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Abstract

The paper aims to develop higher-order discrete fundamental theorems for delta and
alpha-delta operators. By equating the closed and summation forms of inverse operators,
we derive novel summation formulae. Additionally, we establish comprehensive summation
formulae for generalized exponential and extorial functions incorporating shift values. These
advancements contribute to a deeper understanding of the discrete calculus framework and
its applications across various mathematical and scientific fields. The results obtained can be
applied to improve discrete dynamic systems, enhance computational techniques and provide
new insights into the behavior of discrete functions. Our findings pave the way for further
exploration and potential breakthroughs in discrete mathematics and its interdisciplinary
applications.
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1 Introduction

A difference equation is an equation that contains sequence differences. There
are various types of difference equations namely ordinary, delay, advanced, neutral,
quasilinear, half linear, etc. These equations occur in numerous settings and forms,
both in mathematics itself and its applications to Biology, Computer Science, Digital
Signal Processing, Economics, Statistics and other fields. The theory of difference
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equations, the methods used and their wide applications have advanced beyond their
adolescent stage to occupy a central position in applicable analysis. In fact, in the last
15 years, the proliferation of the subject has been witnessed by hundreds of research
articles, several monographs, many international conferences and numerous special
sessions.

Difference Equation

Dynamical system come with many different names. Our
particular interesting dynamical system is for the system whose state depends
on the input history. In discrete time system, we call such system "Difference
Equation" (equivalent to difference equation in continuous time).

Difference equation is an equation involving differences. We can
see difference equation from atleast three points of views: as sequence of number,
discrete dynamical system and iterated function. It is the same thing but we look at
different angle.

2 First Order a-Delta Integration With Several Parameters

Definition 2.1 Let f be a real valued fuction and § # 0, # 1.The o, 0p—delta
operator on f is defined as

Ao, or f(§) = f(E+2) —auf(E+1) - f(E). (1)

The inverse of oy, ap-delta operator on f is defined by, if there exists g({) such that

Aay:8(8) = f(§) & () +¢ = Mg 0, f(0), (@)

where ¢ is an arbitrary constant.

Theorem 2.2 Let f be a real-valued function, A&fm f(&) and oy, # 0, then
Fof(C+m)+FRf(C+m—1)+Ff({+m—=2)+-+Fnf({)

= Ayl g, F(E+m+2) — [ Fy+ By 1]AG o, F(E+1) — a2 FuAg o F(E),
Vm € 7+, where Fy = 1,F; = oy and Fy, = a1 Fy—1 + 00 Fp_»

Proof: From the definition @.1)Ag,.0,/(§) = f(§+2) — a1 f({+1) — a2 f(E)
Let g(8) = Ag/ 4,/ (8)

A(xl,ogg(C) = f(C)
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8(C+2)—ag(C+1) —mg(l) = f(C)
replace § by {+1

g(C+3)—aug(f+2)—mg(E+1)=f(+1)
8(8+3)—ou{f(§)+oug(f+1)+meg(8)} — gl +1) = f()
g(C+3)—aif(§)—afg(l+1) —opmg(l) —amg(§+1) = f(+1)
g(§+3)—ofg(§+1)—omg(§+1) —aamg(d) = F(§+ 1) +auf(§+1)

Ayl (E+3) = {07} Aglo, F(E+1) —anondy! o, f(§) = F(§+ 1)+ o f(E)
Again replace § by {+1
g(8+3)—ag(f+2)—mg(f+1)=f({+1)
g(C+3)—a{f({)+aug(C+1)+mg(l)} —mg(+1)=f(C+1
g(C+3)—ouf(§)—afg(f+1)—mmg(§) —mg(f+1) = f(E+1
g(C+3) afg(C+1)—mg(f+1)—aomg(l) = F(E+1)+arif(S

Aoy or f(E+3) = {af o} AGlg, F(E+1) = c100Ay) o, f(8) = F(E+ 1) +ai f(£)
Again replace § by {+1

g(C+4)—alg(C+2)—mg(+2)—oong({+1) = f(E+2)+ai f({+1)g({ +4) —
{of +on}{oug(C+1)+amg(l)+f(§)} —onong(&+1)

