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Abstract

In this study, we analyze the asymptotic stability, persistence, and bounded behavior of the
solutions to a system of higher-order rational difference equations. The model consists of two
species, where the population of the first species in the n-th and (n — k)-th generations, along
with the population of the second species in the n-th and (n — 1)-th generations, influences
the growth of the first species. Similarly, the growth of the second species is determined by
the population of the second species in the n-th and (n — k)-th generations, along with the
population of the first species in the n-th and (n — 1)-th generations.

Key words: Difference equations, System, Boundedness, Persistence, Equilibrium point,
Asymptotic behavior, Global asymptotic stability, Bifurcation.
AMS classification: 39A22, 34D23, 74G25.

1 Introduction

Difference equation models are widely applied across various scientific disciplines.
In the context of population dynamics, models addressing competitive interactions
or predator-prey systems are especially noteworthy. These models are typically
formulated as first or second order systems. A special case of these models,
which incorporate qualitative characteristics of difference systems with exponential
components, have been studied in [11]-[21] and [I]-[5]. In [20] 13| 14 [7], researchers
investigated the boundedness, persistence, and global stability properties of various
discrete dynamical systems featuring exponential components.
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This study introduces a (k + 1)-th order difference system given by

are” " + B1yn—1
Ay + Biyn + Crzy i,

eV + Box,
As + Boxy, + Coyp e

Tnt1 =

(1)

Yn+1 =

n=0,1,2, -, where the parameters ay, as, 01, B2, A1, As, By, By, C1, Cy are positive
real numbers, £ € {1,2,...} and the initial conditions x¢,z_1,...,2_; and
Yo, Y—1, - - -, Y_k are arbitrary non negative real numbers.

The system (J) represents the situation when a species say .1, it’s growth
depends on the n-th and (n — k)-th generation of z,4; and the n-th and (n — 1)-th
previous generations of another species, say y,11. Whereas the species y,y1 is
influenced by n-th and (n — k)-th generation of y,.; and the n-th and (n — 1)-th
previous generations of x,, 1.

This work focuses on analyzing the boundedness, persistence, convergence and

asymptotic behavior of the positive solutions of ().

2 Boundedness

Lemma 2.1 Let oy, as, b1, B2, A1, As, By, By, C1,Cy are positive real numbers such
that QQ = % < 1. Then every positive solution {(x,,y,)} of system is bounded
and persists.

Proof: Let {(x,,y.)} be an arbitrary solution of system (I)). Then it is clear that
T, >0 and Yn > 0 for all n > 1. (2)

So every solution of persists.
Also from

o P

Tni1 < A—i + A—llyn_l and (3)
o

Yni1 < A_Z + ﬁ—ixnl for all n > 0. (4)
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Using and we have

Tni1 < P+ Qxps (5)
Yn+1 S P2 + Qyn—i’» (6)

_ a8 _ o ,B
where P = % + 14 and Py = f‘é + 45 foralln >0.
Consider the system of difference equatlons

Upy1 = P1 + Quyp_3
UnJrl:PQ_‘_QvnfB) n:()71727"'

Let (uy,,v,) be a solution of (7)) such that

Ug = X U_1 =T U_g = T_9 U_3 = T_3

Vo = Yo V-1 = Y-1 Vg =1Y-2 V-3 =1Y-3

Then from we obtain u; > 0 and v; > 0.
Working inductively it follows that u, > 0 and v, > 0 for all n > 1.
Moreover again from and @, foralln > 1

P
o ) +r4Q7 sin (mr) +
4 4 1-Q (8)
n n n n P
Up = $1Q% + so(—1)"Q 4+ + s3Q4 cos (%) + 540 sin <%> + 1 —262
where 71,79,73,74 and sy, S9, S3,54 are constants defined by xg,x_1,7r_9,x_3 and

Yo, Y—1,Y—2,y—3 respectively.
Using (B)),(6) and (7)) we can prove that

Up = 11QT +1ro(—1)"Q7 + r3Q7 cos(

x, <u, and y,<wv, for n=1,2,3---. (9)

Then from , and @D we obtain that every solution of is bounded. This
completes the proof of the lemma.

