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Abstract

In this paper, we explore the Ulam - Hyers stability of system of additive functional equations
from a hotel model in Banach Space via classical Hyers Method.
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1 Introduction

The stability problem of functional equations initiated from a question of S.M.
Ulam [22] concerning the stability of group homomorphisms. D.H. Hyers [14]

contributed a first positive partial reply to the question of Ulam for Banach spaces.

Hyers theorem was generalized by T. Aoki [2] for additive mappings, Th.M. Rassias
[20] and J.M. Rassias [I§] for linear mappings by considering an unbounded Cauchy
difference. A generalization of all the overhead effects was achieved by P. Gavruta
[13] by replacing the unbounded Cauchy difference by a general control function in
the spirit of Rassias method. In 2008, a special case of Gavrutas theorem for the
unbounded Cauchy difference was obtained by Ravi etal., [2I] by considering the
summation of both the sum and the product of two norms in the sprit of Rassias
approach.

The well-known additive functional equation is

H(u+v) = H(u)+ H(v). (1)
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In 1821, it was first solved by A.L. Cauchy in the class of continuous real-valued
functions. It is often called additive Cauchy functional equation in honor of Cauchy
(see[1T]).

The various forms of additive functional equations

f@Rx —y)+ f(z —2y) =3f(x) - 3f(y) (2)
fRrEty+z)=flx+y + flv£2) (3)
f(z) + f(z) = f(2z) (4)

rw=1(57)+1 (455 ®)

@)+ fly+2) = fle+y) = fE5 @)+ fly+2) - fle+yl <7 (6)
flaz+y) = f(z—ay) = (a=1) f () + (1 +a) f(y) (7)

were conferred by D.O. Lee [16], M. Arunkumar [3, 4, 5] 6, 19]. The solution and
stability of several additive functional equations were discussed in [I], [7, [8] 9] [10L 12,
11, [15).

Usually, we take food on the hotels with my friends. One day we got a though
that we want to find which hotel serves fine and tasty food and also we prefer to
inform my friends about the hotels. The quality of the hotel observed by the quality
of food, service of the weightier and some may give tips. We found four types of the
following Hotels.

H, : We went to a first hotel to take food and ordered food. Servers first gave
some water and a handful of chips to eat till arriving the food. After some initially
time the food came and they served charmingly. The food was very tasty. So we

decided to help for them and then gave some tips for them.

H, : We went to second hotel to take food and ordered food. The food was tasty
and they served pleasantly. But the impression was not as in the first hotel. So we

did not help them and we avoided to give some tips.

H; : Later we went to a third hotel to take food. But this one was self-serviced.
So there were no servers and there was no need of giving tips. Here also the food was
fine.
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H, : Finally we went to fourth hotel. As usual we ordered food. Before arrival
of food, the servers take care us. But the food was not tasty and we did not like it.
Even though they served in good manner we did not gave any tips for them.

Based on the above data, let us have the following assumptions: u;; denotes the
foods; u;» denotes quality; u;3 denotes service; u;4 denotes giving tips; respectively.
If it is satisfactory it denotes + (PLUS) and not satisfactory it denotes (MINUS).

Now, we collect the following data, with the help of Binary digits, If good we give 1
(one) and Bad we give 0 (zero). (for food, quality, service and tips and ¢ = 1,2, 3,4.)

Hotel H; | Food (u;1) | Quality(u;a) | Service(uw;s) | Tips(us) | Total Sum | Preference
i, 1 1 1 1 4 1%
H, 1 1 1 0 3 2 x
H; 1 1 0 0 2 3
Hy 1 0 1 0 2 4
Table 1.1

The above data can be transformed into system of additive functional equations

as follows.
Hl (Ul + U9 + us + U,4) = H1 (Ul) + Hl (Ug) + Hl (Ug) + Hl (U4) (8)
H2 (u1 + (5) + us — U4) = H2 (Ul) + HQ (UQ> + H2 (U3> — H2 <U4) (9)
Hj (uy +ug — ug — ug) = Hy (ur) + Hs (u2) — Hs (us) — Hs (uy) (10)
H4 (Ul — U2 + us — U4) = H4 (U1> — H4 (Ug) + H4 (Ug) — H4 (U4) (1 1)

In this paper, we explore the Ulam - Hyers stability of system of additive functional
equations , @D, , in Banach Space via classical Hyers Method.

