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Abstract

This paper aims to explore and develop innovative multi copies fuzzy derived graphs and
their corresponding product graphs. Derived graphs are characterized by vertices weighted
based on the ratio of a generalized exponential function, while edges are identified through
the differentiation and integration of this function. This study provides a comprehensive
analysis of the regularity and irregularity properties of multi copies fuzzy product graphs,
supported by illustrative examples. Key aspects investigated include the impact of various
generalized exponential functions on vertex weighting, the influence of different differentiation
and integration techniques on edge identification, and the topological properties of multi copies
fuzzy derived graphs. Additionally, a comparative analysis is conducted to highlight the
advantages and applications of multi copies fuzzy derived graphs in contrast to traditional
graph structures. Through detailed case studies, the practical applications of multi copies fuzzy
derived graphs in fields such as network analysis, data clustering and decision-making processes
are demonstrated. This research contributes to the existing body of knowledge in fuzzy graph
theory and lays the groundwork for future studies and applications in this domain.

Key words: Multi Copies Fuzzy Graphs, Derived Graphs, Generalized Exponential Function,
Product Graphs.
AMS classification: 05C72, 05C90, 68R10, 03E72.

1 Introduction

The graph is a mathematical structure that models relationships between
objects, represented by vertices (nodes) and edges connecting them. Graphs are used
in fields like computer science, social networks, and transportation to model networks
and systems. In [6], the authors propose globally consistent anisotropic kernels
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for graph neural networks (GNNs), addressing issues such as over-smoothing by
incorporating directional derivatives through Laplacian eigenvectors. This approach
enhances the expressiveness more effectively in anisotropic features.

The Harary and Schwenk in [I1] addresses the communication problem
in graph theory, providing insights into the minimum number of communications
required for information exchange among individuals in various network structures.
It establishes key theorems for both complete graphs and connected graphs,
highlighting the importance of specific configurations, such as quadrilaterals, in
optimizing communication efficiency. This work contributes to the understanding
of network dynamics and has implications for fields such as computer science,
telecommunications, and social network analysis.

The relationship between graph covers using non-overlapping complete graphs
and a class of connected even graphs are discussed in [I8]. It observes that
the relational product of an admissible even graph results in two components,
each covered by non-overlapping complete graphs. Futhermore, the authors in [4]
investigates the isomorphism of circulant graphs and digraphs. This work contributes
to the understanding of graph theory, particularly in the context of algebraic
structures and their applications. In fuzzy graphs, the strength of relationships

between vertices is represented by membership values.

2 Preliminaries

The project consists of five chapters. In the introduction we present the
literature review in the successive two chapters, we dedicate to the study of fuzzy
derivative graphs and extend it to the product graphs. As we conclude, we present
the summary and awerness for future engagements.

In this section, by employing fuzzy vertex values and derivatives of
generalized exponential function, we develop new type of fuzzy derived graph and
present basic concepts of the construction of derived graphs. Here we use the notation
N(a) ={a,a+1,a+2---}

Lemma 2.1 For a positive integer’s’, from the basic theory of differential calculus,
S

d
by taking D* = pk x > 0,we have
X

DY = m(s)xmfs, (1)
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where m"®) = m(m—1)(m—2)...(m— (s—1)).
Proof: The proof follows from di(xm) = mx"! and the definition of of m(®).
X

Definition 2.2 For x > 0 and m,x € N(0), the generalized exponential function,
denoted as e(x,x™), is defined as

o xm+rK

L g — 0" (2)

Here, m and k denote the initial power and the shift value of generalized exponential
function defined in (2).

Lemma 2.3 Let k be any positive integer. Then,

s—1

Y. () = e(1,2%) @)
k=0
Proof: By taking m=0,1,2---x — 1 in [2] we arrive
0 K‘ x21<
e(x”, K)—l—l— +(2 )!+--'
1 K+1
. x|
X, K +---
(x', ) = (K+ I
—1 2k—1
e(x’“l,ic): T ..

