2456-8686, viii(ii), 2024:105-127
https://doi.org/10.26524 /cm200

ORIGINAL RESEARCH Open Access

Homomorphisms And Derivations of a Generalized

Functional Equation in Various Algebras

Arunkumar M["| Sathya E Phnd Divyakumari PF|
Received: 08 October 2024/ Accepted: 12 November 2024/ Published online: 10 December 2024
(©Sacred Heart Research Publications 2017

Abstract

In this paper, we investigate the generalized Ulam - Hyers stability of homomorphisms and
derivations of a generalized additive functional equation in Banach, Quasi - Banach, C*, Lie
C*, Jordan C* Algebras.

Keywords: Functional equation, Generalized Hyers-Ulam stability, Banach Algebras,
Quasi -Banach Algebras, C* Algebras, Lie C* Algebras, Jordan C* Algebras.
AMS classification: 39B52, 32B72, 32B82

1 Introduction

In Ulam [26] proposed the general Ulam stability problem: When is it true that
by slightly changing the hypotheses of a theorem one can still assert that the thesis
of the theorem remains true or approximately true?. In Hyers [7] gave the first
affirmative answer to the question of Ulam for additive functional equations on
Banach spaces. Hyers result has since then seen many significant generalizations,
both in terms of the control condition used to define the concept of approximate
solution one can see [2, 6 17, 21], 23].

During the last seven decades the stability problems of various functional
equations in several algebras have been broadly investigated by number of
mathematicians and more details about the definitions on all the algebras see
[3, 4[5, 9L 10] 11, 12, T3] 14], 15, 16, 18, 19, 20, 22) 241 25].

The important Cauchy additive functional equation is

AMu+v) = AMu) + A\(v) (1)
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having solution A(u) = cu (see [11, {]).

In this paper, we introduce and investigate the generalized Ulam - Hyers stability of
homomorphisms and derivations of a generalized additive functional equation

Mau + o) + ABu + av) = (a+ B)(A(u) + A(v)) (2)

where «, § # 0 in Banach, Quasi - Banach, C*, Lie C*, Jordan C*, Algebras
respectively.

Theorem 1.1 Assume V; and V5 are real vector spaces. Suppose that A : V; — V5
satisfies the functional equation then X\ : V; — V5 satisfies the functional
equation ([2)).

2 Stability Results in Banach Algebras
In order to establish the stability results, throughout this section let us

assume A be a Banach algebra with norm || - ||4 and B be a Banach algebra with
norm || - ||s.
Also, assume a function N : A? — [0, 00) by

(
T,

m{l|u||g + ||v[|S9},
N(u,v) = UlellZ 1% . for all u,ve A

vl

| T Al ZI0l1F A+ ull28 + oll5E

Homomorphism Stability Result

Theorem 2.1 If A\ : A — B and n: A% — [0,00) are functions satisfying the double
inequalities

[AMau + Bo) + A(Bu + av) = (o + B)(A(u) + Av)ll5 < n(u, v) (3)
[A(u) = A(w)A(©)5 < nlu, v) (4)
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and ] 1
. ov o () — ov ov
Jim 75/7(7 u,7"v) = 0= lim 725/7(7 u,v""v) (5)
for all u,v € A where
v==41 and v=a+ 0. (6)

Then there exists a unique homomorphism function H : A — B satisfying the

functional equation and

A ) — H(u) g < o 27 > moe )

_ 171/

and the mapping H(u) is defined by

H(u) = lim L)\( u) (8)

d—00 ")/

for all u € A.
Proof. Assume v = 1. Letting (u,v) by (u,u) in (3), we arrive

[2A((r + B)u) = 2(a + SA (W)l g < n(u, u) = [[A(yu) = yA(u)ll5 < %n(u, u) (9)

for all u € A. It follows from above inequality that

1
5 < %U(U’U) (10)

for all u € A. Now replacing u by yu and dividing by ~ in , we obtain

APu)  Ayw) 1
— < —=n(yu, yu 11
|2 =20 < ot (1)
for all uw € A. From ((10)) and (11)), we get
A(y*u) 1 { n(yu, yu)
)| < = |n(u,u) + LT 12
[0 = x| = g ot + 22 (12)

for all u € A. Proceeding further and using induction on a positive integer 9, we
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have

