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Abstract

This paper aims to the generaized a(g)- difference operator and its sums. By equating
the closed and summation forms of inverse operators, we derive novel summation formulae.
These advancements contribute to a deeper understanding of the calculus framework and its
applications across various mathematical and scientific fields. This results can be applied to
improve dicrete dynamic systems, enchance computational techniques and provide new insights
into the behaviour of discrete functions.

Key words: q- Delta operator, ¢(a)- Delta operator, q - Nabla Operator, g(c) - Nabla
Operator.
AMS classification: 03E72.

1 Introduction

A difference equation is a mathematical equation that expresses
the relationship between successive terms of a sequence. It is the discrete
counterpart of a differential equation and is commonly used in fields like economics,
engineering, and physics to model discrete-time systems. In discrete mathematics
and numerical analysis, difference operators play a fundamental role in studying
sequences, discrete functions, and numerical approximations. They provide discrete
analogs of differentiation in calculus and are used in solving difference equations,
numerical differentiation, and interpolation problems. The two most commonly used
difference operators are the Delta operator (A) and the Nabla operator (V). These
operators help analyze changes in sequences and discrete functions by evaluating the
difference between successive or preceding terms.
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Difference equations play a crucial role in the study of discrete dynamical
systems, numerical analysis, and various applied fields, including engineering,
economics, and biological sciences. As the discrete counterpart of differential
equations, they provide a mathematical framework for modeling and analyzing
systems that evolve in discrete time steps. Central to the formulation and solution
of difference equations is the Delta operator (A), which serves as an essential tool in
discrete calculus, interpolation, and numerical methods.

Delta Operator

The Delta operator is analogous to the first derivative in continuous calculus,
capturing the rate of change between consecutive values of a function. By
recursively applying the Delta operator, higher-order differences can be obtained,
which are instrumental in polynomial approximation, interpolation, and solving
discrete boundary value problems. In the context of numerical methods, the
Delta operator is widely utilized in finite difference approximations of derivatives,
particularly in solving differential equations numerically. This formulation provides
an algebraic foundation for studying discrete systems and facilitates the development
of computational algorithms in numerical analysis.

Due to its significance in mathematical modeling and computational sciences,
the Delta operator remains a fundamental concept in difference equations and discrete
mathematics. Its applications extend to diverse domains, including signal processing,
population dynamics, and financial modeling, where discrete changes over time are
analyzed. Theoretical advancements in difference equations continue to enhance
the understanding of discrete phenomena, bridging the gap between discrete and
continuous mathematical frameworks .Difference equations play a crucial role in the
study of discrete dynamical systems, numerical analysis, and various applied fields,
including engineering, economics, and biological sciences. As the discrete counterpart
of differential equations, they provide a mathematical framework for modeling and
analyzing systems that evolve in discrete time steps. Central to the formulation and
solution of difference equations is the Delta operator (A), which serves as an essential
tool in discrete calculus, interpolation, and numerical methods.

Nabla Operator

A key operator in the study of discrete changes within such systems is the Nabla
operator (V), commonly referred to as the Nabla operator. This operator provides a
discrete analog to differentiation, particularly in contexts where past values influence

the evolution of a function. The Nabla operator is widely applied in areas such
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as backward difference interpolation, numerical solutions of differential equations,
time series analysis, and stochastic processes. Its significance extends across various
scientific disciplines, including engineering, economics, and biological modeling, where
past data is utilized to predict future behavior. It is used to define and solve difference
equations, which are essential in modeling population growth, chemical reactions.
The Nabla Operator is a fundamental tool in difference equations, discrete calculus,
and time series analysis. It has numerous applications in Mathematics, physics,
engineering, and computer Science.
Fibonacci Sequence

The properties of the Fibonacci sequence, particularly its first-order represen-
tation, using the nabla operator (also known as the backward difference operator).
The nabla operator, denoted by V., is defined as Vf(n) = f(n) — f(n—1). Using this
operator, we can express the rate of change of the Fibonacci sequence backward. The
use of nabla calculus allows for an alternative perspective to exploring the Fibonacci
sequence, its properties, and to develop solutions with its backward difference and
anti-difference formulas. Also, it allows to model scenarios where the analysis and
prediction of trends from past observations are desired. This has a great potential to
discover new results and applications for the Fibonacci numbers.

The Fibonacci sequence is a sequence of non-negative integers starting with the
integer pair 0 and 1, where F, = F,,_| + F,,_» for all n > 2. The first few Fibonacci
numbers are: 0, 1, 1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ---. The Fibonacci sequence is
perhaps one of the most well-known sequence and it has many interesting properties
and important applications to diverse disciplines such as Mathematics, Statistics,

Biology, Physics, Finance, Architecture, Computer Science, etc.

2 g-Delta Operator

In this Section, we derive generalized delta operator with shift value ¢ and gives
summation formulae related to these operator and also we derive some numerical

examples.

Definition 2.1 Let f(¢) be a real valued function and ¢, ¢ be a fixed real numbers.
Then the g-Delta operator A, is defined as

Agf (1) = f(tq) = f(2) (1)

and the inverse of the g-Delta operator Aq_l is defined as
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f(6)=Ag8(t) = A f(1) =g(t) +c
where ¢ is an arbitrary constant.

Theorem 2.2 If f be a real valued function and A;l f(t) exists, then for every

positive integer m,

g™ + fg" Y+ g )+ f() = A, ftg" ) = A ().

Proof: From equation (2), we have
Ay f(t) = f(tq) — f(2)
Let A7 (1) = 2(0)
= f(1) = Agg(1)

f(t)+g(t) =zg(tq)

Replace t by tq in the above equation,
f(tq) +g(tq) = g(tq’)
Substitute in above equation,
ftq)+f(1) +5(t) = g(tq?)
Again replace t by tq in the above equation,
ftq?) + f(1q) +g(tq) = g(tq*)
Substitute in above equation,
f@q?) + f(tq)+ (1) + (1) = 8(tq)

In general,
Fq™) + fg" )+ ftg" )+ + £ (1) +g(t) = g(tg™ )

S g + fg" Y+ g )+ ) = AL g ) = A ().

Example 2.3 Applying f(t) =t,t =2, m=2, g =3 in the equation (4), we get

LHS = f(tqg™) + f(tqg" )+ ftg™ ) +---+ f(1)
= (tq™) + (tg™ ') + (tg"2)
= (2)(3)2+(2)(3)"' +(2)=26.

()

(4)
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We know that, A, f(¢) = f(tq) — f(t)

Ag(g)(1) = (tq) — (1) = A"t = !

(g—1)
RHS=A,'f(tq" ") = A, f(2)
- (tqqil) B <<qi1>)
-(557) - (555) =
~.LHS = RHS

Theorem 2.4 If f be real valued function and A,"f(¢), where r = 1,2 exists, then

for every positive integer m,
flg™)+2f (g™ ") +3f(tg" )+ + (m+ 1) f(t)
= A7)~ A2 110) (4 20710

Proof: Consider,

g™+ fg" )+ ftd" ) 4+ f() = A, ft g™ = A £ (1) (5)

Applying A;l in the equation (2),

A g™+ A Feg" ) o+ AL () = A f (g™ ) = A f (1)
Suppose m =4,3,2,1 and 0 in the equation (5)), we get

Fg) + f(q) + F(td) + fleq) + £ (1) = A, f(14) = A, (1) (6)
FEa)+ 1) + f(tq) + (1) = A, F(egh) = A £ (1) (7)
fq®) + ftg)+ f(1) = A, f1q®) = 8, f (1) (8)

Fleg") + () = 8, f(eq®) = A f (1) 9)
F6)y=A,"f(tg) = A, f (1) (10)

0=A”f(r) -8, f () (11)

Adding the equations (6) to (T1), we get
fleg*)+21(tq°) +3/(1q® )+4f<tq) +5£(0) = A2 f (%) — A2 £ (1) — 64, f (1)

In general,
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S f g™ +2f (1™ ) +3f (1™ ) + -+ (m+ 1) f(1)

= A2 f(tg" ) = A f(t) — (m+2)A, £ (). (12)

Example 2.5 Applying f(t) =1, =3, g=4, m=2 in the equation (12), we get
LHS= f(1q™) +2f(tg"~") +3f(tg"?) +---+ (m+1)f(t)

= (1q") +2(1¢" ") +3(tg"?)

