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Abstract

This paper aims to the generaized a(g)- difference operator and its sums. By equating
the closed and summation forms of inverse operators, we derive novel summation formulae.
These advancements contribute to a deeper understanding of the calculus framework and its
applications across various mathematical and scientific fields. This results can be applied to
improve dicrete dynamic systems, enchance computational techniques and provide new insights
into the behaviour of discrete functions.
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1 Introduction

A difference equation is an equation that contains sequence
differences. There are various types of difference equations namely ordinary, delay,
advanced, neutral, quasilinear, half linear, etc. These equations occur in numerous
settings and forms, both in mathematics itself and its applications to Biology,
Computer Science, Digital Signal Processing, Economics, Statistics and other fields.
The theory of difference equations, the methods used and their wide applications have
advanced beyond their adolescent stage to occupy a central position in applicable
analysis. In fact, in the last 15 years, the proliferation of the subject has been
witnessed by hundreds of research articles, several monographs, many international
conferences and numerous special sessions.

Difference Equation
In numerical integration of differential equations a standard approach

is to replace it by a suitable difference equation whose solution can be obtained
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in a stable manner and without troubles from round-off errors. However, the
qualitative properties of solutions of the difference equations are quite different from
the solutions of the corresponding differential equations. Solutions of several well
known difference equations like Clairaut’s, Euler’s,Riccati’s, Bernoulli’s, Verhulst’s,
Duffing’s, Mathieu’s and Volterra’s difference equations preserve most of the
properties of the corresponding differential equations.

We solve a difference equation by finding a sequence that satisfies the
equation and we call that sequence a solution of the equation.

Defining a difference operator which is typically used in vector calculus
for operator like gradient or divergence. In this discrete difference operator, often used
in the content of time-series analysis or difference equatons. This type of operator
computes the difference between the values of the function at the previous time
step. Mathematically, this is called foward difference. So, youcan interprint this
as: VF(t) = f(t) — f(t —1). This operator is widely used invarious fields such as
numerical analysis, signal processing, and economics. It gives a way to capture the
rate of change successive time points in a discrete setting.

2 Delta Operator

Definition 2.1 Let f be a real valued function and § # 0. The Delta operator on f
is defined as

Af(G) =f(E+1) = f(E). (1)

The inverse of Delta operaor on f is defined by, if there exists g({) such that

Ag(8)=F(&) = g(l)+c=A""£(0), (2)

where ¢ is an arbitrary constant.

Theorem 2.2 If f be a real valued function and A~!f({)

m

Y fC+m—r)=A"f(C+m+1)— A f(L),VmeZT. (3)

r=0

Proof: From equation (1), f({)=f({+1)—f(&).
Consider A~' f({) = g({), then f(C) =Ag(¢)
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Since () =g(¢+1)—g(g).
f(8)+8(8)=g(l+1).

Replace { by {+1 in equation (4),
FC+1)+g(C+1)=g(E+2)
Substute equation (4),
F(E+1)+ () +8(8) =g(E+2).
Again replace { by {+1,
F(E+2)+f(E+1)+g(+1)=g(C+3)
Substitute equation (4),
F(E4+2)+ f(E+1)+ () +8(8) =g(E+3).

By induction;

fE+m)+f(E+m—1)+---4 f(C)+g({) =g(L+m+1)
FO+fE+D++f(C4+m) =A""f({+m+1)—A"f({)

From the above result, we get the equation (3).

Example 2.3 Applying f({)=¢®), { =2 and m =3 in equation (3), then we have
LHS=({)®+ ¢+ 1)+ (¢ +2)O +(£+3)D =) + 2+ 1)+ (2+2)®) + (2 +

3)(3)
=2 +3)3 +(4)®) +(5)3) =0+ 6424 +60 = 90.
4
We know that, A~1¢0G) = %
243+ 1)® 28 6543 21.0.-1
RHS= ; = . =9%.

Therefore, LHS=RHS=90.

Theorem 2.4 If f be a real valued function, A=! £({) and A=2f({) exists, then

m

Y r+ 1) f(C+m—r)=A2f(C+m+2)—A2f(§) — (m+2)A " f(),Yme ZT.

r=0

()
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Proof: By equation (3), then we have

m

L f(§tm—r)=ATf(C+m+ 1) —ATLf(E)
Applying A~! on both sides,

AT O +ATF(CHD) 4+ AT f(C+m) =A2f(E+m+1) —A2f(0)
Put m =3 in equation (3),

FO+FEHD+E+2)+F(C+3)=A""F(C+4) AT f(£) (6)

Put m =2 in equation (3),

O+ FE+D)+f(E+2) =27 F(E+3) A7 () (7)

Put m =1 in equation (@),

FO+FEC+)=AT"F(C+2) AT F(E) (8)

Put m = 0 in equation ,
FO)=Aa"f(C+1) - A7 (D) (9)

0=A""f({)-A"f({) (10)

Adding (6) to , we get
AF () +3F(C+1)+2f(E+2)+ f(E+3) = A2 f(E+5) = A2 f(8) = 5A71 f(L)
In general,
(m+1)f(C)+mf(C+1)+(m—=1)f(E+2)+---+(1)f(+m)
=Af(C+m+2) = A2 () — (m+2)A7' f(£)

From the above result, we get the equation (5).
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Example 2.5 Applying f({) = ¢B), ¢ =2 and m=3 in equation (©), then we have
LHS=({+3)®) +2(£+2)3 +3(£+ 1)) +4(5)®
=(24+3)3 +224+2)3 +324+1)3 +4(2)3) = 60+2(24) +3(6) +0 = 126.
4 5
We know that, A=1{0) = % and A=2¢0) = 5C_4

2+3+2)® @) @Y _m9 _ @

RES = —— 54 OB =55 "54 O
_(76543)  (21.08
= PP 0 (52— = 126,

Therefore, LHS=RHS=126.

Theorem 2.6 If f be a real valued function and A~'f({), A=2£({) and A=3f(¢)
exist, then

n (1))
£ G m—r) = A (G m e 3) = A7) — (m+ A (E)
—(m+23)(2)A1f<§),vmez+. (11)

Proof: By equation (b)), we have
Y (r+1)f(C+m—r)=A"f(§+m+2) = A2 f() — (m+2)A7" £(§)

r=0

Put m =4 in equation (5),
FE+4)+2f(E+3)+3f(C+2)+4f(C+1)+5f(8) =AT2f(§+6) = A F(5) — (6)A f(§)
Put m =3 in equation (5), "o
FEH3)+2f(E+2)+3f(E+1)+4f(5) =A2f(L+5)—A2F(5) = (5)A7 ' £(C) (13)
Put m =2 in equation (5),
FEH2)F2f(E+1)+3f(E) = AT f(L+4) = A2 ()~ @A f(E)  (14)

Put m =1 in equation (5),

SEHDF2f(5) =272 F(E+3) = A2 f(5) = 3)A™f (D) (15)
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Put m =0 in equation (5),

FO)=AF(E+2) = A f(8) — (A7 £(E) (16)
0=Af(C+1)=A2f(5) = (DA F(Q) (17)
0=Af(0)—A2f(§) = (M)A f(C) (18)

Adding (12) to (18), we get

In general,
FC+4)+A+2)f(E+3)+(1+24+3)f(E+2)+(1+2+3+4)f(L+1)
+(1+2+3+4+5)f2()éj)
A 3) - A (0~ 32 ()~ D a1

From the above result, we get the equation (11).