Lemma 2.2 Let aq, as, (1, 5o, A1, A, By, By, C1, Cy are positive real numbers such
that @ = 6 16 2 < 1 .Then the following statements are true.

(a) The set [0, 1P1Q} [0, IPQQ} is an invariant set for system @)
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(b) Let € be an arbitrary positive number and {(x,,y,)} be an arbitrary solution of
and consider the intervals

P1 +e€ P2 +€
= = — . 1
Jl |:0, 1 —Q:| and J2 [O, 1_ Q:| ( O)
Then there exist an m € N such that z,, € J; and y, € J, for all n > m.
Proof:
(a) Let I; = [O, 11_3162] and I, = |0, 1]_3262]. Let xg,x_1, -+ ,2_; € I; and

Yo,Y—1," -+ ,Y_k € Is. Then from (1)) we have

aje” ™ + By

< —
0za Ay + Biyo + Cra—y,
aq 51
< L7
=7 + Aly—l
_o B[E R
A Al - Q]
o a5y 041Q
=+ -
A AANL-Q] Al -Q)
_ o1 I s
A1 -Q] A A1 - Q]
=1-q

So, xy € I;. Similarly, y, € Is.
Working inductively we get =, € I, y, € [ Vn.
This completes the proof of part(a).
(b) Let € > 0 be given and let {(z,,y,)} be an arbitrary solution of ([I)). Then by

Lemma (2.1]) we get

0 <!l; =liminfz,, 0<Ily,=Iliminfy, (11)

Ly =limsupz, < oo, and Ly = limsupy, < co.
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It follows from and that

Ll S 0416_l1 + /BlLQ

A+ Bily + Cily

aq 51

— + =L d 12

<A1 + A, 2 an (12)

L, < ae™'2 + By Ly

Ay + Boly + Caly

&%) ﬁ2

Combining , and we get

P, P.
0<L1<—— and 0< Ly < —2

—1-Q 1-Q
Thus there exists an m € N such that z,, < L1 +¢€ and y,, < Ly +¢ for all n > m.
This implies z,, € J; and y, € J, for all n > m. This completes the proof of
part(b).

Lemma 2.3 If Q) = % < 1, then the equilibrium point of system is bounded.
Proof: Let (Z,y) be an equilibrium point of system (I]). Then we have

are”* + By eV + BT

T = d 7= ) 14
v A+ By + Cio ey As + By + Cay (4)
From (|14) it is clear that
>0 and §>0 (15)
and
_ aq 51_ _ (D) 62_
< == < =4 227 1
4, taY =4, A" (16)
From and we get
_ Pl _ PQ
<z < <y < .
O_x_l_Q and O_y_l—Q

This completes the proof of the Lemma.
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3 Global Behavior

The following Lemma is a minor adaptation of Theorem 1.16 from [8]. To aid the

reader, we present it here without proof.

Lemma 3.1 Let [a,b] and [c, d] be intervals of real numbers. Let o : [a,b] x [¢,d] x
[e,d] = [a,b] and ( : [a,b] X [a,b] X [¢,d] = [c,d] be continuous functions. Consider
the difference system

Tp+1 = Q(xna Tn—k; Yn, ynfl)

(17)
Yn+1 :C(xnyxnflaynuynfk) n= 0717"'

such that the initial values x_j, 2 _gy1,---,20 € [a,0], Y-k, Y—tt1, - Yo € [c,d] .
Suppose that the following statements are true.

L. If o(uy, ug, v1, v9) is non-increasing in u;, is non-increasing in us, is non-increasing
in v; and is non-decreasing in vs.