15’11

— > —n(vu,v*u (13)
27 = )

A(y’u)

for all u € A. It is easy to verify that the sequence ¢ ——— ¢, is a Cauchy sequence
Y

by replacing u by v°u and dividing by ~¢ in , for any €, > 0. Since B is
complete, there exists a mapping H(u) : A — B such that

H(u) = lim —)\(7 u), for all u € A

d—00 ”)/

Letting 0 — oo in (|13)), we see that holds for all u € A. To show that H satisfies
, replacing (u,v) by (Y°u,7%v) and dividing by 7° in , we obtain

L IAG @+ 50) + 267 Bu+ a0) = @+ DG +AG 0D Tl

for all u,v € A. Letting 6 — oo in the above inequality and using the definition of
H(u), we see that

H(ou + Bu) + H(Pu + av) = (a + B)(H(u) + H(v)).

Thus the existence of ‘H satisfies the additive functional equation for all u,v € A.

From ({)) and definition of H, we achieve

[ H(uw) — H)H(w)] 5 = % A 470) = AW AG ),

1
< Wﬁ(’y‘su,’y‘sv) —0 as 6 — 0.

Therefore
H(uv) = H(u)H(v)

for all u,v € A. Thus, H is a algebra homomorphism. To prove existence of H is
unique, we assume H'(u) be another homomorphism mapping satisfying and

@, then
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/ 1 € !(A€
[H(u) = H'(u)ll5 = " [H (Y u) = H' (v w)lls
1 n / n
< {IH(w) = A )l + 1A w) = H'(Y"u)ll g}
2 o7 )n(75+5u,75+€u) —0 as § > ©
x=0 v

for all u € A. Hence H is unique. Thus the theorem holds for v = 1.

Letting u by ’;L in @, we get

o (9], = 59

for all u € A. Again setting u by % and multiply by v in ‘D we obtain

ORI EUCE

for all u € A. From and , we achieve

(@) AbE Y )] o

for all u € A. Proceeding further and using induction on a positive integer 9, we

HA() 5A(> S%Zv‘s 177( —) ZW]( —> (17)

for all u € A. The rest of the proof is similar lines to that of case v = 1. Thus, the

have

theorem holds for v = —1.
Corollary 2.2 Suppose A : A — B be a mapping and there exists real numbers 7

and w such that

[Aau + Bo) + A(Bu + av) — (o + F)(A(u) + A(v))l|5

[A(uv) = AMw)A(©) ]

< N(u, v) (18)
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for all u,v € A. Then there exists a unique homomorphism function H : A — B
satisfying the functional equation and

(

T
2[1—1}]’
LT A
IMu) = H@)lg < 770 (19)
wull
2w |’
2?!)7—7%\
( 2]y —*7|

for all u € A.

Derivation Stability Result

Theorem 2.3 If \: A — A and n: A% — [0, 00) are functions satisfying the double
inequalities

[A(au + Bv) + A(fu + aw) — (a + B)(A(u) + A(v)) 5 < nlu, v) (20)
[A(uv) = uA(v) = Aw)vll g < nlu, v) (21)
and ] .
Jim —n(y™ ) = 0= lim —gn(y ™) (22)
for all u,v € A where
v=+=41 and v=a+p. (23)

Then there exists a unique derivation function D : A — A satisfying the functional

equation and

A () ~ D) < 27 > e (24)

— 171/

and the mapping D(u) is defined by

D(w) = Jim —A("u) (25)

for all u € A.

“IIDJournal of Computational Mathematica Page 110 of



2456-8686, viii(ii), 2024:105-127
https://doi.org/10.26524 /cm200

Proof. By Theorem [2.1] there exists a unique additive mapping D : A — A
satisfying ([24)). Also, the mapping D : A — A given by

1
D(u) = 51520 $A(75u)

for all u € A. From and by definition of D, we achieve

1
ID(uv) = uD(v) = Dlujolls = A u 7°0) = Y ud(y70) = Ay u)y o] 4

1
< ﬁn('y‘su,’y%) —0 as 6 — 0.