Example 2.7 Applying f({)=¢®), { =2 and m = 3 in equation (11), then we have

(2)
LHS-Y3_, (r+22) F(G+3-r)
(2) 2) 2)
—()2 (2+3)%) + (3)2 (2+2)(3)+ﬂ(2+1)(3)+(5)2 (2)3)
50) 4 3(4)3 +6(3)3) +10(2)®) = 60 + 3(24) + 6(6) + 10(0) = 168.
C4 C5 I
We know that, A~ 1(: 2C and A~ 33; ==
_(243+3)© B (2)(6) B (2)6) - (6)(2) )@ (8.7.6.5.4.3) o
RAS="252 654 054 2 4 654 0-0-0=168.

Therefore, LHS=RHS=168.

Theorem 2.8 If f be a real valued function and A~'f(&), A=2f(&), A3 £(¢) and
A4 f({) exists, then

m r (3)
U m ) =& ) - A0~ (40 E)
S g - T g me 27 (19

Proof: By equation (1)), we have
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rgo 2

fE+m—r)=ATf(§+m+3) = A (L) = (m+3)A2f({)

(m+3)®

LA ()

Put m =4 in equation ,
3 (r+2)@ -3 -3 -2
———f(C+4—r)=ATf({+443) A f({) — (4+3)A*f(0)

> 2
r=0
(2)
_GE) T i),

2
) ) 2) )
g3+ O r 12+ & O re)

RARR
-3 -3 -2 (6)(2) -1

= AF(E+6) AT F(E) — (A2 F(8) - a7 (C)

FE+4)+(B)F(E+3)+ (6)f(E+2)+ (10) /(S + 1)+ (15)£(¢)

(7)(2)
2

=ATFE+T) —ATF(O) — (DA f(E) - AT F(E) (20)

Put m =3 in equation (T1),
3 (r+2)@ . . L
F(C+3—r)=Af(E+343)-Af({)—(3+3)A7"f({)

L 2
r=0
2
BTN,
@ 5

FE+2)+ 5 f(E+ 1)+ ()

=ATf(E+6) AT f(8) = (0)A2f(§) — 55—
fE+3)+B)f(E+2)+(6)f(E+1)+(10)£(S)

(3)?
2

@
2

f(E+3)+

(6)(2)

A

=ATf(L+6) - AT (L) — (6)ATf(8) -

Put m =2 in equation (11]),
2 (r+2)(2) _ o 9
FEH2—r)=Af(L+2+3)—A7f(8) - (24+3)A2f(8)

rgo 2
(243)®
2

A1 F(D),
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(2)
= AP +5) A ()~ (a2 - DA ()
(2)
LA +BUC 1)+ 6)/E) =M FE+5) - a7 F(E)~(5)A2£(0) - DLatp(g)
22)
Putm=1in e((lu)ation (]Tﬂ-[)7
r 2
T EEE f -0 = A 143 A1) — (1434240
(2)
(!
2) (2) (2)
e+ 2@ =a g9y - a2 @) - @arg) - Ua )
)
FE+D)+ B (E) =AT (G +4) = A7 F(E) = (H)A2f(§) - “)TA—lf@) (23)
Put m :(0) in equation -
2 2
O )= a2 +3) a0 - a2 - A ()
2
FQ) =a(E+3) - A7) - @A) - a0 (24)
(2)
0=a"4(C+2) a0 - @a ) - B (29)
(2)
0=a7f(C+ 1) - a7 Q- aa) - oA (ee)

0=A"f({)—Af({) (27)

Adding equations (20) to , we get
FEC+H)+(1+3)f(E+3)+(1+3+6)f(E+2)+(1+3+64+10)f({+1)
+(1+3+6+10+15)f(¢)
)
AFE +me4) a0 — (48 p(0) - " a2 g
—(14+34+6+10+15+21)A"1f(E)

In general,

FE+4)+(4)f(E+3)+(10)f(E+2)+(20) (5 +1)+(35)f(C)
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=AY f(E+m+4) —A;;)f(é) —(m+4)A7f(8)
4
R (SRICOIS(s
From the above result, we get the equation (19).

Example 2.9 Applying f({) = ¢®), { =2 and m=3 in equation (T9), then we have

(3)
LHS= Zﬂ (E+3—7)
3)( 4)3) 5)3) 6)3)
! ) (2+3)(3)+(3()2) (2+2)(3>+(322) (2+1)(3>+(322) 2)®
=5+4(4)3) +10(3)3) +20(2)3) = 60 +4(24) + 10(6) 4-20(0) = 216.
We know that, A=1£G) C4 A2L0) = CS A3EO) ¢ and A=4¢0) = &’
4 T 6.5.4 7.6.5.4
B (2_|_3_|_4)(7) (2)(7) (2)(6) (7)(2) (2)(5) 7(3) 2(4)
RIS="—G— %@ 760 2 30 30 4
e - 9876543
7@ 0-0-0-0=—"54 =216

Therefore, LHS=RHS=216.

Theorem 2.10 If f be a real valued function and A™"f({) where r=1,2,---n exists,
then

m (r4n—1)r-1 m+n)V)
£ U ) =8 () a7 = P A
m—+n)@
T s g
_(m+n)(”*1)

o A Q) mez (28)

Proof: The proof follows from, put n =1 in equation (28),
LA rmr) = A mt 1) AT ()
Put n =2 in equation @,
L (r+ DACtm—r) =& 2f(Ctm+2) ~A2A(Q) — (m+2)A7 (8)

r=

Put n =3 in equation (28),

m (r42)2)
Eo( +22!) fE+m—r)=Af(C+m+3) = A f(E) = (m+3)A72f(C)
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(m—+3)2)
- AT ()

Put n =4 in equation (28),

m (r+3)0) 4 —4 -3

£ VA=) = A (Gt 4) =84 — (A1)

4)2) 4)(3)
S A - ),
Example 2.11 Put n =5 in equation
_O—(H;”) fE+m=r)=A"f({+m+5)—Af(§) - (mﬁ! ) Q)
5)(2) 5)3)
- g - A -

5)(4)
e NA(S
Applying f({) = ¢B®) ¢ =2 and m =3 in the above equation, we get.