2. C(uq,ug,v1,v9) is non-increasing in g, is non-decreasing in us, is non-increasing
in v; and is non-increasing in vs.

3. If (m, M, r, R) € [a,b]* X [c,d]? satisfies the systems

M = o(m,m,r, R) m = o(M, M, R,r)
R={(m,M,r,r) r=((M,m,R,R)
then m=M and r=R.

Then there exists a unique equilibrium solution (Z,y) of system with z € [a, b],
g € [c,d]. Also every solution of system converges to (Z,7) as n approches co.

Proposition 3.2 Consider the system such that Q) = % < 1. Also let A; >

a1, Ay > g and
B P, BoPs
L—Q+Q}L—Q+&}
[A1 — au][As — as

< 1. (18)

Then the system has a unique positive equilibrium (z,y). Also every positive
solution of system converges to (Z,7). In otherwords, the unique positive
equilibrium (z,y) of the system (f) is a global attractor.
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Proof: Let f L x )y x Is x [o — 14 and g : L x I) x Is x I, — I be continuous
functions such that

Fug, u, 01, 09) = e " + fivg
b P 2 A1+Bﬂ)1+01u2

and

(ur, iz, 1, V) = age” "t + Bouy
gluy, U2, V1, V2 A2+BQU1+02U2

' 1-Q '1-Q |*
Let now (m, M,r, R) € I} x I3 satisfies the following,

where I} = [O i] and I = [O s ]

OélefM + fir are”™ 4+ B R
m = M = (19)
Ai+BiR+CiM Ay + Bir +Cim
- are  + Bom R aze”" + oM (20)
Ag + B2M + CQR A2 + Bgm + Cg”f’
m< M, r<R. (21)
From relation ,We have
Ai[M —m]+ Bi[Mr — Rm] =ay [e™ —e ™| + B[R —r].
This implies
[Ai + Bir][M —m] — Bim[R —r] = oy [e 7" — e ] + B[R — 1]
[A; 4+ By7|[M —m] — Bym[R — r] = aye” ™M) [e™ —e™] + Bi[R — 7). (22)
Furthermore, there exists a 6;,m < 6; < M such that
M —em ="M —m). (23)

Using and we get
(A + Bir][M — m] = aye” "M [M —m] + [Bym + B[R — 7).

This implies
[A1 — aq][M —m] < [Bim + Bi][R —r].
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Hence,

From relation ,We have
As[R— 7]+ BolmR — Mr] = ay [e" — e ] + o[ M — m)].
This implies

[As + Bom][R — r] — Bor[M —m] = ap [e™" — e ] + 5[ M — m)]

[Ay 4+ Bym][R — r] — Byr[M —m] = aze” "tB[R — 1] + 5[ M — m).

Furthermore,there exists a 0y, < #; < R such that
et —e" = e”[R —1].

Using and we get
[Ay 4+ Bym][R — 1] = ape” "R [R — 1] 4 [Bor + Bo][M — m).
This implies
[AQ — Oég”R — ?"] S [BQT -+ 52”M — m]

Hence,
By Py

Relations and imply that

[M — m].

B P B, P,
[M —m] < L ﬁfﬂ] [&1225 62} (M —m]
and
[R—1r] < LBiPC} i ﬁl} LBin? i 52} [R—r].

[A1 — au][As — as

(23)

(27)

(29)
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Therefore from , and , we have M = m and R = r. Consequently by
Lemma, the system has a unique positive equilibrium (z, ) and every positive
solution of system tends to (Z, 7). This completes the proof.

Proposition 3.3 Consider the system where () = % < 1 and the condition
hold true. Also suppose that A; > a1, Ay > @y and

Qp Qg Q10 B152 [B1 By + C1Cy) B1 P> Bo P
P T N L B vy S e o | L e

B1ﬁ2 01 04201 51P2 3251 02 061C2 52P1

i (A%A2 Tt A%A) {0‘1 e Q} i (AlA; TaT AlA%) {C“? T1-q

(30)

<1

then the unique positive equilibrium (7, ) of the system (1)) is globally asymptotically
stable.
Proof: The linearized system of (1) about (z,7) is