= (3)(#) +2[(3)(4)] +(3)(3) = 81.
We know that, A, f(¢) = f(tq) — f(¢t)

e ()
()

RHS= A2 f(1g"*) ~ A, (1)~ (m+ A, £(0)

:Qjﬁ;)_ngﬁ)_W+”<@iU)
(%) -()-w(3)

=8l.

..LHS =RHS

Theorem 2.6 If f be a real valued function and A" f (1) where r=1,2,3 exists, then

for every positive integer m,

m ((r42)@ m+3)@
> <( 2 ).f(zqm—f>=A;3f<rqm+3>Aff(z)<m+3>A;2f<z><( ) )Ag‘f@.

r=0 2

Proof: Consider,

Fag™) +2f(tq" ")+ (m+ 1) (1) = A7 f(tq™ ) = A f (1) — (m+2)A, £ ()
(13)
Applying A;l in the equation (2),
ASFg") AL Fg" )+ + AL () = A fleg™ ) — AP ()

(I")J ournal of Computational Mathematica Page 104 of



2456-8686, ix(i), 2025:099-138
https://doi.org,/10.26524 /cm206

Suppose m=4,3,2,1 and 0 in (13), we get
Fg") +2£(tq®) +3f(tq?) +4£(t) +5£(t) = A2 f(14°) — A2 £(1) — (6)A, ' f(r) (14)

F@) +2f(tq*) +3f(tq?) +4f (1) = A2 f(tq”) —q 2 f(t) — (5)A, ' f(r)  (15)

Fa®) +2£(tq) +3f (1) = A f (1Y) = A2 f (1) — (4)A, ' £ (1) (16)
Feq)+2f(t) = A F(1g)) = A2 (1) — (3)A, ' f () (17)

FO) =AM Fqg?) = A F (1) — ()M, f (1) (18)
0=A,f(tq) — A7 f(t) — A, £(2) (19)
0=Af(1)=Af(t) (20)

Adding the equations to (20),we get
feg") +(1+2) f(1q?) + (1424 3) f(tq*) + (1+2+3+4) f(tq) + (1 +2+3+4+5) f(1)

7(2)
- Aq_3f(tq7) _Aq_3f(t) —7A;2f(t) — <7> A;lf(t)
In general,
m (2)
= <<r+22 ) ) Fltq" )
r=0

m (2)
— A;3f(tqm+3) —A;Sf(l‘) . (m+ 3)A;2f(l) B (( +23) ) A;lf(l‘). (21)

Example 2.7 Applying f(t) =1, 1 =2, m=3, ¢ =6 in equation (21)), we get
m 2 (2)
LHS= § (“* : )f(tq’”’)

r=0 2
r42)2)
B ,éo <( +22) ) (tg"")
: (?) )60+ (?) @6+ (?) )62+ (?) 2)(6)
= 2268.

We know that,
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t
Alt= — A=~ —
1 (g—1)" 1 (gq—1)2" 1 (g—1)3

RHS = A f(1q"") = A7 f(1) — (m+3)A 2 f(1) - (('“—3)(2)) Af(0)

(@ (@ (@ (0P @
- (%07) (o) -9 (621 ( 2 )((6—1))
=2268

SAS (g ) = AP (1) = (m+3)A 2 f (1) - (

(m+3)2

5 ) A f(r) = 2268.

Theorem 2.8 If f be a real-valued function and A" f(t) where r = 1,2,3 exists, then

for every positive integer m,

m [ (r43)0)
L <( ;3)) ) Feg™") = 8 f (g ) = A f (1) = (m+ A F (1),

m (2) m (3)
(22)

Example 2.9 Applying f(t) =t,t=3, g=35, m=2 in the equation (22), we get

m ([ (ri3)3)
LHS= r)z:o (( —'2:(2)) ) f(eqg™™")
r3)0)
- rio <( —‘3_(2)) ) (tg” ")
(3) 3) (3)
- <%) (3)(5)+ (‘3%) ()" + (%) 3)

= 525.
We know that, A 1t = A2 = ,
T (g-1)P T (g—1)?

Adr=—L1 __ A _r
PRV PRV R i

m 2 m 3
RHS —Aq4f(tq’”+4)—Aq4f(t)—(m+4)Aq3f(t)—<( ) >Aq2f(t)—<( s )Aqlfm

2
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- {(<(53)—(536>2*> ~(53) o (535) - (2) (537)
() (o) )

o.LHS =RHS

Theorem 2.10 If f be a real valued function, o # 0 and A;?q) f(t) where

r=1,2,---,n exists, then for every positive integer m,

m r+n— (n—1)
rgo <( +(”— 11))' ) Flea™™)

m+n) D\ m+n) @\
= {Aqtlf(tqm+n) —A;"f(t) _ (( "1’) > Aq (n 1)f(t) _ (( ';’) >Aq (n z)f(t)
(m+n)(n71) m+1A—1 23
o )Y Ba/ W (23)

Proof: For n =1 in the equation , which gives

g™ + feg™ )+ fleg™ D)+ + (1) = A, feg™ ) — A (1)
For n=2 in the equation (23), which gives

Flag™) + (g™ ) 4+ (m+ 1) f(0) = A2 feg™2) = A2 f (1) = (m+2)A, ' f (1)
For n =3 in the equation (23), which gives

o e i 3)@
rgo <( +22) ) FltgnT) = A(;3f(tqm+3) _A;3f(t) - (m+3)A(;2f(t) _ (( +23) ) A(jlf(t)

Proceeding this upto n times, we get

m (I’-i—n—l)("*l) o
m+n) D\ mEn) A\ -
—{Aqnf(tqm+n)_Aqnf(t)_(( +1') >Aq( 1>f(l)—<( z’) )Aq( 2>f(l)

m+n)=1)
— . <( (;:_)1)' ) am+1Aa(1q)f(t)} )

Thus, we have derived generalized theorems of the delta operator with shift value
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q which gives the summation formula related to these operator and these results are

validated with suitable examples.

Definition 2.11 Let f be a real valued function and § # 0. The Delta operator on f

is defined as

Af(G) =f(E+1)—f(E).

(24)

The inverse of Delta operaor on f is defined by, if there exists g({) such that

Ag(8) =f(§) = g(l)+c=A"T£(0),

where ¢ is an arbitrary constant.

Theorem 2.12 If f be a real valued function and A~!f({)

m

Y fCAm—r)=A"f(C+m+1) AT F(C),YmeZ .

r=0

Proof: From equation (55), f(§)=f({+1)— f(&).
Consider A~ £(£) = g({), then f({) = Ag({)
Since () =g(+1)—g(g).

f(E) +8(6) =g(E+1).