4)4)
LHS=Y7, %f(ms =7
(4) (4) (4) (4)
= %(%3)(3) + %(2%)(3) + (63, 2+1)0) + %(2)@)
=500 4+ 5(4)3) +15(3)3) +35(2)3) = 60+ 5(24) + 15(6) +35(0) = 270
We know that, A=1¢0) = C A~2L0) CS —3¢0) = €6 A4E0) = C_7
’ C7 T 654 7.6.5.4
5

and A8 = o5

RHS— (243+43)® B 2)M L (2)(©) B (8) (2)0) B (8)3) (2)® B (8)* (2)G)
8.7.6.5.4.3 7.6.5.4.3 6.5.4.3 2! 60 3! 48 4!

~ (10.9.8.7.6.5.4) B
- 7.6.5.43 0-0-0=270

Therefore, LHS=RHS=240.

Thus we have obtained Delta operator its inverse and some basic results using these
operator.
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3 Delta-¢ Operator

Definition 3.1 Let f be a real valued function and { # 0. The Delta-¢ operator on
f is defined as

Acf(8) = F(&+0) = f(L). (29)
The inverse of Delta-¢ operaor on f is defined by,if there exists g({) such that

Ag(8) = (&) = g(l)+c=A,"£(0), (30)

where ¢ is an arbitrary constant.

Theorem 3.2 If f be a real valued function and AZI f(&) exists, then

m

Y f(C+m—r)0) =AM F(C+(m+1)0)—A f(),Vme ZT. (31)

r=0

Proof: From equation (29), f(§) = f(§+¢)— f(§).
Consider Azlf(C) =g({), then f(&) =Awg({)
Sincef(§) =g(&+4)—g(&),

f(&)+g(8)=g(l+1) (32)

Replace § by §+ ¢ in equation (29),
F(E+0)+g(E+10) =g(E+20)
Substitute equation (32),
F(E+0)+ () +8(8) =8(+20)
Again replace § by £+,
FE+20+ f(E+0)+8(C+ 1) =g(L+30)
Substitute equation (32),
FE+20+ f(E+0)+f(8)+5(8) =g(L+30)

By induction;

FE+mO+f(G+m-1)0)+---+f(§)+8(8) =g(C+(m+1)0)
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FO+FE+O+-+ f(E+mb) = A7 F(E+(m+1)0) = A7 (D)
From the above result, we get the equation (37).

Example 3.3 Applying f({) = CZ(Z), § =3, ¢=2 and m=3 in equation (31),
L F(E+(m=r)) = A7 F(& -+ (m+1)0) ~ A7 F(8)

LHS :f(C)+f(§+£)+f(C+2£)+f(C+3£):(C)f)+(C+£)§2)+(C+2£)g2)+(c+
30)

=3P +6+2P+3+9P+3+6)P =3P +5) P+ (P + (9P =116

5 C(3)
We know that, A’l(:g( ) = %

IPIVNC e
RHS= A, (¢ + (m+ 1)0)P — A, 1) = (E+( 3421)5)4 B Cg;

CBre+2Y 3 197 31 e
B 6 6 6 6

Therefore, LHS=RHS=116.

Theorem 3.4 If f be a real valued function, Ag_]f(C) and Ag_zf(i_,’) exists, then

m

Y (DGt (m—r)0) = A2 F(E+ (m+2)0) — A2 F(L) — (m+2)A7 £(C), Ym € Z*.
r=0 33)
Proof: By equation (31)), we have

L A(C+(m=n)) =87 F(C - (m - 1)0) =47 £(Q)
Substitute AE_I on both sides,

AT+ AT 0+ A7 F(E+mb) = A F(E+ (m+1)0) = A f(C)
Put m =3 in equation (31),

FEO +FE+0+FE+20+F(E+30) = A7 F(E+40 AT £ (34)
Put m =2 in equation ,

FQ)+FE+O+F(E+20 =8 F(E+30) - A7 f(E) (39)
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Put m =1 in equation (31),
FO+FE+0 =07 F(E+20) = A7 f(E) (36)

Put m =0 in equation (31),
Q) =A7F(E+0—A F(E) (37)

0=2;"7(0)— a7 f(8) (38)
Adding (34) to (38), we get

In general,

AF(0)+3F(C+0)+2f(C+20) + F(E+30) = A2 f(E+50) — A2 (8 — (5)A;  F(£),
(m+1)f(8)+mf(E+L)+ (m—1)f(L+20) +--+ (1) f({ +ml)
= A f(E+ (m+2)0) — A F(8) — (m+20A, (L),
From the above result, we get the equation (33).

Example 3.5 Applying f({) = Cf(z), { =3, /=2 and m =3 in equation (33), then
we have
LHS=({ +307 +2(¢ +20P +3(¢ + 0P + 40

= (3+3(2))5” +203+2(2)),” +3(3+1(2))5” +4(3);” = 190

(3)
We know that, A*I(Zé(z) = % and A72C€(2) - 1%52

RHS= A, 2({ + (m+2)¢) — Agz(z;) — (m+2)A, ' f(C)

_ @m0l Y P a2y 30 )
1202 1202 3¢ 43 86 |

Therefore, LHS=RHS=190.

Theorem 3.6 If f be an real valued function and Azlf(C), Ag_zf(C) and Aff(C)

exists, then

m r_|_2 (2)
5 ( 2)
r=0

FC+(m=r)0) = A7 F(E+ (m+3)0) = A7 F(8) = (m+3)A, 2 £(C)

_ (m+23>( )A Lr) Ymezt.  (39)
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Proof: By equation (33), then we have
§O(F+1)f(§+(m—r)€) = A2 f(E+(m+2)0) = A2 F(8) — (m+2)A; ' £(8)
Put m—4 in equation 33,

FEH+40)+2f(E+30)+3F(C+20)+4f(C+0)+57(8) = A2 F(E+60) = A F(5) —(6)A ' f(£)
Put m=3 in equation (33), 0
FEH3O)+2f(CH+20+3f(E+0)+47(8) = A F(E+50 =82 f(8) = (5)A, ' £(C)
Put m=2 in equation (33), “
FEH+20+2f(C+0)+3f(8) = A F(E+40) A (0 — (A F(E)  (42)
Put m—=1 in equation (33),
FC+O+2f(8) = AL +36) — A2 F(8) — (3)A, £(8) (43)

Put m=0 in equation @,

FO) =A7F(E+20 - A2 f(0) - (2)A; ' f(E) (44)
0=AF(C+0)—A7F(8) — (DA f(E) (45)
0=A2f(8) = A (&) — (0)A] ' £(8) (46)
Adding (40) to (46), we get
In general,
FE+4)+(14+2)f(E+30)+(14+243)f(E+20)+(1+243+4)f(E+0)
+(14+24+3+4+5)f(8)
-3 -3 ) Mm@
=87 f(E 4 (m+3)0) = A f(8) = (m+3)A 7 f(8) = =4, f(8)

From the above result, we get the equation .