)
)
)
)

=f(+2)+auf(C+1)

g(C+4)—ajg(C+ 1) — afong(l) — o f(§) —arong(E +1) — a38(8) — o f($) —
OC]OCQg(C—Fl)
= f(C+2)+of(E+1)

g(¢+4)—{oi+2oum}g(C+1)—{ajmn+ a3} g(f)
=f(C+2)+auf(C+ 1)+ {ai + o} f()

Again replace § by £ +1
g(C+5)—{ai +2010} (0 +2) — {afor+ o5} g(L+1)

=f(l+3)+af(C+2)+{af+am} f(E+1)
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g(C+5) —{a}+2aim} {oug(C+1)+og(l)+ f(§)} —{afon+ a3} g(C+1)
=f(C+3)+auf(C+2)+{af+ o} F(E+1)

g(C+5)—afg(+1)— o ang(l) — o F(§) —20fong(E+1) —20n0358(8) — 20000 f (L)
—{ofop+o5}e(C+1)

=f(E+3)+af(C+2)+{af+m} f(E+1)
g(¢+5)—{ot+3cfm+ 03} g(t+1)— {ajon+ 20103} g({)
=f(C+3)+af(C+2)+{af+a} f(E+1)+{af +20na} £()

Again replace { by £+ 1
8(§+6)—{af +3afm+ai}e(f+1)—{ajon+20a3}e({+1)

=f({+4)+af(C+3)+{af +m} f(§+2)+{af +2omam} F(E+1)

g(¢+6)—{of+3aimn+ a3} {aig({+ 1)+ amg($)+ F(0)} —{oiam+ 20105} g( +
1)
=fC+D)+ouf(C+3)+{af+ o} f(E+2)+{a] +2mam} f({+1)

8(8+6) —ajg({+1) — ofmg(§) — afong(8) — of f(8) — 3o aag(§ + 1) — 3ot g ({)
—3afanf(§) —oags(C+1) — 38(8) — g f(§) —{afon+2a105 } g(C +1)
=f(l+D+auf(C+3)+{ai+m} f(§+2)+ {0 +2am} f(E+1)
g(+6)—{of +4om+30m03} g(C+1)—{ofr +3afai+ a5} g({)
=f(C+d)+ouf(E+3)+{af+ o} f(E+2)+{af +2am} f(E+ 1) +{of +3afam+ 03} £(§)

In general,
Fof(C+ml)+Fif(C+m—1)+Ff(E+m=2)+-+Fuf({)

= A o F(E+m+2) —[onFy+ aaFn 1]Ay o, f(E 4+ 1) — ?Fug(0).

Example 2.3 Applying f(&) = 26 m=4,00=3,0p =4 and { =3 in theorem (2.2),
we get
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LHS =254 4 01253 + {0d + 0} 252 - {a} + 2010 )25+ + {of + 307 4+ o + 03 126
:23+4+3(25+3)+{32+4}23+2+{33 +2(3)(4)}23+1_|_{34+3(3) ( )_|_42}23
= 12841924416 +816+ 1640 = 3192
Ay f(8) = f(E+2) —ou f(C) — o f(C)
Agy 0,25 =252 — 261 — p26
=262 — a2 — o)
RHS = Ayl , 2540 — [} + 40 on + 30y 03]Ag !, 257! — [t on + 3080 + a5]A, L 4, 2°

23+6 5 3 2 23+1
:m_p +4(3)%(4)+3(3)(4) ]m

3
- [34+3(3>)2(4)2+43]m

= —85.3333 42184 4 1093.3333 = 3192.
Therefore, LHS = RHS.

Definition 2.4 Let f be a real valued fuction and { # 0, # 1. The a4, 0, oz —delta,

operator on f is defined as

Aa1,0¢2,(l3f(€) = f(C +3) - Ole(C +2) - aZf(C + 1) - O£3f(C) (3)

The inverse of oy, ap, az-Delta operator on f is defined by, if there exists g({) such
that

Aauaz,azg(g) - f(C) And g(C) +c Aall,az,ogf(g)a (4)

where ¢ is an arbitrary constant.