Replace ¢ by {+1 in equation (27)),
FC+D)+g(C+1)=g(E+2)

Substute equation (27),
FEE+D)+1(8)+8(8) =g(C+2).

Again replace { by {+1,
FE+2)+f(C+1)+g(C+1)=g(C+3)

Substitute equation (27),
FE+2)+f(E+1)+f(8)+8(C) =8(E+3).

By induction;

(23)

(26)

(27)
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fE+m)+f(E+m—1)+---+ f(C)+g(f) =g(L+m+1)
FO+FEC+D)+-+f(C+m) =A"f(E+m+1)—A ()

From the above result, we get the equation (110).

Example 2.13 Applying f(&) =¢®), { =2 and m = 3 in equation (110), then we
have

O+ 4+ +(4+2)+(£+3) =)+ 24+ 1) +(242)3) +(243)3)
=(2)3+3)I+ 4 +(5)3 =0+6+24+60 = 90.

4
We know that, A~1¢G) = %
2434 1)® 24 6543 2.1.0.—1
rug— 3D 27 6543 _ 90,
4 4 4 4

Therefore, LHS=RHS=90.

Theorem 2.14 If f be a real valued function, A~!f({) and A=2f({) exists, then

m

Y (r+ D) f(C+m—r)=A2f(C+m+2)—A2f(L)— (m+2)A f($),YmeZ. (28)
r=0

Proof: By equation (110), then we have

L A(Cmr) = A Em 1) AT ()
Applying A~! on both sides,

AT+ AT+ D) 4+ AT (Chm) = A f(C+m+ 1) = A2 f(0)
Put m =3 in equation (110),

FO+FE+D+FE+2)+F(E+3)=A"F(E+4)—ATTf(0) (29)

Put m = 2 in equation (110),

FO+FE+D+f(E+2)=A""F(E+3)=A"£(0) (30)
Put m =1 in equation (110),
FO+FE+1)=AT"F(E+2) = A £(0) (31)
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Put m =0 in equation (110),
FO)=Aa"f(C+ 1)~ A7 (D) (32)

0=Aa"11(8) A7 f(0) (33)

Adding (84) to (109) , we get
AF(O)+3f(C+1)+2f(C+2)+ f(E+3)=A2F(E+5)—A2f(§) =507 f(L)

In general,
(m+1)f(E)+mf(E+1)+(m=1)f(E+2)+---+(1)f(E+m)
= A2 (¢ +mt2) = A2 (L)~ (m+2)A ()

From the above result, we get the equation (111).

Example 2.15 Applying f({) = ¢®), { =2 and m=3 in equation (T11), then we
have

LHS=(§+3)® +2(5 +2)®) +3(+ 1)) +4(0)®)
— (243)3 +2(242)3) £3(2+1)®) +4(2)®) = 60+2(24) +3(6) +0 = 126.
5

4
We know that, A*ICB) = % and A*ZC(3) — 5_4
~2+3+2)® 2® @9 @9 @O (2"
RHS = 5.4 5.4 (3+2) 4 54 5.4 ) 4
(76543 - (210)®)
=<1 0 (5)—3 = 126.

Therefore, LHS=RHS=126.

Theorem 2.16 If f be a real valued function and A~!£({), A=2f(¢) and A3 f(¢)
exist, then

n (s )2
£ U () = A e 3) = A () — (4 3O
ST mez. @4

Proof: By equation (117), we have
Zo(r+ DF(E+m—r)=A"f(C+m+2) = A () — (m+2)A f(£)

r=
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Put m =4 in equation (T11),
FE+4)+2f(E+3)+3(C+2)+4f(C+1)+5f(8) =AT2f({+6) = A F(5) — (6)A7 f(§)
Put m =3 in equation (T11), >
FEH3)+2f(E+2)+3f(E+1)+4f(5) =A2f(L+5)—A2f(5) — (5)A7' £(C) (36)
Put m =2 in equation (111),
FEH2)F2f(E+1)+3f(0) = AT f(L+4) = A2 ()~ (@A f(E)  (37)

Put m =1 in equation (111),

FEHD+2f(0) = A F(E+3)—A2F(0) - (3)AF(E) (38)
Put m =0 in equation (117),
FO) = A2 (L +2) = AT £(0) = (AT (L) (39)
0=A2F(E+1)=A2F() = (DA (D) (40)
0=Af(0)—A2f(§) - (M)A~ f({) (41)
Adding to (41), we get
In general,
fE+4)+14+2)f(E+3)+(1+2+3)f(E+2)+(1+2+3+4)f(C+1)
+(1+2+3+4+5)f(8)
-3 -3 -2 (n® ~1
= A (G Hm+3) — AT (E) — (m+3)A () — AT ()

From the above result, we get the equation (112).

Example 2.17 Applying f(§)=¢®), { =2 and m = 3 in equation (T12), then we

have
(2)
LHS-Y3 r +22 ) FE+3—7)
2) (2) (2) (2)
= <2)2 (2+3)® + %(2+2)(3> + (4)2 2+1)® + (5)2 (2)®

=503 13(4)3) +6(3)3) +10(2)®) = 60+ 3(24) +6(6) + 10(0) = 168.

(I").Iournal of Computational Mathematica Page 111 of



2456-8686, ix(i), 2025:099-138
https: //d01 org/10.26524 /cm206

I C“ e 8 3 ge
We know that, A=1¢() ¢G) =7 and A=3¢0) =%
_(2+3+3)<>_(2)<6>_ (2)<5>_(6)<2> )W (876543
RHS= 6.5.4 6.5.4 6 5.4 2 4 654 0-0-0=168.

Therefore, LHS=RHS=168.

Theorem 2.18 If f be a real valued function and A~!£({), A=2f(&), A3 f({) and
A4 f(£) exists, then

m 3 3)
PSS m ) = A 4) = A~ (m+ 48 Q)

(m+4)2

NG
AT gy - )

3(2)

Y A6, YmeZt. (42)

Proof: By equation (112), we have

m r_|_2 (2)
5 ( 2)
r=0

fE+m=r)=A7f(+m+3) = A (L) = (m+3)A2f(E)

(m+3)2

LA ()

Put m=4in eo(lu)ation (112),
, 2
UH D7 (G a—r) = A3 F(C+4+3) A3 (0) — 4+ 3)A ()

C (4+3)@
2
(5)(2)
2

AT f(D),

rer 0+ 9% s an+ %4 s 0% g 11 O

/()
-3 -3 -2 (6)(2) -1
= A F(E+6)— AT () — (OAF(E) - AT ()
F(E+4)+ B +3)+ (6 +2)+ (10)£(+1)+ (15)/()

(1
2

=ATFE+T) —ATF(O) — (DA f(E) - ATF(E) (43)

Put m =3 in equation @,

2y
U 3 ) = A3 43)— A (L) — (B 43)AF(C)

r=0 2
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2) (2) ) )
D rern+ s+ U e+ g
()
= A +6) A ()~ a2~ A ()
FE+3)+ GUE+2) +O) 7+ 1)+ (10)7(0)
2)
= A6 - A A(0) — (A2 - AT pE) (e

2
Put m =2 in equation (112),

2y
£ U f( 2= = A0 +243) A7) - (434D
()
NG
2 (2) 2)
e+ X e+ Wl g
(2)
= A AC )~ A7)~ (5)a () - A ()
(2)
L2+ B ) HOFE) = A7 F(E+5) A7 (0~ (A2 ()~ DA Q)
(45)
Put m =1 in equation ,
L (r+2)? -3 -3 -2
T Ef( -0 = A+ 143 A () — (1434210
()
A ),
@) (2) (2)
O pen+ B = a2 vy a2 7) - @a2r) - a1 4)
-3 -3 -2 (4)(2) -1
FED)+OUQ) =77 +4) - a4 (@)~ @ar(0) - DA @) )