Therefore
D(uv) = uD(v) + D(u)v

for all u,v € A. Thus, D is a algebra derivation.

Corollary 2.4 Suppose A : A — A be a mapping and there exists real numbers 7
and w such that

[AMau + o) + A(fu + av) = (a + B)(A(u) + Av))l 5
[A(uv) — uA(v) = Au)v]|5

< N(u,v) (26)

for all u,v € A. Then there exists a unique derivation function D : A — A
satisfying the functional equation and

(

e
2|1—7w|’
T
W) — D)y < { 575k (27)

o] [

5o 2w#

2?\)7—72?
T [

\ 2‘7_7w|

for all v € A.
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3 Stability Results in Quasi - Banach Algebras

In order to establish the stability results, throughout this section let us assume A
be a quasi norm algebra with norm || - ||4 and B be a quasi Banach algebra with
norm || - ||g.

Homomorphism Stability Result

Theorem 3.1 If A\ : A — B and 1 : A*> — [0, 00) are functions satisfying the double

inequalities

[AMau + Bv) + A(Bu + av) — (o + B)(A(u) + A(v))[[5 < n(u,v) (28)
[AMuv) = Au)A(©)]l 5 < n(u, v) (29)
and ] )
: . ov Wy — ) = Ti v v
Jim (Ve e) = 0= Jim —amn(y™ e, 97) (30)
for all u,v € A where
v==1 and v=a+p. (31)

Then there exists a unique homomorphism function H : A — B satisfying the
functional equation and

K70 o~ (0w
B I (32
XZI;V

and the mapping H(u) is defined by

1
H(u) = lim WA(W(S u) (33)

for all u € A. Proof. Assume v = 1. Letting (u,v) by (u,u) in (28), we arrive

[2A((r + B)u) = 2(a + SA(u)l g < n(u, u) = [|A(yu) = yA(u)|l5 < %U(w u) (34)

for all u € A. It follows from above inequality that

< %n(u, w) (35)
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for all u € A. Now replacing u by yu and dividing by ~ in , we obtain

Ay*u)  Ayw) 1
— < —n(yu, yu 36
H " ol 27277(7 Yu) (36)
for all u € A. From (35]) and (36]), we get
A(v*u) K { n(vu,w)}
W) < = o, w) + BT 37
[ )| < 5 [+ 202 37)

for all u € A. Proceeding further and using induction on a positive integer §, we
have

K6 19—
< Z n(yu, ) (38)

B :0

for all u € A. The rest of the proof is similar lines to that of Theorem

Corollary 3.2 Suppose A : A — B be a mapping and there exists real numbers 7
and w such that

[Aau + Bo) + A(Bu + av) = (o + F)(A(u) + A(v))l|5
[A(uv) = Au)A(0) |5

< N(u,v) (39)

for all u,v € A. Then there exists a unique homomorphism function H : A — B
satisfying the functional equation and

4 K5_17T
2|1 —~|’
KO el [u]|%

w

Foae 0 T
_ Y=
“)‘(U) H(U)HB§< K(S_lﬂ—“u’li\w (40)
S oo 2w # 1
}(2!:}/157711272
ol o,
2]y ==
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Derivation Stability Result

Theorem 3.3 If A : A — A and 7 : A% — [0, 00) are functions satisfying the double
inequalities

[A(au + Bv) + A(Bu + av) — (a+ B)(A(u) + A(v))|[5 < n(u,v) (41)
[A(uv) — uA(v) — A(w)vllz < n(u,v) (42)
and
lim — (Y u,yv) =0 = 1 ! (43)
Jim —on(r .y v) ggw—(v u, ")

for all u,v € A where
v==l1 and v =a+ . (44)

Then there exists a unique derivation function D : A — A satisfying the functional

equation and

6—1 ® qu XV
IAw) = D)y < 7o Zm 7u) (45)

_1-v 1/

and the mapping D(u) is defined by
. 1 v
D(u) = lim —A(y""u) (46)

for all u € A.
Proof. The proof is similar to that of Theorem [2.3]

Corollary 3.4 Suppose A : A — A be a mapping and there exists real numbers 7
and w such that

[Aau + Bv) + A(Bu+ av) — (a + B)(A(u) + A(v)) |5

M uv) = uA(v) = A(u)v|| ;5

< N(u,v) (47)

for all u,v € A. Then there exists a unique derivation function D : A — A
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satisfying the functional equation and

[A(w)

for all u € A.