Tpy1 = Rlxn + RQyn + R3yn—l + R4xn—k
Ynt1 = T1wn + Toyn + 13001 + Thyn—k

where

Rl _ —0416_5; , = —Bl [Oéle_j + ﬂly]
Al + B137 + le [Al + Blg + lef

_ B _ —Cre™ + By
R3 = — — R4 - _ _12

Al + Bly + lelf [Al + Bly + Clx]

=By eV + o7 T —ape Y

Y [Ag + Bt + Cogl? Y Ay + Boz + Cyy

T3 /62 T4 _ —OQ [0426_9 -+ Bg.f]

" Ay + Byt + Ca [Ay + Byt + Cop)

Notice that the system is equivalent to the following system

Wn+1 = JWnu
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where
Rl R2 0 R3 0 0 0 R4 0
Tn
Tl T2 0 T3 0 0 0 0 T4
Yn
r 0 0 0 0 0 0O 0 O
Tn—-1
o 1 o0 o0 o0 o --- 0 0 0
J: and WTL: ynfl
Tn—k
0o 0 0 0 0 0 0 0 0
Yn—k
o 0 0 0 0 0 10 0
Then the characteristic equation corresponding to the matrix J is
A2 (Ry + To) N+ (R Ty — RoTy) A
— (RT3 + RsT)NF71 — Ry 72 — (Ry + Ty) A"
+ (R Ty + RyTH)N + RTy = 0 (32)
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Now,by using (30)and Lemma (2.3)) we have

|Ry + To|+|RiTo — RTh| + |RoT5 + R3Th| + |RsTs| + |Ry + Ty| + |RiTy + RyTo| + | RyTy|
< |Ry| + |To| + [Ra||To| + |Ro||Tx| + | Ro|| T3] + | Rs||T1| + | Rs]|T5]
+ | Ry| + |To| + |Ru|| Ty + | Ral||To| + | Ral|T4]

oe N e Y ajaqe” @t
Al + By +CiTt Ay + BT + Cz?/ [A1 + B1j + C1Z] [Ay + BoT + Ca]
BBy [ane™ + B1y] [aae™ + Bo7] B1fy [are™ + By
[A1 + By + 013_5]2 [As + Byt + 02§]2 [Ay+ By + 015]2 [As + By + Ch]
B1 By [aze™ + Bo7] n B152
[A1 + B + C1Z] [Ay 4 BoZ + Co)®  [Ar + Big + C17] [Ag + BoZ + Ca]
Cy [ane™ + BoI] Cy [are™ + (17 Coare™™ [age™ + BoT]
[Ay + Bot + Cqp]>  [Ay+ Big + CiZ]>  [Ay + B1j + C17] [Ay + By + Oy’
Crage Y [are™ + (1] C1Cy [are™ + Bry] [ane™ + BoZ]
[A1 + By + 015]2 [As + Bz 4+ Coy]  [A1+ By + Clii']2 [Ay + BT + 025]2
< le + j—z + Zijz i;i; [ + B1y] [ + BaZ] + A%ﬁi [a1 + (Y]

By 1, BB .G
+ A, A2 [ag + Bo] + A, A, + P [ + Bo27] + A2 [y + B17]
a102 C C C
+ A, A2 [ovg + o] + A2A2 [ + By + A2A2 [ + B17] [z + BaZ]
Car oy oaqan | Bifla | [BiBy 4 C1 Gy _ _
A4 A A T A, oz (at Al + 5

3152 4 axCy _ 3251 Cy a1Cy _

Qg B152 [3132 + C'102] b1 Ps Ba Py

A+A2+A1A2+A1A2+ AZAZ Mt ol |21
3162 CI Oézc1 51]32 3251 C2 06102 52P1
+(A§A2+A§+A§A2> {0‘1+1—Q VTR TR N LR,

< 1. (33)

Therefore, from relation (33)) and by Theorem 1.6 of [§] all the roots of equation
satisfy |\| < 1. Hence by Linearized Stability Theorem the unique equilibrium point
(Z,y) of system is locally asymptotically stable. Using Proposition , it can
be seen that (Z,7) is globally asymptotically stable. This completes the proof of the
Proposition.
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4 Numerical Analysis

This part presents several computational illustrations to confirm the analytical
findings and reinforce the theoretical analysis. These cases demonstrate various
qualitative dynamics of the model described by .