Example 3.7 Applying f(&) = C£(2)7 {=3,¢=2 and m =3 in equation (39), we
have

r12)@)
R (SRERT)

3
LHS= Y
r=0
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2)(2)
:()2 (3+6)5) +

3)(2)
()2 G+4HP +

Ce

4)(2) 5)(2)
()2 (3+2)§2)+()2 (3)5) = 288.

e &Y o_ &
A7 = g and 4500 =

B+3+3@) <3>§5> Y (02 0)
603 6073 1202 2 U

(5)  A0) 4) 3)
15 3 3 3
- <48)8 ~ a0 O gg (197 =288

Therefore, LHS=RHS=288.

We know that, A~ 1@ =

RHS=

Theorem 3.8 If f be a real valued function and A, ' f($), A, 2f($), A2 f(¢) and
AZ“ f(&) exists, then

m (r (3)
S ;33 FE+m=n)0) = AS*F(C+ (m+4)0) = A4 F(E) — (m+4)A 2 £ ()

r=0
m (2) m 3)
) - A s ) e 7)
Proof: By equation , we have
m (r+2)% -3 A3 -2
L FE+(m=r)l)=A,"f(C+(m+3)l) = A, f(§) = (m+3)A,“f({)
m 2)

Put m =4 in equation ,

r+2)@
5 U (4 = AT + (44300~ A7 F(E) — (44 DA AE)

r=0
)
ST,
2) 2) 2) 2) (2)
O peran+ O e 3+ W s 20+ O+ O pg)

2
A6 -8 0 - (00820 - O (D)
FE+40) +(B)F(E+30 +(6)F(E+20)+ (10)f(C +0)+ (15)£(0)

(1

AN C)

= A F(EHTO AP F() — (TAF(L) -
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Put m =3 in equation (39),
3 (r+2)@ 3 3 -2
F(E+B=r0)=A7f(C+(B+3)0)—Af(L)—(B3+3)A,f({)

L 2
r=0
)
SBHIT ),
) (2) (2)
pe+30+ 2 g2+ O 0+ B )

= A F(E+6) = A (L) — (6)A2F(8) -
FE+30)+(3)F(E+20)+(6)f(§ + )+ (10) £ ()

@
2

0

A (D),

A3 R DO N SO () KN
=A7f(E+60) = A7 f(8) —(6)A,~f(8) ¢

(&) (49)

Put m =2 in equation (39),

r12))
T U f+ 2= = 875 + 2430 - 87 A0 - 2 +3877(E)
2)
SN

2) 2) (2)
B per20+ P 0+ W)

2
= A F(E+50) =07 F(8) —(5)A2f(8) —
FE+20+ ) f(E+0)+(6)(S)

(5

A A(Q).

(5)?
2

=Af(E+50 - A7 F(8) = (5)A2f(8) - AF(E) (50)

Put m =1 in equation ,
L (r+2)@ -3 -3 A2
FE+A=nl)=A,7F(C+(1+3)0)—A,"f(8) = (1+3)A,"f(C)

rE’O 2
)
(”23 a0,

)
2

(3)(2)
2

@

2 A (),

F(8) = A F(C+40) — A () — (4)A2f(8) —

fE+0+

@

S—ASE) (B

FECHO+B)VF(E) =A7F(C+40) — AP F(E) — (A2 (L) -

Put m =0 in equation ,
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2) 2)
B 10 =87 7(C +30 - 874(0) - 3182 10) - ELar £(0)
-3 -3 -2 (3)(2) -1
10 = a7 A (C+30 a7 1) - a2 A0 - i) s2)
-3 -3 -2 (2)(2) —1
0= A7 (¢ 420 - A7) - @820 - DA ) 69
(2)
0=a 1 +0 -8 1) - a0 - oAt 64
0=21(0)~4,/(8) (55)

Adding (48) to (55), we get
FE+40)+(143)f(E+30)+(14346)f(E+20)+(1434+6+10)f(5+0)
+(1+3+6+10+15)f(C)
4 _4 -3 <m+4)(2) -2
=A"f(C+ (m+4)0) = A" f(8) — (m+4)A, " f(C) — A7 (8)
—(1+3+6+10+15+21)A, " ()

In general,

F(E+40)+ (4)£(E+30)+ (10)£(E +20)+ (20)£(S +0) + (35) £ ()
= A f(CH+(m+4)0) = A4 f(8) — (m+4)A,°F(C)
(m+H? -1
— A, F(8) — (56)A, f(C)
From the above result, we get the equation (47).

Example 3.9 Applying f(§) = Cg(z), ¢ =3, =2 and m=3 in equation (47), then

we have

3)(3)
LHS— zo( ) G+ (B-n0)
_ Y 4% 2, (5P 2y, ©% e
o 3+6) + 30 B+ + 30 B3+2)% + 30 (3)? =413,
4) (5) (©)
1) _ Ce_ A2e@D S 30 _ S A 9
We know that, A~ Cg = , Cé T , AT, = o3 2 and A CZ = 3600
pps. BTG9O <3>§6> 00 @@ 193
360¢4 3600 6065 2 1202 3 3¢
6 6 5 4 3
_ 3 ey o@ey 10

5760 5760 480 2 48 32 6
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Therefore, LHS=RHS=413.
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Theorem 3.10 If f be a real valued function and A, " f({) where r=1,2,--- ,n exists,
then

m (p4+npn— (n—1) m n((l) —(n—
£ i€ =00 = 87+ ) =7 () - P a0

(m+n)?
ST

(m—+n)=1

CE A F(),Vme Zt. (56)

(o

Proof: The proof follows from, put n =1 in equation ,
r>f’:0f<<:+<m—r>> P+ mt DO 87 ()
Put n =2 in equation (5
Y (r+ 1)+ (m ) ) = A2 f(C+ (m+2)0) = A2 f(8) — (m+2)A7 ' f(£)

Put nr:—()3 in equation (56),
m (7‘—|—2)(2) 3 -3 -2
L FC+(m=r)l) = A7 F(C+ (m+3)0) = A" f () — (m+3)A,7f(C)
m+3)?
SN
Put n =4 in equation , .
m (r_|_3)(3) 4 4 ;3
L g et m=nf) =Af(G + (m+4)0) = A,7f(E) = (m+4)A,°F(E)
(m—|—4)( ) (m+4)0)
) - YA ).
Example 3.11 Put n =5 by equation (56)
m (r44) m+5)1)
O+ 0 =857 90 - 87570 - " a4 0
m+5)2) m—+5)3)
S gy - g
m+5)%
A )
Applying f(§) = C€(2)7 { =3, =2 and m =3 in the above equation, we get
r+3)3)
vis- £ g+ -
4) ) )
( (3+6) Dy (52!4 (3+4)7 + (62!4 (3+2)% + (2!4 (3)? = 568
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1 5(3) -2 Cé 3(2) Cé 4 Q@
We know that, A~ CK =37 C; 7, C[ W’ Cg ~ 36004
5 %
and A=) = 2520005
ps. G090 OF SO @@ )7 8030 g9 3
252065 252004 36004 21 6063 3! 1202 41 30
7 7 6 5 4 3
o a0 a9 meed e g

T 80640 80640 5760 2! 480 3! 48 4 6
Therefore, LHS=RHS=568.