2 Solution of The Functional Equations

In this section, the authors derived the general solution of additive functional

equation (§)), (9, (10), by assuming N and M as real vector space.
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Theorem 2.1 If H : N — M bring about the functional equation (1)) if and only if
H : N — M brings the functional equations , @I}, and respectively.

Proof: For all

U, U, Up, Uiz, Uy, Uid, Uni, Uga, Uz, Uod, Ust, U2, U3, Usa, Udl, Udz, Uz, Uag € N.

Suppose H : N — M fulfilling the additive functional equation . Alternating
(u,v) by (0,0), (u,u), (u,2u) and (—u,u) in (1)) and for any ¢ > 0, we obtain

H(0) = 0; H(2u) = 2H (u); H(3u) = 3H (u); H(—u) = —H (u); H(cu) = cH (u); Yu € N.
(12)

Let us take u by w11 + 112 and v by w13 + 114 in and take H = H;, we obtain (§)).
Put (uu,ulg,ulg,uM) by (07 0, O, UQ4) in and take H1 = H27 we get
H2(_U/24) = —Hg(’u24); Vu24 € N. (13)

Let us take(uqq, w12, u13, u14) by (ua1, ugg, tag, —uay) in (§)), using and take
H, = H,, we arrive @D

SUbStitUting (u217 U22, U23, —U24) by (07 07 —Uss3, 0)7 (07 07 07 U34) in @ and take
H, = Hj;, we have

Hs(—u33) = —H3(U33), H3(—U44) = —Hs(u44); Vuss, uag € N. (14)

Let us take (o1, uge, Uss, Uog) by (us1, Use, gz, —uszq) in @D, using and take
H, = Hj, we arrive (10]).

Substituting (U31, U3z, U33, —U34) by (O, —U4y2, O, 0), (0, O, —U43, 0), (O, 0, 0, U44) n
and take Hs = Hy4, we get

H4(—U42) = —H4(U42), H4(—U43) = —H4(U43),H4(—U44) = —H4(U44);VU42,U43,U44 € N.
(15)

Let us take(us, ugg, uss, usq) by (ug1, —Uso, —ty3, —ugq) in (10). Using and take
Hs = Hy, we obtain ((L1J).

Putting (ug1, w4, g3, ugq) as (u,0,v,0) and Hy by H in , we arrive as
desired.
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Remark 2.2 From the above theorem, we see that all the functional equation ,
, @, and are equivalent with respect to its solutions.

3 Stability Results: Hyers Direct Method

To provide stability results for , @, , assume that R and S be Banach
spaces for derive the stability results.

From Table 1.1, the quantity of the hotel observed by the quality of food, service
of the weightier and some give tips. If we are not satisfy in tips, service of weightier,
quality of food we take that variable as zero (0) and if we satisfy all we give equal
preference to all variables to prove the stability results.

Theorem 3.1 Let p = +1. If Hy, Hy, H3, Hy : R — S are functions with inequalities

||H1 (u1 + ug + us + U4) - H1 (U1> — H1 (Ug) - H1 (U3) — H1 (U4)H

1(U11,U12,U13,U14) (16)
||H2 (U21 + U + Uz — U24) — Hj (U21) — Hj (UQQ) — Hy (U23) + Hy (U24)||

< To(ug1, U, U3, Uns) (17)
HH3 (u1 + uzy — uzz — uza) — Hz (uz1) — Hz (us2) + Hz (uz3) + Hz (uzda) ||

T3(Us1, Usz, U3, Uza) (18)
||H4 (a1 — Ugp + Usz — Uaa) — Hy (ugr) + Hy (wg2) — Hy (ug3) + Hy (uas) ||
> 7'4(U41,U42,U43,U44) (19)

where 71, 75,73, 74 : R — S are function fulfilling the conditions

S S S S S S S S
71 (4%Pur1, 4Pu0, 4Puss, 4°Puq4) To(3%Pug1, 3P U2, 3P Uss, 3P Us4)

lim = 0; lim =0;
5§—00 45p 5—00 3sp
lim 73(2°Pugy, 2P usg, 2°Puss, 2°Pug,y) — 0: lim T4(2Pugy, 42Uy, 2°PUs3, 2% Uy ) _0
5—+00 2sp 5—+00 2sp