Put m =0 in equation (112)

2) 2)
B H0 =8¢ +3) - a2 4(0) - @A) - Ea4(0)
(Ol

FQ)=ATF(C+3)=A7F(8) ~ (3)A2f(8) — ATHF(C) (47)

2
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2)

0=A75(C+2) - a0 -@a 20 - A @
)

0=A7sC 1) -a ) -a i) - Ua i) @9

0=Af(0)—A7F(0) (50)

Adding equations (43) to , we get
f(E+4)+ (1+3) (C+3) +(1434+6)f(E+2)+(1+3+6+10)f(£+1)
+(1+3+6+10+15)f(¢)
- 4)(@
AF(C +m4) A (Q) — (mr a2 7(@) - "I g)
—(14+34+6+10+15+21)A71£(&)
In general,
FE+4)+4)f(E+3)+(10)£(E+2)+(20)f(E+ 1)+ (35)f(E)
=A4f(€+m+4)—A(;)f(€)—(m+4)A3f(€)
DT N2y (56)a ()

From the above result, we get the equation (113).

Example 2.19 Applying f({) = ¢®), ¢ =2 and m—3 in equation (113), then we
have

(3)
LHS= % (1‘—;—(—3)) (E+3—7)

r=

_ @) 44 4 3 (5P @, O s
) (2+3) 30 (242)3) + 30 (24+1)3) + 6 (2)
=5+4(4)3 +103)3) +20(2)3) = 60+ 4(24) + 10(6) +20(0) = 216.
L) C4 (:5 3 C6 A (:7
We know that, A= ¢ —2¢0) 48 =csa and A~4¢0) =7¢5a
(24344)7D (2)(7) (2)©) (7)(2) (2)®)  76)24)
RIS="—5~—"2@ "0 2 30 T30 1
RO 9876543
7@ —0-0-0-0=——=25— =216

Therefore, LHS=RHS=216.

Theorem 2.20 If f be a real valued function and A™"f({) where r=1,2,---n exists,
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then
m (r4n—1)0r-1 m+n)V)
£ U A tm =) =8 (G 677 - P a0 g
m+n)?
- a2
m+n)=1)
_%A_'f(C),VmGTL. (51)

Proof: The proof follows from, put n =1 in equation (114),
rgof(C—f—m—r) =Af(CHm+1) AT F(Q)

Put n =2 in equation (114),
Y (r+ DAL +m—r) = A2F(L +m+2)— A2F(8) — (m+2)A" £(Q)

Put nr::O?) in equation (114),

m (r+2)% -3 -3 -2

LTS (€ ) = AT 3) — A ()~ (4 3)A ()

3)(2)
S A

Put n =4 in equation (114),

m 3 3)

£ A ) = A e 4) - A7)~ (98 )

4)(2) 4)03)
R (SR Nl)
Example 2.21 Put n =35 in equation (114)
m 4)4) 5)(1)
;O(”t”) f(g+m_r>:A5f<<:+m+5)—A5f<c>—(m+1,) AT(E)
52 5)03)

5)(4)
A ()
Applying f({) = ¢B) ¢ =2 and m =3 in the above equation, we get.

(4)
LHS=Y} (Hj) f(E+3-7)
4)4) 5)(4) 6)4) 7)4)
= i, e+3®4+ 7 i! (2+2)(3)+%(2+1)<3)+ : i! 2)®

=500 15(4)® 1+ 15(3)®) +35(2)3) = 60+ 5(24) + 15(6) + 35(0) = 270
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We know that, A~1¢0) = ¢ A2E0) = £ A3E0) = & A4E0) = &
’ 4 54" 6.5.4"° ,

~5£(3) g’
and AL = 5 654
RHS— (2+3+3)(8)_ 2)7) _8(2)(6) _(3)(2) 2)%) ()3 2)®  (8)*) (2)3)

8.7.6.543 76543 6543 2! 60 31 48 41

_(10987654)

- 76543 0-0-0=270

Therefore, LHS=RHS=240.

Thus we have obtained Delta operator its inverse and some basic results using these
operator.

3 o(q)-Delta operator

In this section, we explore definition of o/(g)-Delta operator and also we derive
generalized theorems of these operator which gives summation formulae related to
these operator.

Definition 3.1 Let f(z) be a real valued function and ¢, ¢, & # 0 be a fixed real
numbers. Then the «(q)-Delta operator Ay, is defined as

Ag(q) f(t) = f(tq) —af(t) (52)

and the inverse of the a(q)-Delta operator A;(lq) is defined as

£(0) = Bagelt) = Azl £(0) = g(t) +c
where ¢ is an arbitrary constant.

Theorem 3.2 If f be a real valued function, & # 0 and A(;(lq) f(t) exists, then for

every positive integer m,

feg"™) +af(tg" ) 4o f (1) = Ay fleg" ) =oAL f(1). (53)

Proof: From equation (53), we have
Ag(qf(2) = f(tq) — o f(2)

Let A, f(1) = (1)
f(t)+ag(t) =gl(tq) (54)
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Replace t by tq in the above equation,

f(tq)+ ag(tq) = g(1q*)
Substitute in above equation,

ftq)+of(t)+a’g(r) = g(tq?)
Again replace t by tq in the above equation,

fq®) +af(tq)+a’g(tq) = g(1q)
Substitute (54) in above equation,

fq) +af(rq)+ o> (1) + o’g(r) = g(1q°)
In general, f(tq™) +of(tg" ") +---+ o™ f(1) + "+ g(t) = g(rg" )

L Fltg") T afeg" ) b () = AL Feg™T) — AL P, (55)

Example 3.3 Applying f(t) =, 1=2, a =1, m=2, g =3 in equation (55), we get

LHS = f(tq") +af(tq" ")+ o f(tg"?) + -+ o™ (1)
= (tg") +a(tg"") + a*(tq"?)
=(2)3)*+(1)(2)(3)' +(1)*(2)
= 26.

We know that, Ay, f(t) = f(tq) — af(t)

Ag(q)(t) = (tq) —a(t) = A&(lq)t - (q_t—a)

RHS=A,, f(tg"") —am A f(1)

o.LHS =RHS

Theorem 3.4 If f be a real valued function and o # 0, A&(rq) f(t) where r=1,2

exists, then for every positive integer m,
fleg™) +2af(tg" ") + 302 f(tg" %) + -+ (m+ 1) £ (1)

= A;?q) f(tg™?) — amHA;(zq) f(t) = (m+2) amHA;gq) f(1).
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Proof: Consider,
")+ af(tq" ) o f(0) = AL g™ — e AL F() (56)

Applying A&(lq) in the equation (53),

Ay S ™)+ oy fleg™ ") + 02D 1™ ) 4 oA f (1)
g™ —am ALz f(r) (57)
Suppose m =4,3,2,1 and 0 in the equation (57), we get

Feg*) + o f(0q) + o f(047) + 0 f(1g) + o £ (1) = Ay f(167) — &AL f(1) - (58)

fleq’) +of(1q®) + 0> fl1g) + & (1) = Ay f(tg*) —a*Ay, f(1)  (59)

feq®) +afltq)+a?f(t) = A, ftq®) — oAy, f(1) (60)

flegh) +ouf(t) = Ay, 1) —a?A i f(1) (61)

Fle) = Ay, ftq) —an,l f(1) (62)