- D(U)HB <

;

\

%v—v“!’

21y —9*=|

Kol

2|1 —~|’
K |ul| %

w# 1

2w # 1

|_w
K| |u] 57
K

3| ful 57

, 2w #£1

4 Stability Results in C* Algebras

In order to establish the stability results, throughout this section let us assume A

be a C*— algebra with norm || - ||4 and B be a C*— algebra with norm || - || 5.

Homomorphism Stability Result

Theorem 4.1 If \: A — Band n: A% —

inequalities

| A(au + Sv) + A(Bu + av) —

[A(uv) —

and

lim
§—00 ’yél’

for all u,v € A where

Then there exists a unique C*— algebra homomorphism function H : A — B

1 1% 1%
n(v"u, ") =

(4 B)(A(u) + A())l5 < n(u,v)
AwA)l5 < n(u,v)
[A(u") = Aw)"[|5 <

n(u)
1 (Sl/ 61/ ]_
=0= 51131 7251,77(’7 u, ") = 51131 Wﬁ
v==I1 and v=a+ .

satisfying the functional equation and

n(yx UW”)

[A(u) =

_1-v 1/

(48)

[0,00) are functions satisfying the triple

(54)
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and the mapping H(u) is defined by

1 v
H(u) = 515210 W)\(’y(S u)

for all u € A.

(59)

Proof. By Theorem [2.1] there exists a unique homomorphism mapping H : A — B

satisfying . From and definition of H, we achieve

1) — Hw) s = — AP0 — Ay Pu)”

B

2

< —n(y’u) -0 as § = oo,

\Qo.l —_

Therefore

for all u € A. Thus, H is a C*—algebra homomorphism.

Corollary 4.2 Suppose A : A — B be a mapping and there exists real numbers 7

and w such that

[AMau + Bv) + A(Bu + av) — (o + B)(A(u) + A(v))[|5

< N(u,v) (56)

[A(uv) = A(w)A(v)][4
and

Au?) = Aw)*ll s < 7lfullZ

(57)

for all u,v € A. Then there exists a unique C*— algebra homomorphism function

H : A — B satisfying the functional equation and

(

T
2]1—1”
L
IA(u) = H(u)llz < 17T e)
Al
N~ 200 w #
2?|)7—VZW|
\ 2|7—7w|

(58)
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for all u € A.
Derivation Stability Result

Theorem 4.3 If A : A — A and 1 : A — [0, 00) are functions satisfying the triple

inequalities
[A(au + Bv) + AMBu+ av) — (o + B)(A(u) + Av))llz < n(u,v) (59)
[A(wv) — uA(v) — Au)vllz < n(u,v) (60)
[A(W") = Aw)*|l5 < n(u) (61)
and ] )
lim Wn(v‘s”u,v‘”v) = 0= lim ,ymn(v‘s”u,v‘”v) (62)
for all u,v € A where
v=+=41 and v=a+p. (63)

Then there exists a unique C*— algebra derivation function D : A — A satisfying
the functional equation and

IA() = D)5 < 27 > p (64)

— 171/

and the mapping D(u) is defined by

D(u) = lim —\(v"u) (65)

d—00 ’)/61/

for all u € A.
Proof. The proof is similar to that of Theorem [4.1]

Corollary 4.4 Suppose A : A — A be a mapping and there exists real numbers 7

and w such that

[Aau + Bv) + A(Bu+ av) = (a + B)(A(u) + A(v)) |5

[AMuv) = uA(v) = Au)v|[ ;5

< N (u, v) (66)
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and
[A(u") = A(w)*[|5 < 7[|ul|Z (67)

for all u,v € A. Then there exists a unique C*— algebra derivation function
D : A — A satisfying the functional equation and

;

e
2\1—1\’
s
IAw) — D@y < 750 (68)

rllullE
oy — e 2FF
2§7—72w|

\ 2|7_’Vw|

for all u € A.