Thus we have obtained Delta-¢ operator its inverse and some basic results using these

operator.

4 Nabla Operator
Definition 4.1 Let f be a real valued function and { # 0. The Nabla operator on f

is defined as
V() =f(&)—f(E-1). (57)

The inverse of nabla operaor on f is defined by, if there exists g(&) such that

Vg(l) = f(£) & 8(0) +e=Vf(0), (58)

where c is an arbitrary constant.

Theorem 4.2 If f be a real valued function and V~!f({) exists, then

m

Y fC+m—r) =V f(C4+m) =V f({—1),YmeZ". (59)

r=0

Proof: From equation (67), f(§) = f(§)—f(£—1)
Consider V! £(£) = g(£), then £(§) = Vg({)
Since f(¢) = g(¢) —g(£—1),

f(E)+g(f—1)=g({) (60)

Replace ¢ by §+1 in equation (60),

FE+1)+g(8)=g(C+1)
Substitute equation (60),
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FE+D+f(E)+s(C—1)=g(C+1).
Again replace { by {+1,

FE+2)+f(E+1)+8() =g(E+2)
Substitute equation (60),

FE+2)+f(E+D)+f(E) +e(C—1) =2(E+2).

By induction;
FE+m)+f(C+m—1)+--+f(8)+8(¢—1)=g(C+m)

FO+FE+D) -+ f(E+m) =V f(§+m) =V (1)
From the above result, we get the equation (59).

Example 4.3 Applying f({)=¢?, { =2 and m =3 in equation (59), then we have
LHS= ¥ f(§+m—r) =L@+ ({+1)D+(§+2)D+ (£ +3)2) =20 130 442) 1 5)
r=0

=214+324+434+54=24+6+12+20=40.

(E+DP

We know that ,V-1¢(?) = 3
(3) _1\3
RHS= V! f({+m) -V f({—1)= (§+33+1) _(C+13 1)

6% 2P 654 210
3 3 3 3
Therefore, LHS=RHS=40.

40.

Theorem 4.4 If f be a real valued function, V=!£({) and V=2£({) exists, then

m

Y r+Df(C+m—r)=V2f(§+m) =V 2 (C—1)—(m+ 1)V f({—1),Yme Z".

r=0
(61)
Proof: By equation (59), we have

L f(Etm=r) =V (G m) =V (E 1)

Applying V~! on both sides,
VIO +VIFE )+ AV (E+m) = V2 f(E+m) = V2 f(§ 1)
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Put m =4 in equation (59),

FO+FCHD+E+2)+F(C+3)+f(E+4) =V f({+4) -V f(E-1) (62)

Put m =3 in equation ,

FO+FE+D+FE+)+f(E+3) =V If(E+3) -V If(L—1)  (63)

Put m =2 in equation (59),

FO+FEC+D)+f(E+2) =V f({+2) -V f(E-1) (64)

Put m =1 in equation (59),

FO+fC+D)=VFC+1) =V (1) (65)

Put m =0 in equation ,
fE) =V -VF(E-1) (66)

Adding (62) to (66), we get

5F(E)+4f(C+1)+3f(E+2)+2f(E+3)+ f({+4)
=V 2f(E+4) -V f(E-1) =V f(E~1)
In general,
-+ 1) J() +mf(§+ 1)+ (m—1)F(E+2)+ -+ (1)f( +m)
=V 2f(§+m) =V 2f(E—1) = (m+ 1)V f(§ 1)
From the above result, we get the equation .

Example 4.5 Applying f(&)=¢{® ¢ =2 and m =3 in equation (61) , then we have
LHS= ¥ (r+ Df(C+m—r) = (C+3)® +2(C +2)@ £3(C + 1)@ 1 4£2)
r=0

=5@ 4 (2)4@ +(3)3?) 4 (4)20) = 5.442(4.3) +3(3.2) +4(2.1) = 70.
(E+D% (E+2)%
12
RHS=V2f({+m) =V 2f({—1) = (m+ 1)V f(§—1)
_(E+3+2)W  (C+1-2)® ( C+1-1D W 2@ (@)
12 12 3 12 12 3

We know that, V*I(:(z) = and V*2g(2) —
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=170.
Therefore, LHS=RHS=70.

Theorem 4.6 If f be a real valued function and V' £({), V72f(¢) and V3£({)

exists, then

g (r+2)®

r=0 2!

fE+m=r)=V3f(L+m)=VIf(E~1) = (m+1)V2f({~1)

(m +22)(2) VI —1),Ymezt.  (67)

Proof: By equation (61)), then we have
Zo(r+ D(CHm=r)=V2f(C+m)=V2f(=1) = (m+ 1)V f({~1)

r=

Put m =4 in equation (67),
FEH+M)+2F(E+3)+3f(E+2)+4f(C+ D) +5,(5) =V 2f(§+4) -V 2 f({—1)—=(5)V ' f(E—-1)

(68)
Put m =3 in equation (67),

FEH3)F2f(C+2)+3F(C+1)+4f(5) =V 2 f(E+3) =V 2f(C—1) =4V f(E 1)
Put m =2 in equation (67), .
FEH2)F2f(E+1)+3f(0) =V 2f(E+2) =V 2(C 1) =BV f({—1) (70)

Put m =1 in equation (67),
FEHD+F2f(0) =V fE+1) =V (-1 =V ' f(E-1)  (71)

Put m =0 in equation (61),
Q) =V2FE) -V E-1) = (VT f(E-1) (72)

fddind to (72), we get

n general,

FE+H)+0+2)f(C+3)+(1+2+3)f(E+2)+(1+2+3+4)f(E+1)
+(1+2+3+4+5)f(8)
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(6)(2)

=V m) =V IAE 1) = (4 DV 2 - 1) = 2=V (- 1)

From the above result, we get the equation (67).

Example 4.7 Applying () =¢®, { =2 and m =3 in equation (67), then we have

m (r+2)2
LHS— ;()Tf(c +m—r)=(4+3) P +3({+2)D +6(+1)D +10¢@

=5@ 1+ (3)4@ 1+ (6)3) 4+ (102 =5.4+3(4.3) +6(3.2) +10(2.1) = 112.
¢+n® (§+2)@ (£+3)®
3 12 60

vaFE-1)

We know that, V*IC(Z) = ,V*ZC(Z) = and V*3C(2) =

(m+2)®

RHS= V3 f(§+m) =V f(=1) = (m+ 1)V (L —1) ~

C(64343)% (g+3-1O @
N 60 60 12
Therefore, LHS=RHS=112.