(20)

for all wiq, uia, uis, Uia, Uy, Uga, Uss, Usa, U1, U2, U3, Usa, U1, Us2, Uas, Usg € K. Then
there exists a unique additive mappings M, My, M3, My : R — S fulfilling the

functional equations , @, , and
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1 > 1 (4qpu1, 4‘”’u17 4qpu1, 4‘”’u1)
1 (1) = Mi(w)| < > T
i
1 = 75 (3%uy, 3%y, 3%y, 0)
1 H2(uz) — Ma(u)|| < 3 > Sap Vouy € R
i
1 = 73(2%u3,2%u3,0,0)
| Hs(ug) — Ms(us)|| < 3 Z ar Yus € R
=13t
1 > T4 (2qu4,0,2qu4,0)
1 Ha(wa) = Ma(ud)|| < 5 > Sar YV oug € R;
—
where
H, (4°7 H, (3P
Ml(ul) = sll{go % \V/ U1l - R MQ(UQ) = SILIIC;IO %
. Hj3(2°Pug) . Hy (2°Puy)
M;(u3) = Sli)rgo T;V ug € Ry My(ug) = SIEEOT
respectively.

Proof. Alternating

(Ul,U1,U1,U1) in )
(u27u27u270) in a

(Un, U2, U13, U14) =

(U21, U292, U23, U24) =

(U31,U32,U33uu34) = (U3uu37070) in "
(U417U42,U43,U44) = (U4,0,U470) in ;
we obtain
|Hy(4ur) — 4H  (uy)|| < 7(ug, ug,ug,up);ug € R
||H2 R —3H2 U2 | < Ty Usg, UQ,UQ,O) U € R
|

Yu €R (21)

(22)

(23)

(24)

Yu e R

Vuy € R;
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The above inequalities can be rewritten as

Hl(:ul) ~ Hy(w)|| < Tl(ul’“jl’ ul’u1>;u1 € R; (29)
Hz(suz) — Hy(w) < 72(“2’7“;2’1‘2’0);@ € R; (30)
H3(22U3) — Hy(uy)|| < M;ug € R; (31)
i) _ gy | < 00000, e gy (32)

Again alternating, u; by 4u; and divide 4; uy by 3us and divide 3; ug by 2uz and
divide 2; uy by 2uy and divide 2 in above inequalities, they becomes

H1 (42U1) H1(4U1) T1(4U1, 4U1, 4U1, 4U1)
H2(22U2) HQ(?)UQ) TQ(?)UQ, 3U2, ?)UQ, O)
7 T3 < 2 Juz € Ry (34)
H3(22U3) H3(2U3) 7'3(2U37QU3,070) .
Hy(2? Hy(2 2uy, 0, 2uy4, 0
4(22U4) _ 4(2U4) < 7a( U472£ Uy, );u4 cR. (36)

From and ; and ; and ; and using triangular

inequality, we get

H,(4? 1 duq, duq, duq, 4
H(t ) — Hi(u)|| < - midun, dur, dur, du) + 71 (wr, ur, ur, we) | 3w € R;
42 4 4

(37)
HQ(SZUQ) I < 1 7'2(3U2,3U2,3U270) 0) ) : R (38
3 2(ug)|| < 3 3 + To(ug, ug, u2,0) | ;u2 € R;  (38)
H;(2%u 1 [ 7m3(2ug, 2u3,0,0
—3(22 ) )| < 5( 5(2us a )+73<u3,u3,o,0)) us €R; (39)
H,(2%u 1 [ 74(2ug, 0, 2uy, 0
% - H4(u4) =3 < 4( 1 5 1 ) +7'4(U4,07U470)) juy € R (40)
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The inequalities , , and generalized as follows

Hl (45U1) 1 S T1 (4‘1u1, 4q'LL1, 4qu1, 4qu1) ) )
T—H1(U1) quz; 14 sup € R; (41)
H2 (3SU2) 1 S TQ(BqUQ, 3qUQ, SqUQ, O) . .