0=A (1) =Ag f(1) (63)

Multiply by @, a?, @ a* & in the equation (59), (60), (67), and (63)

respectively,

af(tq’)+ o’ f(1q*) + o f(1q) + o f(r) = by fleg") — A, f(1)  (64)

o f(tg?) + o f(1g) + o' f(1) = a?AL | f(1q7) — oA (1) (65)
a’f(1q') +atf(1) = Ay, f16%) — Dy (1) (66)

ot f(t) = oAy fltg) — Ay f(1) (67)

0’ (0) = A, ) f(1) = oAy f(1) (68)

Adding the equation (58), to (68), we get
fltg") +2af(1q?) + 302 f(1q*) +40° f(tq) + 50 £ (1)

= A7) [(16°) — 0®AL2 f(r) —605A, f(1)
In general,
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fleg™) +200f (1™ 1) 4302 f(1g™ ) + -+ (m+ )™ f (1)

=A2

aip S 0" 2) =" AR f(1) = (m+2)a" AL (1) (69)

alg

Example 3.5 Applying f(t)=1,t=3,g=4, a =1 & m =2 in equation (69),
LHS= f(tqg") +20f(tq" ") +30° f(t¢"?) + -+ (m+1)a" £ (1)
= (1g") +2a(1g" ") +30(1¢" )

=(3)@) +2(1)((3)4) +3)(1 )((3))
We know that, Ay, f(t) = f(tq) — af(t)

)=f(t
_ . t 2, t
= uta = (q—a>’ Bala) = ((q—a)z)
RHS = A*f \f(eg™+?) — amHA&fq) f(t)—(m+ 2)am+1A;(1q) £(1)

:( L ) m+2((q—t06)2)_(m+2)am+l((q—t0¢))
(B) (3] e ()

..LHS =RHS

=81

Theorem 3.6 If f be a real valued function, a # 0 and A7

a(q)f(t) where r =1,2,3

exists, then for every positive integer m,

m 2 (2)
rgo a’ ((r+2 ) ) f(tq’”_r) _ A;?q)f(tqm—o—?)) . am+3A;(3q)f<t) . (m+ 3)am+2A;(2q)f(t)
(2)
_ ((m +23) > OCm+1A&(1q)f(t).
Proof: Consider,
feq™) +2af(tg" 1) +302 f(tg"2) + -+ (m+1)a” f(1)
= A [(1q"2) = ™A f(1) = (m+-2)a" T AL F (1) (70)

Applying A&(lq) in the equation (53),
-2 m -2 m— ma—2 -3 m m -3
Aa(q)f(tq )+ OCAa(q)f(tq 1) +---Fo Aa(q)f(t) = Aa(q)f(tq +1) —Qa +1Aa(q)f(t)
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Suppose m=4,3,2,1 and 0 in (70), we get

fleg)+2af(14°) +30 f(1q%) +4a f(0) +5a f(t) = Ayl f(1d°) — A2 (1) = (6)a* A, (1)

Feq’) +20f (0q") + 30 f(tq) + 40 f (1) = A7 f(tq”) — @PAL (1) — (5)a4A;§q)§f7<:>)
fleq®) +2af(tq) +30>f(t) = AL fl1q*) — a* A2 f(r) — (4)a’A £ (1) gii
Fltg)+20f (1) = A2 fleq’) — A2 f(1) = (3)aAg, f(1) (74)

F(6) =Dyl F(1a7) — a?A 2 f(6) — (2) o, f (1) (75)

0=A,7 fltg)—aby? f(t) = Ay f(1) (76)

0= A0 f() =A% f(0) (77)

Multiply by o, a?, &, o*, &, a® in equation (72), (73), (74), (79), & (77),

af(14’)+20 f(1q") +3a> f(q) +4a’ (1) = aA D f(tq’) —0°A7 F(1) = (5) ALl £(1)
(78)
a?f(1q?) +200 f(tq) +3a* f(1) = &AL fl1g") — o° Ayl f(t) — (4)o* Ay (1) (79)

o’ ftg)+20" f(1) = *AL f(tq”) — a®ALL (1) = (B)eAg, f(1)  (80)

ot f(t) = oAyl f1g?) — @A f(1) — (2)a’Ay, f(1) (81)
0®(0) = &AL f(tq) — a®ALL f(1) — AL f(1) (82)
a®(0) = o®Ay L (1) — a®ALL f (1) (83)

Adding equation (71), to (83), we get
flg)+{a+2a} f(tqg*) + {a* +2a* + 302} f(1q*) + { &’ + 20> +30® + 403} f(tq")
+{a*+20* +3a* +4a* + 504} f(1)

7(2)
- A;?q)f(nf) B a7A;(Sq)f(t) _7a6A;(2€1)f<t) a (T) aSA;(lq)f(t)
) (2) ©) )
LHS= (27) fleg") +a (‘%) fleg?) + o2 (%) flug?) + (57) fleg)
(2)
vt (%) 1o

(I").Iournal of Computational Mathematica Page 120 of



2456-8686, ix(i), 2025:099-138
https://doi.org,/10.26524 /cm206

1))
— i o (( +22) )f(tq4_r)
r=0

éoar ( (r+22)<2> ) fltg*") = A&(Sq)f(tf) - a7A&?q)f(t) - 7a6A;(2q)f(t) - (7(22) ) O‘SA;(Iq)f(f)
In general,
m r + 2 (2) _
LYo <( 2) )f(tqm )
r=0
= Al f g™ ) =" BAL f(r) = (m+3)a" AL f(1)

@)
_ (@) oAl F(). (84)

Example 3.7 Applying f(t) =t,t =2, oo =3, m=3, ¢g=6, in the equation (84),
we get

m (2)

r=0 2

= 2268
We know that,
_ t _ t _ t

A06(1qr)t T (q-a) Aa(zq)t CE Aa?q)t IUEE

_ A_3 m+3 m-+3A—3 m+2A—2 (m+ 3)(2) m+1A—1

= a(q)f(tq )—« Aa(q)f(t) —(m+3)o Aa(q)f(t) T o Aa(q)f(t)
_ (2)(6°) (2) (2) (6)%) (2)
- 000 (o) - ()
= 2268.

LHS = RHS
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Theorem 3.8 If f be a real valued function, & # 0 and A;(rq)f(t) where r=1,2,3,4

exists,then for every positive integer m,

m 3)3)
Y o ((r;z)) ) FUg") = g S g™ = A F (1) = (m+ a2 ()

r=0
4)(2) 4)3)
_ ((m +2 ) ) OCm+2A;(2q)f(t) o ((m ;_(2)) ) Otm+1A&(1q)f(l‘).