(k—1)!  (2x—1)!
Now the proof follows by adding all the above expansions and the expansion of e(xo, K)

we have e(1,x%) =1+ ‘+ '+

12l

Theorem 2.4 For any positive integer ‘n’

e(x0,n) +e(x',n)+e(x*,n) +e(x*,n) +---e(x" 1 n) =e(x’,1).
Proof: The proof follows from adding the expansion of all the terms of LHS and
RHS.

Example 2.5 ¢(x,5) +e(x!,5) +e(x?,5) +e(x?,5) +e(x*,5) = e(x?, 1)

P

e(x0,5) = ﬁ—{_ 5 +.. (4)
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6
X X
e(x!,5) = F+_'+ (5)
x> x
e(x*,5) = §+$+ (6)
3 8
3 XX
e(x’,5) ETRET] (7)
A
e(x*,5) = E+§+ (8)
Adding (4) + (5) + (6) + (7) + (8) we have
X
1+ Gt Tyt =e
oo t tn 2n 0
Theorem 2.6 r§0(,:{n ldx = l+a—|— (2n)1 +...=e(t",n)
Proof: First Integration
t t t x2 2
J1=1, [dx=[ly=1, [ xdx=[Z];=7;,
(0)0 (1o (2)0 2 2!
t 3 t3 t X "
2d:_ o xnfld:_t__
3{0)6 *=13h= 3!’(n{0 r=15,00 =5
= 12 1"
Y [rdi=tf e )
=00 I 2! n

Second Integration

Third Integration

In general, we get
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M 2n '

On)=1 —
e(t’m) =14 ot

Lemma 2.7 If 'n’ be any positive integer. Then,

n—1
Z e(tb,n) = ¢
k=0

Proof: From the definition of generalized exponential function, we have

tn-i—l t2”+l

e(tl,n) =—+4

1! n+1!+2n—|—1'”

tn—l t2n—1
e(t" 1 n) = +

n—1! 2n—1!
Adding (T1) + (12) + (13) then we get

2 x3

X
TR ="

1+ Y+2

1

5-1
Example 2.8 Put n =35 in equ then we get ¥ e(t
k=0

From the equation , for m=>5,
e(t2,5) +e(t!,5) +e(t?,5) +e(t3,5) +e(t*,5) = ¢,

0 00 /1 t 1° 2
e(x 75)—&+5,+ et 75):ﬂ+a+"'7e(t ,5)
A AR
3 - 4 —_
e(,5) = St g+ elth5) = b g

Adding all the above expansion then we get ¢’.

. . . X .
In equation (10) we start with 1 then we start with Ths (10)

) t x
f -

- g3

.H|><

( (

! t
fixﬁ- f —dx:—+

(13)

(14)
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= Z f —a’x—e(t1 n)

r=0(rmyo 1!

In general, we derive

i / T—ljdx:e(tk,n) (15)

4 ot 4l

Y f —‘dx:e(tl,S)

r=0(,5)0 1!
4 t 1 t t t t t

Proof: ¥ [ Tidx= [ Sdx+ [ Tdx+ [ Sdy [ Sdxt [ Todx

r=0(r5)0 1 (0)0 1! (1)0 I (2)0 1! (3)0 I (4)0 I

4 ot

Y J —'dx:e(tl,S)

r=0(r5)0 **

Theorem 2.10 For a positive integer 'n’ and t > 0

Yy *dx = 16
;Z/ x=¢é (16)

%m0

"m0
Now equation follows from lemma

n—1
Taking Y. on both side of equation (17), we get
k=0

Proof: From equation

e(t*,n) (17)

?T‘lk

n—1 oo t )Ck n—1 i
Z Z f de: Z e(t 7”)
k=0 r:0(m)() . k=0

by lemma we have

Thus we have arrived sum of generalized exponential function interms multi

integration.
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3 Fuzzy Derivative Graph