T =: (Uz) < g qz; 34 JuUy € R; (42)
Hs (25U3) 1 — 73(2%372‘11637070)_ .

=~ Ha ()| < 5 ; o jus € R; (43)
Hy (2°uy) I < 1 & 74(2%14, 0, 29uy,0) R 44
e — Hi(w) —5; o juy € R. (44)

By considering u; as 4'u; and dividing by 4! in , Uy as 3'us and dividing by 3
in , uz as 2'us and dividing by 2! in , Uy as 2'uy and dividing by 2! in ,
one can obtained that the sequences

(i) iz, () (i)

are Cauchy sequences in R and S is complete, there exists a mapping M;, My, M3, M, :
R — S such that

i) = fim S
Moo = lim )
M) = Jig
Vi) = Jiy S

for all uy,us, u3, uy € R. Letting s tends to infinity in ; ; ; , we see
that ; ; ; , holds for p = 1. Assuming

(w11, u1g, urs, u1s) as (4%uyy, 4%uq2, 4°u13, 4°u14) and divide by 4% in
(U21, U2z, Uoz, Ua) 8S (3%Ua1, 3°Usz, 3%U2s, 3°Ug4) and divide by 3° in
(us1, usg, uss, uss) as (2%ugy, 2%ugs, 2°us3, 2°us,) and divide by 2% in
(Ug1, Uga, Ugg, Ugg) @S (25Ug1, 2%Ug0, 2%Uy3, 2°Uuyq) and divide by 2° in ,
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we arrive the following

‘ Hy (4%uqy + 4°uio + 4Purg + 4°uqg)

43
Hl (4S'LL11) Hl (4SU12) H1 (4SU13) Hl (481614)
B { 45 + 43 + 45 + 45
T1 (4SU11, 4%u12, 4°us3, 48“14) .
>~ 45 )

‘ H2 (38U21 + 38U22 + 3SU23 — 3su24)

35
_ H2 (3SUQ1) n H2 (BSUQQ) 4 H2 (3SU23) _ H2 (3SU24)
3% 3% 3% 3%
Ty (3%u21, 3%Usg, 3°Un3, 3°Uos)
— 35 b

’ Hj (2°us3; + 2°use — 2%uss — 2%usy)

28
o H3 (28U31> + H3 (QS’Ugg) o H3 (28/&33) o H3 (28U34)
25 25 28 23
T3 (2811,31, 28U32, 2SU33, 2811,34) .
i 28 )

’ H4 (QSU41 — QS’LL42 + QS’LL43 — 2SU44)

25
o H4 (2SU41> . H4 (28U42) i H4 (QS’U43) o H4 (25U44)
28 28 25 25
74 (2°u41, 2°Usg, 2°Uy3, 2°Usy)
= 9s

and let as taking lim s — oo on both sides of the above inequalities, we see that

My (unn + urz + uig + wrg) = My (urr) + My (ui) + My (ui3) + My (uaa) ;
My (ug1 + g + ugg — tgg) = My (un1) + Ma (uga) + My (ug3) — My (ua4) ;
M3 (uz; + usg — usz — uza) = M3 (us1) + M3 (us2) — M3 (uz3) — M3 (us4);
My (ug1 — gz + Uz — Ugg) = My (ugr) — My (ua2) + My (ug3) — My (uaa) ;
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for all ui1, uig, U3, Ura, Uot, Usa, Uo3, Uaa, U1, U2, U3, Usd, Udl, Uaz, Uss, Usg € [2. Hence
My, My, M3, M, are additive functions.