(83)

Example 3.9 Applying f(t) =t,t=3,g=5, m=2 & a =3 in the equation (85),
we get

m 3 (3)

r=0

-3, -4 . _
B! = (g ap Bate) = (g a)?
RHS = ( Ay (14" ) =" 850 f(1) = (m+-4)a™ Ay F(1)

4)2) 4)(3)
— ((m +2 ) ) (merzA&(Zq)f(l‘) _ ((m ;2)) ) am+1Aa(1q)f(t)}

-{(658) -0 (653) -0 (535)
() o0 (m3m) - (B @ (653) )

..LHS =RHS

=525

Theorem 3.10 If f be a real valued function, a # 0 and A;(’q) f(t) where r =

1,2,---,n exists, then for every positive integer m,
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m A (rtn—1)n"1
Za( (n—1)!

r=0

) fltg™™)

Proof: For n=1 in the equation (86), which gives
Fleg™) +af(tg" ")+ fltg" )+ -+ o (1) = Ay fleg™th) — o AL £ ()
For n=2 in the equation (86), which gives
fleg") +20f (tg" ") + 302 f(1g"2) + -+ (m+ 1) f (1)
= A0 F1q" ) = AR F(1) — (m+2)a" AL f(1)
. For n=3 in the equation (86), which gives

m 2 (2)
Z (X}" ((r+2) )f(tqm—}’) —
r=0

Ay F(1q™ ) =B f(1) — (m+3)a™ AL f (1)

(m + 3)(2) m -1
_ (T a +1Aa(q)f(t)
For n =4 in the equation (86), which gives
30 f@tqg™™")
= Ay [ ) = HBAAE f(1) — (m+-4)a" BAL f (1)

(q
(m+4)@
2
Proceeding this upto n times, we have

m r+n— (n—1)
r (( + 1) >f(tqm—r)

> @28l )

SLe (n—1)!

r=0

_ —n m+n m+nA—n m+(n— —(n—1)
= {Aa(q)f(fq ) =oAL S () — <T> oA f ()

(m4+n)@N\ e (m4+n) =D\
_< s ) @A W = = | T | @ Al 0 ¢
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Thus, we have derived higher order theorems of the o/(g)-Delta operator which
gives the summation formulae related to these operators and these results are
validated with suitable examples.

4 g-Nabla operator

In this section, we explore the basic definition of g-Nabla operator and
summation formulae involving inverse of higher order g-Nabla operator.

Definition 4.1 Let f(¢) be a real valued function and 7 , ¢ be a fixed real number.
Then, g-Nabla operator V, is defined as

Vof (1) = f(1)=f(t/q) (87)

and the inverse of the g-Nabla operator V;l is defined as

f6)=Vqg(t) = V' f(1) =g(t)+c
where ¢ is an arbitrary constant.

Theorem 4.2 If f be a real valued function and V;l f(t) exists, then for every

positive Integer m,

Fleg™) + f(q" )+ ftg" )+ 4 (1) =V feg™ ) =V f(r). (88)

Proof: From equation (88),we have
Vof(t) = f(t) = f(t/q)
Let V' £(1) = (1
f(1) =Vqg(1)
= f(t) =2g(t) —g(t/q)

f(t)+g(t/q) =g(t) (89)

Replace t by tq in the above equation,
f(tq) +5(t) = g(tq)
Substitute in above equation,

f(tq)+ f(1)+(t/q) = g(tq)
Again replace t by tq in the above equation,
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ftq?) + f(tq) +g(1) = g(tq?)
Substitute in above equation,

ftq®) + f(tq)+ f(1) +g(t/q) = g(tq*)
In general, f(tq™) + f(tq™ ") + f(tq" )+ -+ f(t) +g(t/q) = g(tq™)

g+ Fg" Y+ g )+ F () =V, (g™ =V, f(t/q). (90)

Example 4.3 Applying f(t) =1, 1 =3, ¢=2, m =2 in the equation (90), we get
LHS = f(1q") + (1"~ ‘)+f( >+-~~+f<t)
= (1g") + (t¢" ") + (1¢"?)
=(3)2%)+(3)(2") +(3) =21.
1 q—1

We know that, Vot =1—1t/g =t (1 - —) =t (—)
q

q
q
V Ir—¢
=

RHS =V f(tqg") -V, f(t

= (523) ()
~oe(()- ()

q)

()

Theorem 4.4 If f be a real valued function V_ 7 f(¢)where r = 1,2 exists, then for

every positive integer m,

g™ +2f (g™ )+ + (m+1)f(1) = {V, 2 fltg™) =V 2 f(t/q) — (m+ 1)V f(t/q)}.

Proof: Consider,
Fad") + g )+ Fqg" )+ + f(0) =V, feg™) =V, ft/q)  (91)
Suppose m =4,3,2,1 and 0 in the equation (91), we get
fag") + ftq) + f(tq*) + f(tq) + f(t) =V, ' f(eg") =V, f(t/q) (92)

Fuq)+ f(td) + f(tq)+ f(1) =V, ftg’) =V, f(t/q) (93)
faq)+ ftq)+ () =V, f(tg?) =V, f(t/q) (94)
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faq)+f)=V,"ftq) -V, " f(t/q) (95)
@)=V F(6) =V, f(t/q) (96)

Adding the equations to (96), we get
Flg")+2f(tq®) +3f(tq*) +4f(tq) +5f(1) =V, 2 f(tq*) =V, 2 f(t/q) — 5V, f(t/q)
In general,

C L") F2f (0" ) e+ () f () =V 2 (eg") =V 2 f (1)) = (m+ 1)V, (2 /q).
(97)

Example 4.5 Applying f(t) =1,1 =15, ¢=3, m =2 in the equation (97), we get
LHS = f(tq") +2f(tq" ") +3f(tq"?) + -+ (m+1)f(¢)

= (tq™) +2(1¢" ") +3(tq" )

=(5)(3%) +(2)((5)3)) +B3)((5)(3%)

=90.

2
-1 q -2 q
We know that, V, t_t(qu)’ V= t(qu)

RHS =V 2f(tq") =V f(t/q) — (m+ 1)V, ' f(t/q)

(G o) w0 )
_ ;)2@(32) - (%)2“/ H-06) @ G)
= 90. LHS — RHS

Theorem 4.6 If f be a real valued function V_ " f(¢) where r =1,2,3 exists, then for

every positive integer m,

m r (2)
£ () s
(m+2)®

— V3 (tq") = V3 £(t)q) — (m+ 1)V, 21 (t/q) — ( . )vql £(t/).
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Proof: Consider,

Fleg™) +2£(eq" ) 4+ (m+ 1) f(1) = V2 f(1g") = V2 f(t/q) = (m+ 1)V f(1/q)
(98)
Suppose m =4,3,2,1 and 0 in the equation (98), we get

g ) +2f(tq) +3f(tq>) +4f(tq) +5£(t) =V, 2 f(tq") =V 2 f(t/q) — 5V, f(t/q)
(99)

Ftq®) +27(1q%) +3£(tq) +4£ (1) = V2 f(1q°) = V> f(t/q) =4V, f(t/q)  (100)
Fe@)+2f(tq) +3f(t) =V, f(1q") =V, > f(t/q) =3V, ' f(t/q)  (101)
Ftq)+2f(1) =V, 2 f(tq) =V > f(t/q) =2V, ' f(1/q) (102)

&) =V =V ft/a) =V, F(t/q) (103)

Adding the equations to (103), we get

Fltg) +(1+2)f(tg®) + (1 +24+3)f(tg?) + (1 +24+3+4)f(tq) + (1 +2+3+4+5)f(1)
=V f(tg*) =V, f(t/q) =5V, f(t/q) — (1 +24+3+4+5)V, f(t/q)

In general,

2) 2) () )
Flag)+ (%) Fleg™)+ (47) Fleg™2)+ (%) Fleg™) + (%) 0

@)
=V, f(tg") =V f(t/q) = (m+1)V 2 f(t/q) - (%) v, f(t/q)

m ( (r+2)2)
.-.r§0<( +2) )f(tq””)

2

(m+2)®
2

=V, ftq") =V f(t/q) — (m+ 1)V, > f(t/q) - ( ) v, f(t/q).

(104)

Example 4.7 Applying f(t) =t,t =3, g =6, m =2 in the equation (104), we get

" @
LHS = ). <(r+22) ) Flgm)

r+2)®
_ % (( +22) )(tqu)

r=0
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= (?) (tq”) + (?) (rq") + (?) (19°) = 180.