Theorem 4.8 If f be a real valued function and V=1 (), V72£({), V3£({) and
V=4£({) exists, then

m (rt3)0)
£ D f( ot mer) = V4 m) == 1) = (e DY - 1)
(m+2)2 __
———y ¥ 2f(E-1)
_(mJ;?)B)v—lf(c—n,vmez# (73)
Proof: By equation (67), we have
m (r+2)@ -3 3 2
rgo 5 f(E+m=r) =V f(Etm)=VZf(—1) = (m+ 1)VZF(C—1)
_ (m+22)(2) V(g -1)

Put m =4 in equation (67),
4 (r—|—2)(2) 3 5 L,
———f(C+4—r)=VTf({+4) -V (1) -4+ )V =f(L - 1)

rg() 2
(442)@

VG- 1),

(5)? ()
2 (G 1)+

@
2

(3)(2)
2

@
2

f(E+4)+ f(E+3)+ fE+2)+ f(&)
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2
V) -V 1) - (Vg - O

FE+4)+B)f(E+3)+(6)f(E+2)+(10)(E+ 1)+ (15)f(C)

Vg -1)

=VEfE+) =V -1 = G)VAAL 1) = 15V F(E - 1),
(74)
Put m =3 in equation ,

r+2)@
5 U 3 ) = V(L 43) - VA 1) (34 V25— 1)
(3+2)?

r=0 2

V- 1),
@ (3)? @)

(5)®
Tf(c+3)+Tf(C+2)+Tf(C+1)+Tf(C)

=V AE+3) =V EE - D) - @V - -
F(E+3)+ O (E+2)+(6)/(C + D+ (10)£(¢)

=VIL(E+3) =V -1 =V —-1) = (10)V ' f(E—1)

(75)
Put m =2 in equation (67),
2 (r+2)@ -3 -3 )
L G20 =V (G2 =V RS- ) = 2 )Y RS- )
2o,
(2) (2) (2)
D rer+ ey + WU
. . 5 @,
= V(42 =V EE D)= BV 2f(E 1) = L=V A - 1)
FE+2)+B) G+ +(60)f(5) =V F(E+2) =V (-1 =B)V 2 f (- 1) = (6)V ' F (- 1)
(76)
Put m =1 in equation (67),
L (r+2)? 3 -3 )
L ) =V =V ) = (1 )Y )
(2)
®) @ _(1+22) vie-n
O pe 0+ EL @) = v A+ ) - v - ) - @)V 2R - )
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)
()
FE+D+BUE) =V E+1) =V =D =@V~ 1) =BV 1(E 1)
(77)
Put m :(0) in equation , o
2 2
O r 0 =v @) v -1 -vrg-n- Eve -

2
FO) =V ) -V E-1) =V -1)=V (1) (78)

Addind to (78), we get
FE+4)+(1+3)f(E+3)+(1+3+6)f({+2)+(1+3+6+10)f({+1)
—(+(1+3+6+10+15)f(¢)
SV m) =V 1) — (e DV A1)
—(14243+4+5)V2f(C—1)
—(1+34+6+10+15)VIF(L—1)
In general,
FE+4)+#)f(E+3)+(10)f(C+2)+(20)£(C+ 1)+ (35) (L)
VAR m)— VA1) — (e VA1)
—(I5)V AL~ 1) = (35)VF(E— 1)
From the above result, we get the equation (/3).

Example 4.9 Applying f(£) =¢®, £ =2 and m =3 in equation (73), then we

have
m (31
LHS- Y (r+§) FE+m—r)=(5+3)@+4(C+2)@ +10(5 +1)P +20¢@

— 5 1 (4)42) + (10)3) + (20)22) = 5.4+ 4(4.3) + 10(3.2) +20(2.1) = 168,
(3) (4) (s)
We know that, V-1¢@ = % V2@ = e+2)" Vi@ = (C+3) and

12 60
V_4C(2) — (C+4)(6)
360

. ((:—}—44—3)(6) (C_|_4_1)(6) (C+3_1)(5) (€+2_1)(4)
5= 36(9) B 360 - (4) 60 (10) > —
(zo)@“"%l)

© (5)© 5) 4) (3)
_ <§)60 _ (2)60 —@ (46)0 —(10) (31)2 —(20) (2)3 = 168.
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Therefore, LHS=RHS=168.

Theorem 4.10 If f be an real valued function and V="f({) where r =1,2,--- |n

exists, then
m (r4+n—1)0=1

=0 (n—1)! f(Etm—r) =V f(C+m) =V "f(E-1)

(1)
S )
(m+2)®

- 2—!V‘("‘2>f(é —1)

_ 1)
—(’”+<Z_11))! IA_lf(C—l),VmEZJr. (79)

Proof: The proof follows from, put n =1 in equation (79),
LA mr) =V (G ) =V )
Put n =2 in equation
Y (r+ DF(E+m—r) =V 2F(E+m) =V 2f(E—1) — (m+ 1)V F(E 1)

Put nr:——o3 in equation ,
m (r+2)@ -3 -3 -2
£ m=) = V(G4 m) = V(= 1) = (DY 2 (C 1)
2)(2)
(2
Put n=4in eq(u?tion ,
m 3 3
£ U (=) = VA m) =V (= 1) = (e DY - 1)
2)(2) 3)3)
Sy 2y - I g )
Example 4.11( )Put n =15 by equation (79) "
m 4 4 1
£ s m—n) =V S m =¥ S - Py
2)(2) 3)(3)
S - M
4)4)
R ()

Applying f(§) =¢®, ¢ =2 and m =3 in the above equation, we get
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LHS= ¥ ~—=—f(§+m—r)=(§+3)P +5(+2)@ +15(f +1)? +35(
r=0
=5 1 (5)4@ 1 (15)3@) + (35)2)) = 5.4 4+ 5(4.3) + 15(3.2) +35(2.1) = 240.
(3) (4) (5)
We know that, V-1{®) = —(C‘f’;) V2@ = E+2)" —EZZ) V3@ = —(C—ES) ,
4)©) (+57
v - (EF S5p) .
: )% (7)and T (7)2520 (6) (5)
_ @453 (G+s5-D)  (E+4-D)" (C+3-1Dv
RHS= 25(24()) 2520 ) 360 (10) 60
(E+2-1)
(20)—12 5
_(35)@“;1)
_ 10?0 _©? ©O @O e @@
= 350 2500 D360 U0 T T (205 39— =240

Therefore, LHS=RHS=240.

Thus we have obtained Nabla operator its inverse and some basic results using these
operator.

5 Nabla-/ Operator

Definition 5.1 Let f be a real valued function and § # 0. The Nabla-¢ operator on
f is defined as

Vif(&) = f(8)—f(E—0). (80)
The inverse of Nabla-¢ operaor on f is defined by, if there exists g({) such that

Vig($) = f(§) = g(l)+c=V,"£(0), (81)

where ¢ is an arbitrary constant.