To show that M;(uy), Ma(us), Ms(us), My(uys) are unique. Assume that the
another mappings M, (uy), My(us), Ms(us), M, (uy) fullfilling the functional equations

, @, , respectively. Now,

—_

S—

2 49+ 49+ 49+ 4a+!
HM1(U1) — Mll(ul)H < 1 G Z‘;l ik ) —0 as [ — oo
q=0
s—1
2 3q+l 3q+l 3q+l 0
HMQ(U2) — M21(U2)H < 3 (31 s, 3%32’ u,0) —0 as | — oo
q=0
s—1
7_3(2q+lu3, 2q+lu37 07 0)
HM:;(U:;) — M;(U;g)H < St —0 as | — oo
q=0
s—1

7_4(2q+lu4, 07 2qulu47 0)

et -0 as | — 0.

|| Ma(us) — My (ug)|| <

q=

[e=]

Thus, we obtain Hi(u;) = M{(U]_),HQ(’UQ) = Mé(UQ),Hg('LLg) = Mé(Ug),H4(U4) =

M, (uy) are unique. Hence theorem holds for p = 1.

Now substituting

(Un,U12>U13>U14) = ( %
(U21,U22,U23,U24) = (—27_2 %>0 I
(U31,U32,U33,U34) = (u—f, 3 0

(U417 Ug2, U4z, U44) = (347 0, 74; 0

we arrive
Hl(u1)—4H1 <%) <7 (%,%7%7%> ;up € R (45)
Hz(uz) — 3H, <%) < T <%, %7 %7(]) ;uz € R; (46)
Hy(us) =205 (2) | <7 (5. 5.0.0) sus € B (47)
Ha(us) — 2H, (%) < (% 0, % 0) Jug € R. (48)

The rest of the proof is same way to that of case p = 1. Thus, the proof is complete.

“I")Journal of Computational Mathematica Page 99 of



2456-8686, viii(ii), 2024:090-104
https://doi.org/10.26524 /cm199

Corollary 3.2 Let 7,p be positive integers and assume the mappings
H,, Hy, H3, Hy : R — S managing the inequalities

| Hy (w11 + w1z + urg + ura) — {Hy (u11) + Hy (u12) + Hy (u13) + Hy (u14) }|
(

(@)

0>y |’

UD D V2N [ (49)
0 o e ]l”;

4
| 0TI

IN

| Ha (u21 + uog + uag — ugg) — {Ha (u21) + Ha (u22) + Ha (u23) — Ha (ug4) }|
(@) n;
<N ey e (50)

4
N> ey 2|

| Hs (us1 + usp — usg — usa) — {Hs (us1) + Hs (usz) — Hs (uss) — Hs (usq) }H|
(@) n;
<9 0 sl (51)

03 s |

| Ha (a1 — s + was — wag) — {Ha (war) — Hy (ug2) + Hy (ug3) — Hy (wgs) }|
(@) n;
<9 Y ) (52)

03 e

for all w1, ui2, w13, Ura, Uz1, Uz, Uas, Uoa, U1, Us2, Uss, Usd, Udt, Ud2, Uss, Usg € K. Then
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there exists a unique mappings M, My, M3, My : R — S such that

(

(1)

4wy ||”
n|4 v P 7L
| H, (w) — My (w)]| < ];1 e e # 1 (53)

4p
|| .
|[4—44r]|> 4p 7& 17
n||u||p1+/32+p3+/34

\ W,p1+m+pg+m%l;ulel~2

(1) s
|Hy (ug) — Ms (ug)]| < néHu?,' p#£ 1 (54)

Pk
> B e # Lus € By
k=1

(@) nl;
| Hs (uz) — Mz (u3)]| < né”ffj\pm # 1; (55)

2
Pk
> el pr # Lus € R
k=1

(@) |nl;
| Hay (ug) — My (ug)|| < 12”“;,!5” £ 1; (56)

ug||Pk
S e

Proof. Let us take the right hand side of ; ; ; as the right hand of
; ; ; , respectively in Theorem we obtain our needed result.
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4 Conclusion

According to Table 1.1 and after, tasting the food on 4 hotels, we gave some
suggestions about the hotels to my friends based on Food, Quality of food, Serves
attitude and Issuing tips.

We liked first two hotels H; and H, because the food was tasty and they served
very well. So normally people will go to hotels H; and H, in more number.

Also third Hotel Hz was self-serviced, so many of them did not like it. The food
was not tasty in the fourth Hotel H4 and no one liked it and none of them will go
there.

By Corollary for conditions (i) of ; ; ; , we get the better
possible upper bound stability analysis in first two hotels only that is in ; .

In rest of the situations that is in ; , we cannot get the upper bound.
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