Theorem 2.5 Let f be real-valued function, Ag!y, 4. f(§) exists and oy, 0,03 # 0,
then

Fof(C+m)+Ff(C+m—1)+Ff(C+m=2)+- -+ Fuf({)
Aoq,ocz oc3 (C-I—m-l—S) [O‘lFm+O‘2Fm71+a3Fm72]A&11,a2,a3f(C+2>

_[asz+a3Fm71]Aal oy, 053 (C+ 1) (X3F A(Xl oy, OC;f(C)?

Vm e Z*
where Fy = 1,F; = o1 and F,, = awF,—1 + @ F, 2+ ogF;, 3
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Proof: From the definiton(2.4)
Aay00,00)f(8) = f(E+3) —ar f(E+2) —af(§+1) — oz f(E)

Let g(8) = Ay g0/ (C)
Ay 8(8) = £(8)
g(f+3)—aug(C+2) —mg(f+1)—a38(8) = £({)
8(C+3)=f(C) +aug(E+2)+ gl +1)+038(C)

replace § by {+1
g(C+4)=f(C+ 1) +ag(l+3)+ g +2)+o3g(5+1) g($+4)
=+ D) +a{f(0)+aug(l+2)+ag(+1)+asg(0)}

+ong(E+2)+o3g(E+1)

g(C+4) = f(C+ D) +ouf(Q)+{of +on}e(§+2)+{mon+as}g(C+1)+arasg(d)

replace { by { +1
g+ =fC+2)+arf(C+1)+{af + b g(C+3)+{mam +as}g(¢+2)+arong(§+1)

g+ =fC+2)+af(C+D)+{af + o} {f({)+oug(C+2)+mg(E+1)+ag()}
+{onm+a3}g(f+2) +ajong(d+1)

=f(E+2)+ o f(E+1)+aif(8) +aig(§+2)+afong({ +1) + afasg()

+ o f(8)+oong($+2)+aig(l+1)+ mog(E) +{oo +az}g(E+2)
+oayo3g(¢+1)

gC+5)=fC+2)+ouf(C+D)+{al+m} f(&)+ {5 +oon}g(l+2)
+{ofm+ a3} g(l+1)+{atas+maz}g({)

Again replace { by {+1
gC+6)=f(l+3)+auf(C+2)+{al+ o} f({+1)+{a} +2a1+ a3} g({ +3) +
{afon+oi}g(l+2)+{ofas+ oz} g({+1)

=fC+3)+arf(E+2)+{of+m} f(C+1)+ {0 +2a1m05}
{F(&)+oug(l+2)+mg(E+1)+o3g(8)} +{afon+ 03 +as}g(E+2)
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+{afoz+mos}g(C+1)

=f(C+3)+auf(C+2)+{af +a} f(§+1)+ i f(C)+ofe(§+2)

+ojong(f+1)+ 0o + o asg() + 200/ () + 205 ag($ +2)

+200038(8 + 1)+ 2001 00038(8) + 05£(§) + 001 03g(§ +2) + apasg(§ +1)

+0o38(0)+{afon+ 05 +onas} g(§+2)+ {afos +opas } g(E+1)
g6 +6)=f(§+3)+ouf(C+2)+{of +on} f(§+1)+{a] +2a0+ a3} f(§)

+{at+20fm+ o3 +afon+ a3+ oo} g(d+2)

+{ajon+20103 + maz+ofas+ ooz} g(f+1)

+{ oz +2a103+ 03} g(¢)
g(6+6)—{al+30fm+20a3+ 05} g(£+2) — {ajon +2a10003 + a5} ()

=f(§+3)+aif(§+2)+{of +a} f(+1)+{af +20m0m+ 03} f(§)

Again replace § by £ +1
g(C+7) —{at+30fam+2ai03+ a3 } g($+3)

