NMS, Compatible mappings and weakly compatible mappings are defined.
Further, we have proved fixed point result for the above mappings with an example.
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