In this chapter, we introduce higher order fuzzy derivative graph
(upto fifth order)
Construction of fuzzy derivative graph: Applying differential on generalized
exponential function e(x",m), we see

—e(x%,m) = e(x!,m)

dx

dZ

d—ze(xz,m) = e(x*,m)
X

dm—l :

o1 m_le(xo,m) =e(x™ ! m)
X

3.1 First Order Derivative

Let G = (V,EM) be the graph, where V = {e(x",m)|r=0,1,2,--- ,m—1}

d
and EW) = {e(x",m) — Ee(x’,m)}. Then GV is called first derivative graph.

Example 3.1 Applying derivative an generalized exponential function

d 0y _ b d 1 ay_ 0 d 2ay_ ol

dxe(x 55> —e(x ’5)’dxe(x 55) —e(x 55)7dxe(x 35> —e(x 75)7

L o(,5) = e(x2,5), el 5) = e, 5)

E = {e(x%,5) = e(x*,5),e(x",5) — e(x°,5),e(x?,5) = e(x',5),e(x*,5) — e(x%,5),
e(x*,5) = e(x,5)}

3.2 Second Order Derivative

Let G@ = (V,E(Z)) be the graph, where V = {e(x",m)|r=0,1,2,--- ,m—1}
2

and E®?) = {e(x",m) — j—ze(xr ,m)}. Then G is called second derivative graph.
X

Example 3.2 Applying derivative an generalized exponential function
2 2 2

d d
0 _ 3 1 _ 4 2 _ 0
. e(x”,5) =e(x ,5),dxze(x ,5) =e(x ’5)’dx26(x ,5) =e(x”,5),
_d2(35) (15)_d(45) (x*,5)
A2 E ) T EL ) O =

E = {e(x%,5) = e(x?,5),e(x',5) — e(x*,5),e(x?,5) = e(x",5),e(x*,5) — e(x!,5),
e(x*,5) — e(x%,5)}
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R~

Figure 1: The graphical represention of first order derivative graph

3.3 Third Order Derivative
Let GO = (V,E®)) be the graph, where V = {e(x",m)|r=0,1,2,--- ,m—1}
3
and EG) = {e(x",m) — j—3€(xr,m)}. Then GO is called third derivative graph.
x

Example 3.3 Applying derivative an generalized exponential function

d? d? d*
Ee(xoas) = e(x275)7 ﬁe(xlvs) = e(x375)7 ﬁe(x275) = e(x475),
a3 d?
d_3€(x375) = e(x075)7 Fe(x475) = e(xl,S)
X X

E = {e(x%,5) = e(x?,5),e(x',5) — e(x*,5),e(x?,5) = e(x*,5),e(x*,5) — e(x,5),

e(x*,5) = e(x!,5)}
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Figure 2: The graphical represention of second order derivative graph

3.4 Fourth Order Derivative

Let GW = (V, E(4)) be the graph, where V = {e(x",m)|r=0,1,2,--- ,m—1}

and EW = {e(x",m) — j A¢ e(x",m)}. Then G@ is called fourth derivative graph.
Example 3.4 Applying derivative an generalized exponential function

a* 0 5 2)c1 7x0 B x! x6

d4 4 d4

@e( x0,5) = e(x!,5), @e(x ,5) =e(x%,5), — e e(x%,5) = e(x*,5),

d* d* 0

d—x46(x ,5) =e(x*,5), ¢ e(x*,5) = e(x,5)

— {ea,5) > ex!,5)e(x,5) > e(12,5),e(:2,5) —+ (s, 5), ¢, 5) — (2. 5),
e(x*,5) — e(x%,5)}
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Figure 3: The graphical represention of third order derivative graph

3.5 Fifth Order Derivative

Let GO = (V,E®)) be the graph, where V = {e(x",m)|r=0,1,2,--- ,m—1}
5

Ee(x’,m)}. Then G©) is called fifth derivative graph.