—{ o +2003 +atoz+2003} g(§+2) — {G oz + 2 mas + a3} g( +1)
=fC+d+af(C+3)+{at+m} f(E+2)+{ad} +2am+ o3} f({+1)
g(6+7) —{af +30f +2a105+ 05 } { () + ug(§ +2) + ong(§ +1) + asg(8)}
—{oim 2005+ afos+ 20103} g(§+2) — { o ozos + 210003+ 05 } g(§ +1)
=f(C+4)+af(+3)+{af + oo} f({+2)+{aj +2aim+ a3} f(E+1)
g(C+7) —{a) +305m +20f05+ o103 + o o + 2003 + af o + 20005 } g(£ +2)
—{afon+3aias +2aimas+ 05 + oo+ 2o mos+ 03 g(E+ 1)
—{afoz+3atmaz+20,05 +ofas} g(E)
= f(§+4) +ouf(+3)+{of + o} f(+2)+{aj + 2000+ 05} f({+1)
+{a} +3atm+20005+ a3} £(§)
Fof(C+4)+Ff(E+3)+{aFi + w} f(C+2) +{uF+ wF + asFo} f(C+1)
+{aF3+oF+osF ) f(E)

=g(0+7) —{ouFs+ Fs+ o3F} —{F+ o3F3} (8 + 1) — o3Fg(E)
In general
Rf(E+m)+Ff(+m—1)+Ff(+m—2)+--+F,f({)
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3 3
= g(C +m+3) - gl arme(rfl)g(C +tn— 1) - gzarme(er)g(C +n— 2) - OC3F3g<C)-

Example 2.6 Applying f({) = 2%m=4,00=3,00 =4 03 =5, =2 in theorem
(2.5), we get
LHS = f(§+4) + a1 f(§+3) +[of + o] f(§+2) + [ + 20100+ 05] f(E +1)

o +3ad0n + 204 05 + 03] £(£)

= 26+ 1 02813 4 [af + 0261 4 [ 4+ 20500 + a5+ [of + 3adon +
20403 + 03]26

= 224 4 (3)2243 4 [32 4 42212 4 [33 4. 2(3)(4) + 522
+3*+33)7(4) +2(3)(5) +4°]2°

= 64+ 96+ 208 + 448 +- 940 = 1756
RHS = A(zll,az,a32C+7 - [(XIF4 + (X2F3 + a3F2]A(;117(X2,a32C+2 - [a2F4 + a3F3]A&11,(X20632§+1

—1
_a3F4A061 ,00,03 26

2C+7 2C—|—2
—[235a; + 560 + 13 03]

:8—4061—2062—063 8—4061—2062—063

—[2350 + 56 03] 2t —23503 2
8—4061—2062—063 8—4061—2062—063
22+7 22+2
= 8§ —4(3) —2(4)—5 —[(3)235+(4)56+(5)13]8_4(3)_2(4)_5
22+1 22
—[4(235)+5(56)] —5(235)

8—4(3)—2(4)—5 8—4(3)—2(4)—5

= —30.11764706 +935.5294118(0.941176471) + 1220(0.470588235)
+1175(—1.411764706)

= —30.11764706 +935.5294118 +-574.1176471 + 276.4705882 = 1756
Therefore, LHS = RHS.
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Theorem 2.7 Let f be real-valued function, A&117a1>"'7an f(&) exists and

o1,0,03,---,0, #0, then

Fof(&+m) +F1f(C+mn— D+Ff(C+m— 1)+sz§lé+m—2)---+me(C)
=g(&+m+n) —r);] -Fpy_(r—1)8(& +n—1) _rgzarFm—(r—Z)g(C +n—2)—-

- rgn arFm—(r—n)g(C)

m
where Fy=1,Fi =0oq and F,= Y, a,F,—,.
1

r=

3 Conclusion

From this work, We developed the theory of discrete version of fundamental
theorems using a-delta, a(h)-delta, a-nabla and a(h)-nabla operators. This theory
is subsequently applied to establish several higher order fundamental theorems. Also
we derived fundamental theorems using first order a-delta integration with several
parameters. Our findings are validated with suitable examples in the field of discrete
fractional calculus.
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