5 Stability Results in Lie C* Algebras

In order to establish the stability results, throughout this section let us assume A be
a Lie C*— algebra with norm || - ||4 and B be a Lie C*— algebra with norm || - || 5.
Homomorphism Stability Result

Theorem 5.1 If A\: A — B and n: A? — [0, 00) are functions satisfying the double
inequalities

A au+ Bv) + A(Bu+ av) — (a+ B)(A(uw) + A(v)) ||z < n(u,v) (69)
[A([wv]) = [Mw), A@)]llg < nlu,v) (70)
and . .
Jim (3™ yw) = 0= Jim (v, ) (71)
for all u,v € A where
v==1 and v=oa+p. (72)
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Then there exists a unique Lie C*— homomorphism function H : A — B satisfying
the functional equation and

I\ — S 7 ”X”“ ny e, ) (73)

l—u

||B — 27

and the mapping H(u) is defined by
: 1 Sv
H(u) = lim —A(y*"u) (74)

for all u € A.
Proof. By Theorem [2.1] there exists a unique homomorphism mapping H : A — B
satisfying . From and definition of H, we achieve

IH([uv]) = [H(w), H(v)]lls = 55 |77 7°0]) = A3 u), A 0)] | 5
< %n(’y‘su, Yv) = 0 as & — oo. Therefore
H([uv]) = [H(u), H(v)]

for all u € A. Thus, H is a Lie C*— algebra homomorphism.
Corollary 5.2 Suppose A : A — B be a mapping and there exists real numbers 7
and w such that

[Aau + Bo) + A(Bu + av) — (o + B)(A(u) + A(v))l|5
[A([wo]) = [A(w), A()]]|5

< N(u,v) (73)

for all u,v € A. Then there exists a unique Lie C*— algebra homomorphism
function H : A — B satisfying the functional equation and

(

T
2]1—1”
|7rHUH;\|7 —_—
IAu) = H@)lz < 7 T0 (76)
||| 5 1

o 20 #
2?|)7—VZW|

\ 2|7—7w|
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for all u € A.

Derivation Stability Result

Theorem 5.3 If \: A — A and n: A? — [0, 00) are functions satisfying the double

inequalities

[Aau + Bv) + A(Bu + av) — (a + B)(A(u) + A(v))|l5 < n(u, v) (77)
[A([uv]) = [Mw)v] = [u, Ao)][lg < nlu,v) (78)

and ] ]
61511 7_ (7 u, ~° Yv)=0= 61Lm 726”77(75”u,75”11) (79)

for all u,v € A where
v=+41 and v =a+p. (80)

Then there exists a unique Lie C*— algebra derivation function D : A — A
satisfying the functional equation and

IA@) = D)l < 5- > ) (81)

71—V

and the mapping D(u) is defined by
: 1 ov
D(u) = lim —A(v""u) (82)

for all u € A.
Proof. By Theorem [2.3] there exists a unique additive mapping D : A — A
satisfying (81)). Also, the mapping D : A — A given by

D(u) = lim ,Y—A(v u)

for all u € A. From and by definition of D, we achieve

ID([uv]) = [D(u), v} = [u, D()]|l5 = % A w A*0]) = A ), 2°0] = 0w, A 0)]|

1
< Wﬁ(vau,'y‘sv) —0 as 6 — oo.
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Therefore
D([uv]) = [D(u), v] + [u, D(v)]

for all u,v € A. Thus, D is a Lie C*— algebra derivation.

Corollary 5.4 Suppose A : A — A be a mapping and there exists real numbers 7
and w such that

[IAMau + Bv) + A(Bu + av) — (a+ B)(A(u) + A(v))[|5

[ACfuv]) = [A(w)o] = [u, A)]ll5

< N(u,v) (83)

for all u,v € A. Then there exists a unique Lie C*— algebra derivation function
D : A — A satisfying the functional equation and

( T
2\1—7?\’
LTI S
M) = D(u)lls < 177 oL (84)
T PO
2w |’
2§7—v2w|
\ 2|'7_/7w|

for all u € A.