Example 4.1 Consider the system with parameters oy = 2,8 = 4,0 = 3,35 =
24,A1 = 3,Ay = 36,B; = 25,B, = 05,C; = 03,0y = 1.3 for £k = 4. Let
the initial values be o = 7.5,x_1 = 7.7, 09 = 87,03 = 4.4,x_4, = 4.1, and
Yo ="5.1,y_1 =5.1,y_o =6.1,y_5 = 2.6,y_4 = 2.3. Figure[[]shows that the difference
system is bounded and persists as given in Lemma 2.1 and Moreover for the given
parametric values the solution of the system is eventually 2 - periodic.

|

Il

IwIIIIIIwII‘II“UIUUIUIJII‘

173 150 155 50 105

Figure 1: Plot of (z,, y,)

Example 4.2 Following figures represent the bifurcation diagrams of system
for k = 4 and with the initial values given as (zg,y0) = (4.1,2.3),(z1,91) =
(4.4,2.6), (z9,y2) = (8.7,6.1), (x3,y3) = (7.7,5.1), (24, y4) = (7.5,5.1) in each case.

(a) Figure [2| represents the bifurcation diagram of as (1 as the bifurcation
parameter. Here ay = 2,9 = 3,0, = 24, A, = 3, A3 = 3.6,B; = 2.5,By, =
0.5,C; =03,C,=1.3

(b) Figure 3| represents the bifurcation diagram of as [y as the bifurcation
parameter. Here ay = 2,9 = 3,0, = 24, A, = 3, A3 = 3.6,B; = 2.5,By, =
0.5,C1 =0.3,Cy =1.3.

(c) Figure {4] represents the bifurcation diagram of as A; as the bifurcation
parameter. Here oy = 2,a0 = 3,01 = 24,0, = 3,4y = 3.6,B; = 2.5, B, =
0.5,C1 =0.3,Cy = 1.3.

(d) Figure [5| represents the bifurcation diagram of as (5 as the bifurcation
parameter. Here oy = 2,90 = 3,081 = 24,6, = 3, A, = 3, A, = 3.6,B; =
2.5,By =0.5,C; =0.3.
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1
71

Figure 2: Bifurcaion diagram of (/1)) with f; as bifurcation parameter

W\

] 3 I [ T o

Figure 3: Bifurcaion diagram of with (5 as bifurcation parameter

4‘ SQ
3
2
' !
0
@ ] § i ]

B /?
s
1o

C

Figure 5: Bifurcaion diagram of with Cy as bifurcation parameter
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5 Conclusion

In this study, we have analyzed the asymptotic behavior of a two-species
higher-order rational difference model that incorporates cross-species dependence.
Our primary focus was on the asymptotic stability, persistence, and boundedness
of the solutions to the system. By developing a (k + 1)-th order difference system
model, we have examined how the population dynamics of one species, at different
generations, influence the growth of the other species, and vice versa. We have shown
that under appropriate conditions, the solutions of the system remain bounded and
exhibit persistence over time, ensuring that neither species goes extinct under normal
conditions. Furthermore, our analysis has provided insights into the equilibrium
points of the system, identifying conditions for the global asymptotic stability of
these points. Numerical analysis have been introduced to illustrate the system’s
qualitative behavior. These simulations reveal the intricate dynamics of the species,
demonstrating different patterns of convergence, oscillations, and other phenomena
influenced by the interplay between the species’ populations across generations. In
conclusion, this work provides a theoretical framework for analyzing the behavior of
higher-order difference systems, particularly systems that involve delayed interactions

between species.
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