2 3
—1, _ q 2, q 3, _ q
We know that, V, t—t(ﬁ),vq t_t(ﬁ) , Vg t_t(ﬁ)

m (2)
RHS =V f(tq") =V f(t/q) — (m+ 1)V 2f(t/q) — (%) v, f(t/q)

g (g () (4ome)
zwwwgi@@@f<x%m$2vao@()ﬂm

..LHS =RHS

Theorem 4.8 If f be a real valued function V;’f(t) where r = 1,2,3,4 exists, then

for every positive integer m,

m 3 3)
£ (59 ser

m 2)
= VA fg™) =V A f(t/q) — (m+ 1)V f(t/q) - (m+2)7

5 ) V.2 f(t/q)

PG
- (%) v, 1(t/a). (105)

Example 4.9 Applying f(t) =t,t =6, g=17, & m =2 in the equation (105), we get

m 3)
LHs - § ((”;;) )f(tq’”r)

r=0

2 (r43)3) _,
_r§o< | )

(3) 3) (3)
- (%) 1)+ (%) 14+ (%) 0

= 522.
We know that,
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-
vV, t=t (L) , where r=1,2,3,4.
q—1

RHS =V *f(tq") =V *f(t/q) — (m+ 1)V f(t/q)

32
—(< ) )V;lﬂr/q)

..LHS =RHS

Theorem 4.10 If f be a real valued function and V" where r =1,2,--- nexists,
then for every positive integer m,

m r n— (n—1)
rgo <( : ((” - 11)))' ) Fea™)

m+ DM\ m+2)?
_ {vq"f<zqm>—vq"f<r/q>— (@) vy /) - (( = )

1!

Proof: For n =1, in the equation (106), which gives
Fag™) + feg" )+ feg" )+ + f(1) =V, feg™) =V (1)
For n =2, in the equation (106), which gives

fleg™) +2f(tq" ) -+ (m+1)f (1)
= {V;Zf(tqm)—V;Zf(t/q)—(m+1)V;1f(t/q)} For n = 3, in the equation (106),
which gives
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L g™ ") =V f(tqg™) =V  f(t/q) — (m+ 1)V, *f(t/q) —

For n =4, in the equation (106), which gives
mo(r+3)3® B B B A
B 0 = Vi Faa) = e a) = On 1)V, (T v,21(1/g)

Proceeding this upto n times, we get

m r n— (”_1)
z((“ 1)) ) ")

'r:0 (n_l)!

m W\ m 2)
- {V;”f(tq’”) =V "ft/q) - (%) vy "V te/a) - (%)

m+(n—1))=1
V;<n_z>f(,/q)_..._<< L )Vqlf(l/Q)}-

Thus, we have obtained the inverse of g-Nabla Operator and some basic results

(m—+2)?)

=, (/)

using these operator and these results are validated with suitable examples.

5 o(g)-Nabla operator

In this section, we explore the extend Nabla Operator with shift value o/(q)
which gives the summation formulae related to these operator and also we explore
the inverse of these operator.

Definition 5.1 Let f(r) be a real valued function and ¢, ¢, o # 0 be a fixed real
numbers. Then, the a(q)-Nabla operator is defined as

Vag ft) = fltq) —af(t/q) (107)

1
(¢

F(0) = Vaigst) = Vgl £()=g(t) +c

where ¢ is an arbitrary constant.

and the inverse of the &(q)-Nabla operator V_, ) is defined as

Theorem 5.2 If f be a real valued function, a # 0, V;(lq) f(¢) exists, then for every
positive integer m,
fleg™) +af(tq" ")+ P fleq"?) + -+ a" f(1) = Vo fltg™) — ™IV f(1).
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Proof: From the equation (T07),we have V) f(t) = f(t) — af(t/q)
Let Vg1 f(t) = g(t)
= [f(t) = g(t) — ag(t/q)

f(t)+ag(t/q) =g(t) (108)

Replace t by tq in the above equation,

fltq)+ag(t) = g(1q)
Substitute (108) in above equation,

ftq) +af(t)+o*g(t/q) = g(tq)
Again replace t by tq in the above equation,

ftq?) + af(tq) + a*g(r) = g(tq*)
Substitute in above equation,
ftg?) + af(tq)+ af(t) + ’g(t/q) = g(tq*)
In general, f(tq™) + af(tqg™ ')+ f(tg™ ) +---+ o™ f(1) + o™ g(t/q) = g(tq™)

Cfeg") Faf(1g" ) 0 (1) = Vi F1g") — oIV f(t/g). (109)

Example 5.3 Applying f(1)=t,t =3, a =2, ¢ =4, m =13 in equation (109), we get
LHS = f(tq") + ouf(1g" ") -+ ™ f(1)

= (1¢") + a(tg" ") + o’ (1¢" %) + (14" )

=) @) +(2)3)4) +(2*)(3)4) +(2)(3) =

_ q— o -1, q
We know that, Vot =t—a(t/q) =t ( ) , Va(q)t =1 <q——a)

Q

RHS = V;(lq) fltg™) —

Theorem 5.4 If f be a real valued function and o # 0, V&(rq)f(t) where r = 1,2
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exists, then for every positive integer m,
feq™) +2af(tq" ") + 30> f(tg" )+ + (m+ Do (1)
=V 2 Ftq") — a2 f(t/q) — (m DoV f(i/q).

Proof: Consider,
feg™) +af(tg" )+t a f(t) =V fd") ="V f(t/q)  (110)
Suppose m =4,3,2.1 and 0 in the equation (110), we get

Flegh) +afq’) + o feq®) + o f(ta) + o f(1) =V | Flegh) =V f(t/q) (111)

fq) +af(q?) +a’fltg)+ o (1) = Vo, f(1g)) =&V f(t/q)  (112)
fleg®) +of(tq)+ 0’ f(1) =V f (tqz) V. (t/ q) (113)
fltq)+af(t) = Vg, ftq) —a?V (t/q) (114)

f(t) = Vg ft) —avy, <t/q> (115)

Multiply by o, a?, o®, a* in the equation (112), ([1 13), (114) & (115) respectively,

af(tq’) + o fltq?) + o’ fl1q) + o f(1) = @V fltg’) — &V, flt/q)  (116)

o’ f(1q®) + &’ f(tq) + o' f(r) = o*V o f (tqz) Vo ft/e)  (117)
@’ f(1q) + o’ f(1) = °V( fltq) — 0V (t/ q) (118)
atf(1) = 'V f(1) =&V, <r/q> (119)
Adding the equations (111),(116) to (119), we get

fltq") +20f (1q%) + 302 f(1q*) + 40 f(tq) + 50 f (1)
= Vi fta") =0Vl f(t/q) =507V, f(t/q)

In general,
L fleg™) 20 (1g" ) 302 f (1" 2) + o+ (m 1) f(7)

=V ftd") = "IV F(t/q) — (m+ 1) IV f(t/q). (120)

Example 5.5 Applying f(t1) =t,t =2, ¢g=3, m=2, a =2 in the equation (120),
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we get
LHS = f(tq")+20f (tqg" ") +-- -+ (m+ 1) (2)
= (tq%) +2a(tq") +30*(1¢°)
S ftg™) 20 f (tg" )+ (m A D™ f (1) = 66 :
We know that, V|1 =1 (%) VA=t <qLa)

RHS =V f(tq") ="'V 2 f(t/q) — (m+ D)o™'V £(t/q)