6 Stability Results in Jordan C* Algebras

In order to establish the stability results, throughout this section let us assume A

be a JC*— algebra with norm || - ||4 and B be a JC*— algebra with norm || - || 5.
Homomorphism Stability Result

Theorem 6.1 If A\ : A — B and 1 : A*> — [0, 00) are functions satisfying the double

inequalities
A au+ Bv) + A(Bu+ av) — (a+ B)(A(w) + A(v)) ||z < n(u, v) (85)
[A(uov) = A(u) o A(v) |5 < n(u,v) (86)
and ] )
Jim Wn(vé”u,’yé”v) =0= lim 72&77(75”%7‘5”@) (87)
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for all u,v € A where
v==+l1 and v=a+ 0. (88)

Then there exists a unique JC*— homomorphism function H : A — B satisfying the
functional equation and

IA(u) = H(w)]5 < 27 Z il W“ nlr*w, v u) (89)

—_1-v I./

and the mapping H(u) is defined by

H(u) = lim L)\( u) (90)

§—o0 ’}/6'/

for all u € A.

Proof. By Theorem [2.1] there exists a unique homomorphism mapping H : A — B
satisfying . From and definition of H, we achieve

[H(uowv) = H(u) o H(v)|lg = % A w0y v) = A('u) 0 A(Y0) | 5

1
< %n(’y‘su,’yév) —0 as § — 0.

Therefore
H(uowv) =H(u) o H(v)

for all u € A. Thus, H is a JC*— algebra homomorphism.

Corollary 6.2 Suppose A : A — B be a mapping and there exists real numbers 7
and w such that

[Aau + Bo) + A(Bu + av) — (o + B)(A(u) + A(v))[|5

[A(wov) = Alu) o A(v)l|5

< N (u,v) (91)

for all u,v € A. Then there exists a unique JC*— algebra homomorphism function
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H : A — B satisfying the functional equation and

’

™
2/1 — o]’
il S
I = Ml < § Tl » (02
Tl
| 2= 277

for all u € A.

Derivation Stability Result

Theorem 6.3 If A : A — A and n: A? — [0, 00) are functions satisfying the double

inequalities
[A(au + Bv) + AMBu + av) — (o + B)(A(u) + Av))[lz < n(u,v) (93)
[A(uov) = A(u) ov —uo A(w)lz < nlu,v) (94)
and ] )
i ov Wy — () — v v
61511 75”77(7 u,7"v) =0 = }i,m 7251177(7 u, 7"v) (95)
for all u,v € A where
v==4l1 and v=a+[. (96)

Then there exists a unique JC*— algebra derivation function D : A — A satisfying
the functional equation and

IA(@) = Dla)ls < 5- > MXV n ) (97)

x= 171/

and the mapping D(u) is defined by

1 »
D(u) = lim W)\(Vé u) (98)

for all u € A.
Proof. By Theorem [2.3] there exists a unique additive mapping D : A — A
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satisfying (97). Also, the mapping D : A — A given by

1
D(u) = 51520 $A(75u)

for all u € A. From and by definition of D, we achieve

1
ID(uow) =D(u)ov—uoD)llg= 2 A w0 w]) = A(v’u) 07w =y uo Ay )| 5

1

< ﬁn(’y‘;u,y‘sv) —0 as 6 — 0.

Therefore
D(uowv)=D(u)ov+uoD(v)

for all u,v € A. Thus, D is a JC*— algebra derivation.

Corollary 6.4 Suppose A : A — A be a mapping and there exists real numbers 7
and w such that

[A(eu + Bv) + A(Bu + av) — (a+ B)(AMu) + A(v))| 5
[A(wowv) —Au) ov—uoA(v)| 4

< N(u,v) (99)

for all u,v € A. Then there exists a unique JC*— algebra derivation function
D : A — A satisfying the functional equation and

(

™
2|1—7w|’
T
YOS FER (100)
. 2w #1
2?\)7—72?
T [
\ 2‘7_7w|

for all v € A.
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7 Conclusion

In this paper, we provide the generalized Ulam - Hyers stability of
homomorphisms and derivations of a generalized additive functional equation in
Banach Algebra, Quasi - Banach Algebra, C*— Algebra, Lie C*— Algebra, Jordan
C* Algebra.
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