Theorem 5.2 If f be an real valued function and V, ! f({) exists, then

i fC+m=r)) =V, f(§+mb) -V, f({—0),VmeZ". (82)
r=0

Proof: From equation (80), f(§) = f(§)—f(§—¢)

Consider V, ' f(§) =g({), then f(§) = Vig()

Since f(¢) = g(¢) —8(E—0),
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f(&)+8(E—1) =4(F) (83)

Replace § by § + ¢ in equation (83),
F(E+0)+8(8) =8(C+1)
Substitute equation (83),
F(E+O)+f(E)+8(E—0) =g(+1).
Again replace { by {+/,
F(E+20)+ f(E+0)+8(C) =8(8 +20)
Substitute equation (60),

FE+20+f(E+0)+7(8)+8(8— 1) = g(E+20).

By in'duction;
FE+mO)+f(E+(m—1)0)+---+ () +8(8— ) = g(E+ml)
In general, we get

FQ+FE+O)+ -+ f(E+ml) =V, F(E+ml) =V (1)
From the above result, we get the equation .

Example 5.3 Applying f({) =¢®, ¢ =3, =2 and m =3 in equation , then
we havem

LHS= ¥ (¢ +(m=n)0) = &2+ + D+ (E+2)7 +(C +3)7

=3P 152179 40P —31453475+97=116.

(3)
1
We know that, Vf_lgf(z) - —(Cgé)f
RHS=V, ' f(§+ml) -V, f(§—¢

)
+3e+107  €+e-0P and 3P 1975 31-1 e

3¢ 6 6 6 6
Therefore, Lﬁé:RHS:HG

Theorem 5.4 Let f be a real valued function, V,;'£({) and V,2f({) exists, then

m

L (r+0)f(E+(m—r)l)

r=0
=V, 2 +ml) =V, 2f(E—0) — (m+ 1)V, f(E—0),YmeZT. (84)

Proof: From equation , then we get
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gof(Cer—r) =V, f(§4+ml) =V f(E 1)
Applying VZI on both sides,

VALV FE+O+ -+ YV F(E+ml) =V 2 f(E+ml) =V, 2 F(E—0)
Put m =4 in equation (82),

FO+FEHO+FE+20+f(E+30)+ f(E+40) =V, F(E+40) =V, F(—1) (85)

Put m =3 in equation ,

FEO+FEC+O+FE+20+F(E+30) =V, F(E+30) -V F(C—0)  (86)

Put m =2 in equation (82),

FO+FE+D)+f(E+2) =V f((+2) -V f(E-1) (87)

Put m =1 in equation @,

FO)+fE+0=V"F(C+0 -V f(E—0) (88)

Put m =0 in equation ,
FQ) =V () =V f(E-0) (89)

Adding (85) to (89), we get
SFE)+4f(E+0O)+3f(C+20)+2f(8+30)+ f(E+40)
=V 2 f(CH40) =V (=0 = (5 F(E-0)
In general,
(m+1)f(C)+mf(C+€)+(m—1)f(+20)+---+(1)f( +ml)
=V, 2 f(C+m) =V f(E—=0) = (m+ 1)V, f(E—0)
From the above result, we get the equation (84).

Example 5.5 Applying f({) = ¢® | { =3 and m = 3 in equation , then we
have ”
LHS= Y (r+ 1) f(+ (m—r)t) = (+30P +2(¢ +20P +3(¢ +0)P +4¢?

r=0

=9 4+ (27 + (3)5% + (4)38) = 9.74+2(7.5)+3(5/3) +4(3.1) = 190.
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(3) (4)
1 2
We know that, V{)—lgg@) = (C—;;K and Vg_zég(z) = %
RHS— C+30+20Y  (C+e-20 @ C+t-0%
1202 1202 3/
( ) (4 (3)
48 48 6
Therefore, LHS=RHS=190.

Theorem 5.6 If f be an real valued function and V' £({), V;Zf(g) and Vé_3f(C)
exists, then

m (r (2)
EO( +;) fCm—rt) =V f(E+ml) =V f(E—0) = (m+ 1)V, 2 (1)
—(m+22)(2)v;1f(c—e),vmez+. (90)

Proof By equation (84), then we get
r(r+1)f (C+( ) ) =V 2§ +ml) =V 2§ =) — (m+ 1)V, F(E—1)

Put nZ_i 4 in equation (84),
FC+40+2f(§+30) +3f(§+20) +4f(§+0) +5/(0)
=V 2§ +40) =V (=0 =)V, ' F(E—0) (91)

Put m =3 in equation (84),
FE+30F2f(E+20)+3F(CHOFAF(E) =V, 2 f(E+30) =V, 2 f(E~0) = (4)V,  F(E~0)
Put m =2 in equation (84), .

FE+2042F(C+0)+3f(8) =V, 2 F(E+20) =V 2 (L =0 — 3V, ' F(E—0) (93
Put m =1 in equation (84),

FEHO+2(0) =V 2 +0 =V 2 (-0 -2V, ' f(E—0) (94)

‘I")J ournal of Computational Mathematica Page 90 of



2456-8686, ix(i), 2025:060-098
https://doi.org,/10.26524 /cm212

Put m =0 in equation (84),
FQ) =V =VI2FE =0~ )V, f(E 1) (95)

Adding (97) to (95), we get
In general,
FEH+40)+(14+2)f(E+30)+(14+243)f({+20)+(14+2+3+4)f(E+9)

+(14+2+3+445)f({)

-3 -3 ) (6)?__,
=V7f(E+m) =V, f(E—0) —(m+ 1)V, f(E—)———V, f({-10)

2
From the above result, we get the equation (90).

Example 5.7 Applying f({) = (;’4(2) , ¢ =3, /=2 and m=3 in Theorem , then

we have

LHsﬁo (r+2)(2)f(C +(m—r)t) = (C+30 +3(+20P +6(¢+ 0 + 107
= 9% 4 3)7% 4 (6)5) + (10)3(”) = 9.7+ 3(7.5) + 6(5.3) + 10(3.1) = 288,
We know that, V¢ = (C+3_2)§3) VY = (C;;—Zf) and V3¢ = (C;LO_T;)EJS)
RHS= V3 f(+ml) = V3§~ ) = (m+ )V 2f(§~ 1) — OHTMV_V(C -9
(304307 (+30-0) _(4)(c+2e—1z)g4> L O)w
6003 6002 1202 30

15 @

4
480

_ ENC I RPNC)i
480
Therefore, LHS=RHS=288.