and EO) = {e(x",m) —

Example 3.5 Applying derivative an generalized exponential function

> 05_1x 6x° _xo x
T A T T TR

5

5 5
d—e( 05)=e(x",5), — d e(x!,5) =e(x',5),——= d e(x%,5) = e(x%,5),

dx? dx> dx
& &
Ee(x ,5) =e(x3)5), ﬁe(x“,S) =e(x4,5)

E = {e(x%,5) = e(x?,5),e(x',5) — e(x!,5),e(x?,5) = e(x?,5),e(x*,5) — e(x?,5)

e(x*,5) = e(x*,5)}
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Figure 4: The graphical represention of fourth order derivative graph

For example when x = 1/2
Vertex value of the fuzzy derived graph

0
o) = 23

o(v3) = 0.0076, 6 (v4) = 0.00095

=0.3679,6(v1) = 0.1839, 6(v2) = 0.0459,

Edge value of the fuzzy derived graph
1215
H(V(),V]) = M = 0.1839,,LL(V1,V2) = 0.0459,#(\/2,\)3) = 0.0076,
e
‘LL(V3, V4) = 0.00095, ‘LL(V4, V()) = 0.00095
Degree of Vertex
Let G = (o, ) be a fuzzy graph on G = (V,E). The degree og vertex u is

de(u) =Y u(u,v), for u,veE and pu(u,v) =0, for (u,v) not in E, this is equivalent

u#veE
todg(u)= Y pu(u,v) and dg(u) = u(u,v)
(u,v)eE
1/2',5 1/24)5
dg(vo) = e( /e 5) + e( /e ) = 0.18485,ds(v1) = 0.2298,d(v2) = 0.0535,

dg(v3) = 0.00855,d(v4) = 0.0019

Total Degree of Vertex
Let G = (o,u) be a fuzzy graph on G = (V,E).The total degree of a vertex u is
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(/@% (/f%
)

Figure 6: The graphical represention of derivative graph

defind as tdg(u) =Y u(u,v) +o(u) = dg(u) +o(u),(u,v)€eE.
tdg(vo) = 0.55275,tdg(v1) = 0.4137, tds(v2) = 0.0994,
tdz(v3) = 0.01615,td(vs) = 0.00285
Irregular Fuzzy Graph
Let G = (o,1) be a fuzzy graph on G = (V,E). Then G is said to be irregular fuzzy

graph if there exists a vertex which is adjacent to be vertices with distinct degrees.

From the graph (6) we have the following, & (vo) = 0.3679, 6(v;) = 0.1839,
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6(v2) = 0.0459, 6(v3) = 0.0076, 6(v4) = 0.00095 and g (vo,vi) = 0.1839,
1 (v1,v2) = 0.0459, p1(v2,v3) = 0.0076, 1t(v3,v4) = 0.00095, 1 (v4,vo) = 0.00095
such that vo,v1€G such that dg(ve) = 0.1839 +0.00095 = 0.18485 and

diz(vi) = 0.1839 4 0.0459 = 0.18485 such that vg,v; are adjacent to a vertices but
ds(vo) #dg(v1). Therefore the fuzzy graph G is said to be a irregular fuzzy graph.

Totally Irregular Fuzzy Graph
Let G = (o,u) be a fuzzy graph on G = (V,E). Then G is said to be totally

irregular fuzzy graph if there exists a vertex which is adjacent to a vertices with
distinct total degrees. From the graph (6) we have the following,

o(vp) = 0.3679, o(v;) = 0.1839, o(v) = 0.0459, o(v3) = 0.0076, o(v4) = 0.00095
and p(vo,vi) = 0.1839, u(vi,v2) = 0.0459, u(va,v3) = 0.0076, u(vs,v4) = 0.00095,
,LL(V4,V0) = 0.00095 then td(‘;(VO) = 0.55275, td(-;(vl) = 0.4137, td(-;(vz) = 0.0994,
tds(v3) = 0.01615, tds(vs) = 0.00285 such that vo,v1€G such that tdg(vo) = 0.55275,
tdz(vi) = 0.4137, and vg,v; are adjacent vertices tdgz(vo) # tdg(vi)

Therefore the fuzzy graph G is said to be totally irregular fuzzy graph.