_ (q_ia)zaqm) o (q_ia)z 0/~ () () 0/
- (52) me-e8 (25) er-oe (32 em -

..LHS =RHS

Theorem 5.6 If f be a real valued
function and o # 0, V&(rq) f(t) where r =1,2,3 exists, then for every positive integer m,

. 122
£ o (%) Fq") = V32 Flig™) = a1V Flt/q) — (m+ a1V £(1/q)

2)(2)
g —<’” 2 )v;gq)m/q),

Proof: Consider,
flg") +2af(tg" ")+ +a"(m+1)f(t)

=V 2 ftqg") ="V 2 f(t)q) — (m+ D)™V f(t/g) (121)

Applying V&(lq) in the equation (109),

Vi S U@ Vo feg™ ") V2 (1) =V 2 fl1g™) =™ V2 f(1/q)
Suppose m =4,3,2,1 and 0 in the equation (121), we get

ftq*) +20f(tq’) + 307 f(tq%) + 40’ f(1q) + 50" f (1)

=V i ftg") =V 2 f(t/q) =507V 0 f(t/q) (122)
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ftq’)+20f(1q%) 30 f(1g) +40° f(1) =V 0 f(1g°) =V 2 f(1/q)—4a*V i f(1/q)

“l123)

feg®) +2af(1g) +30>f(1) =V 0 f1q*) — o’V 2 f(t/q) =307V (. f(t/q) (124)
fleg)+20f(1) =V, i fltg) —a f(t/cI) 207V, (t/q) (125)

1) = V2, 1) - av;? (t/Q) v <r/q> (126)

Multiply by o, a?, o® & a* in the equation (123), (124), (125), (126) respectively,

af(1q’)+202 f(14) +30 f(tq) +4o* f(1) = aV i f(1a7) = 0OV 2 f(t/q) — 40V f(t/q)

(129

o’ f(1q%) +20° f(1q) +30* (1) = @2V 0 f(147) — 0V 7 f(t/q) =30V | F(t/q)
(128)
@’ f(1q) +2a f(1) = &’V f(1q) = &V o0 f(t/q) =207V f(t/q)  (129)
QA1) = V2 f(1)— a2 <r/q> v, <r/q> (130)

Adding the equations (122), (127) to (130), we get

LHS = (?) fltg) + o (?) fltg®) + o? (?) ftg?) + o’ (?) fltqh)

6(2)

+af 5 f()
4 )
B o (T et = {9 1)~ 00V 3 1) 56V 2 1
)
—(62 )asv <r/q>}
In general,
m @)
'.rgoa’<(r+22) )f(tqm’)zvaﬁq)f(IQ> "tV A f(t/q) = (m+ )tV 2 F (1)

mt2)(2)
_ (( +22) > am+lv(;(1q)f(t) (131)

Example 5.7 Applying f(t) =t,t =3, g=6, m=2, o =2 in the equation (131,
we get
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m - )
LHS = Z o <( +2)(2 >f(tqm—r)

r=0 2
r2)@
— réo o (( +22) ) (tq2—r)
) (2) 2)
- of (%) (3)(6) +a! (%) (3)(6)+ (22 (%) o)
—288. ,
We know that, V&(r@t =t (q—LOC> where r =1,2,3

3)(2)
V2 Fltg") — a IV F(fq) — (m eIV £(0) (%) @IV ()

- { (q_ia)s wam-a (1) /)~ (.%5) ")
g <(m+23)<2>> (qi]a> (t/q)}
. { (6—52) (3)(6) 2 (6%2) (3/6)— (3)(2)° (6%2) (3/6)

_23 ((4)2(2)> (632> (3/6)}

..LHS =RHS

= 288.

Theorem 5.8 If f be a real valued function, a # 0 and V&(rq)f(t) where r=1,2,3,4

exists, then for every positive integer m,

" e 3)0)
Eo"‘r(( ) )fuqm—r):v;g‘q)f(rq) @IV 1a) ~ o+ DY (/)

m 2 m 3)
_(( +22) ) m+1v (t/) (( ;‘(23)) ) m+1v (t/q) (132)

Example 5.9 Applying f(t) =t,t =8, a =4, ¢ =6 & m =3 in the equation (132),

(r+3)®
3(2)

m
LHS =Y o
r=0

ftg™")

J[DJournal of Computational Mathematica Page 135 of



2456-8686, ix(i), 2025:099-138
https://doi.org,/10.26524 /cm206

3 r+3)3)
R (U3 e

) 3) (3) 3)
_ <4<°> (%) (8)(6%) +4(1) (%) (8)(6%) +4? (%) (8)(6) +41 <%> (8)>
= 24256.

-
We know that, V_7 t =t g , where r =1,2,3,4.
a(q) qg—o

RHS:{(g%éfaww—w(g%;fomwwaw(g%;fam>
() () - (23 (2 Y
_ { (2)4 (8)(6%) —4° (2)4 (8/6) — (4)(4)° (2)3 (8/6)
() Qo () Qo) e

..LHS =RHS

Theorem 5.10 If f be a real valued function and o # 0, A_¢ )f(t) where r =

(q
1,2,---,n exists then for every positive integer m,
o (@)
Z o’ ta" T
xr 1) f(tg™™)

M _(n—
i {V&”q>f<tqm> — @Iy el - (@) Vg 101)

m2)2) i m+n—1)=1 _
B (( 2'2) )aerlVa((q) Dft)q) - — <( jL(n—:))! )am+lva(lq)f(t/61)}
(133)

Proof: For n =1 in the equation (133), which gives
fleg™) + o f(tg" ") 4+ o f() = Vo f(tg") — "IV £ ()
For n =2 in the equation (133), which gives
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Fleg") +20f (tg" ") + 302 f(1g"2) + -+ (m+ D)o f (1)
=V o i S tg") — oIV L (1 q) — (m+ 1)V f(t/q)
For n =3 in the equation (133), which gives

g o ((r-|—2)(2)

5 )f(tqm")ZV;?q)f(m) a" Vi F(t)q) = (m+ 1) V2 f(t/q)
r=0

m m+2)3 _
— om+t! (% va(lq)f(t/q)
For n =4 in the equation (133), which gives

r+3)3
me ;3)) flegm ) =Vl fleg™) —am VG f(t/q) — (m+ DotV S f(/q)

m (2) m 3)
—(—( == ) A FNOTE (—( = ) @Y 1))

Proceeding this upto n times, we get

m r n— (n_l)
Ly a <( +((n_11))), )f(tq’"_’)
(m+1)

r=0
:{Va?q)f(tq) QI b 10 /a) - (1—) oV o (/a)

m+2)® m+n— 1)1
_(( J;‘Z) )am+1v(( flt)q)— - (( +(n_11)>! >am+1v (r/q)}-

Thus, we have obtained Nabla operator with shift value a(g) and its inverse related

m

Yo

r=0

to these operator. Also, Our results are validated with suitable examples.

6 Conclusion

In this project, we developed fundamental theorems using g-Delta, a(q)-Delta,
g-Nabla and a(g)-Nabla Operator. Also we arrived at several fundamental theorems
on integer order Delta and Nabla integration. Also, we explored the First order
Fibonacci sequence through the Nabla operator, with a focus on fundamental
theorems. Nabla operator provides a powerful tool for analyzing the first order
Fibonacci sequence. Furthermore, our investigation revealed that the Nabla operator
can be used to establish connections between the Fibonacci sequence and the other
areas of mathematics, such as difference equation and discrete mathematics. Our
results may have implications for various fields including mathematics, computer

science and data analysis. Our results are validated with suitable numerical
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examples.
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