Theorem 5.8 If f be a real valued function and Vzlf(g), szf(i_,'), fo(&;) and
Vz“f(é;) exists, then

m (r+3)0) —4 —4 -3

£ =) = Vi E om0 = VA= 0 = (e DV D)
mt2)@
e ()
—(m+3—!3)(3)V£1f(§—£),VmEZ+. (96)

Proof: By equation (90), then we get
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n (r 22\
$ U2 4 me ) = V3L mb) — VB (0 — (- )V 2F(L — )

r=0 2
_ (m+2) (2)
2

V(-0
Put m =4 in eo(lu)ation
4 (r
3§ U e r)) VA F(E 440 — VP F(E— ) — (44 DV2F(L —0)

r=0 2
2
2o
2) 2 2) 2) (2)
O a0+ 3+ W a0+ O pe v+ O p0)

(2
(6) lf(g

=VI3F(E+40) -V, f(E—0)—(5)V,2f(E—0)—
FE+40) 4+ (3)F(E+30)+(6)f(L +2)0+ (10) £(E + )+ (15)£()
=V f(E+40) =V F(E—0—(5)V2F(C—0)— 15V, (L —0) (97)

Put m =3 in equation

()
PRAR S =TT -G VAR
2)
B (e
2) 2) (2) ()
D re w30+ D e a0+ U0+ B )

(2)
=V 30 -V~ @V -0 - PV e -0
FE+30)+()(E +20) +O)F(C +0)+(10)£(Q)

=V f(E+30) =V F(E—0) = (V2 F(E—0)— (10)V,  f(E—0) (98)

Put m = 2 in equation

2\
A (e =TS 42T ) @+ N SE 0
(2)
e (R

(2)
W ) =V R 120 - V5L~ 1)

@ @
O e 20+ D pc 1o+ !
— 3V, f(E—0)

2 2
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(@®
2

vV, f(E-0)
FE+20)+(3)f(E+£)+(6)f(8)

=V f(E+20) =V F(E =0 =BV A(E =0 = (0)Vy f(E 1) (99)
Put m =1 in equation (90),

r12))
P T ) =V )~V — ) — (L )V 1)

L

r=0
1+2)@
R (

)
FO) =V fE+0 -V F(E—0)— (V2 f(E—0)

2)
Vi)

FEHO+B(Q) =V FE+0 =V (-0 -V -0 -3V, f(L-0)
(100)

Put m =0 in equation (]@[)7

@
R

(2)
Q=) -V e -0~ v -0 - Bov g -0

FQ) =V =V E =0 =V -0 =V, f(E—0) (101)

Adding (97) to (101), we get
FE+40)+(1+3)f(E+30)+(1+3+6)f(E+20)+(1+3+6+10)f(E+1)
+(1+3+6+10+15)f(%)
=V A Hml) =V F(§—0) — (m+ 1)V F(E— 1)
—(14+2+43+445)V,2f( -0
—(14+3+6+10+15)V, ' (¢ —0)
In general,
JF(E+40)+(4)f(C+30)+(10)£(E +20) +(20) £ (£ +£) + (35) f(E)
=V, f(C+mO) =V (E =0 = (m+ 1)V, f(E—0)
—(I5)V2f(§—0) = (35)V, ' F(§ —0)
From the above result, we get the equation .
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Example 5.9 Applying f({) = ¢® ¢ =3and m =3 in equation , then we

have

3)
s § 3
r=0 3!

=9 4+ @7 + (10)5% + (20)3%) = 9.7+ 4(7.5) +10(5.3) +20(3.1) = 413.

FE+m—r)0) = (+30P +a+20P 110 +0)P 208

(3) (4) (5)
We know that, VZICE(Z) = %a VZZCZ(Z) - % ’ VZSCL’(Z) - %
. (§+4)"
and V[ 4C€(2) = We‘f
2)(2)
RHS= V,*£(§+ml) =V *f(§— ) — (m+1)V,3F(§ ) — (m-;') V(- 0)
3)3
Sy
_(Grarr3nl® (v (@30 oo
- T T T2 S o v —(19) (3)1252
(E+e-10),
~(20) =
(6) (6) (5) (4) (3)
U7, Oh (4)(2320 (10)(54)82 —(20)(3)62 =413.

576 57
Therefore, gHS: S=413.

Theorem 5.10 If f be an real valued function and V,”f({) where r = 1,2,---,n

exists, then
m (r4n—1)n-1
5 ( )

G+ (m—=r)l) =V, " f(E+ml) =V, " f(§—1)

r=0 (n_l)’ (1)
@ (g 0)
22
%g fE-0

(m4n—1)0=1)
 (n—1)!

JFE—0),Ymez",
(102)
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Proof The proof follows from, put n =1 in Theorem (102),
Zf(C+( N0 =V, f(§+ml) =V, f(E—1)
Put n= 2 in Theorem (102),
Y (r+ DF(E+(m—r)0) = V2 F(E+mb) = V2 (£ =)= (m+ 1)V F(E—0)

r=0

Put n=3in Tl(le)orem (102),
m (r12)Q
£ O A O = G )~V F(E 0~ Ot V2 (E 0
m (2)
R I

Put n =4 in Theorem (102),

m (r43)03)
o T FE +m =10 = VI P 4mb) ~ V4~ 0 — (mt DV A(C )
m—2)?
R
m+3)0)
_( J;?) vV, (-0

Example 5.11 Applying n=>5 by equation

(e )@
£ U =00 = VS (E 4 mt) =V (E -0
NG s 2@
S v - " v )
NG NG
e R B AV )

Put f(§) = Q : C 2, ¢/ =2 and m =3 in the above equation, we get
LHS— Z r+ ) FEC+m=ne) = +307 +5+20P 1156+ 0P +35¢

= 9§ ) (5)7§ ) +(15)5% + (35)317) = 9.7+ 5(7.5) + 15(5.3) +35(3.1) = 568.

o o, 160 = L oo -l g G

v, 4 = (C;g(;?f and V;%ﬁ:(g;g% .

RHS=V,* f(§ +mt) — V; > f(§ — ) - (”’*1,” -0
_(m+2!2)<2>vé3f(c_g) (m+3'3) VAL 1) - (mT)M)vlf(g_g)
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_(E+50+30)7  (§+50-0)) ( )(§+4£—£)<6> _(10)(§+3€—£)<5)
252005 252005 36004 6003
(C+20—0)®) (& +0-0)G)

~(20) 122 —(35) 3¢

(19" an® (9)© (7)® (5)@ 3)%

T 80640 80640 —( )%_(IO)W_(ZO) 48 —(33) 6 0%

Therefore, LHS=RHS =568.

Thus we have obtained Nabla-¢ operators its inverse and some basic results using
these operators.

6 Conclusion

In this research work, we developed the theory of discrete version of fundamental
theorems using Delta, Delta-¢, Nabla and Nabla-¢ operators. This theory is
subsequently applied to establish several higher order fundamental theorems. Our
findings are validated with suitable examples in the finds of discrete fractional
calculus.
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