Strongly Irregular Fuzzy Graph

Let G= (o,u) be a fuzzy graph on G = (V,E). Then G is said to be a strongly

irregular fuzzy graph if every pair of vertices have distinct degrees.

Let G = (o,u) be a fuzzy graph on G = (V,E).Then we have dg(vo) = 0.18485,
ds(vi) = 0.2298, dg(v2) = 0.0535, dg(v3) = 0.00855, d(v4) = 0.0019.

From the graph (6) we have the following,

G (vo) = 0.3679, o (v1) = 0.1839, &(v2) = 0.0459, 6(v3) = 0.0076, &(vs) = 0.00095
and U(vo,vy) = 0.1839, u(vy,v2) = 0.0459, p(va,v3) = 0.0076, w(vs,v4) = 0.00095,
1 (v4,v0) = 0.00095.

Since G has two pair vg, Vi, V2,4 vertices having degrees then the graph G is strongly

irregular fuzzy graph.
Highly Irregular Fuzzy Graph

Let G= (o, 1) be a fuzzy graph on G= (V,E). Then G is said to be highly irregular
fuzzy graph if every vertex in G is adjacent to the vertices having distinct degrees.

From the graph (6) we have the following,
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o(vp) =0.3679, o(v;) =0.1839,
o(v2) =0.0459, o(v3) =0.0076, 6(v4) = 0.00095 and u(vp,v;) = 0.1839,
1(vi,va) =0.0459, u(va,v3) = 0.0076, w(vs,va) = 0.00095, w(v4,vo) = 0.00095
di(vo) =0.18485, diz(vi) = 0.2298, diz(v2) = 0.0535, diz(v3) = 0.00855,
ds(v4) = 0.0019 here every vertex in G is adjacent to the vertices having distinct
degrees then G is highly irregular fuzzy graph.
Neighbourly irregular fuzzy graph
Let G= (o, ) be a fuzzy graph on G = (V,E). Then G is said to be a neighbourly

irregular fuzzy graph if every two adjacent vertices of a fuzzy graph G have distinct
degree. From the graph (6) every two adjacent vertices of a fuzzy graph G have
distinct degree. Then the fuzzy graph G neighbourly irregular fuzzy graph.

Degree of an edge

G = (o,u) be a fuzzy graph. The degree of an edge (u,v) is defined as

dg(u,v) = dg(u) +dg(v) — 20 (u,v).
de(vo,v1) = 0.0468,d(v1,v2) = 0.1915,dg(v2,v3) = 0.0468,d;(v3,v4) = 0.0084,

dg(v4,vo) = 0.18485

Minimum degree of an edge

The minimum degree of an edge is 8z(G) = A{dg(u,v) : (u,v)eE}.

O (G) = min{dg(vo,v1),dg(v1,v2),dg(v2,v3),dG(v3,v4),dg(va, vo) }
= min{0.0468,0.1915,0.0468,0.0084,0.18485} = 0.0084

Maximum degree of an edge

The maximum degree of an edge is Ag(G) = V{dg(u,v) : (u,v)eE}.

Ag(G) = max{dg(vo,v1),dg(v1,v2),dg(v2,v3),dg(v3,v4),dg(va, vo) }

= max{0.0468,0.1915,0.0468,0.0084,0.18485} = 0.1915
Total degree of an edge

Let G = (o,u) be a fuzzy graph. The total degree of an edge (u,v) is defined

as tdg(u,v) = dg(u) +dg(v) — u(u,v)
tde(vo,v1) = 0.23075, 1dg (v, v2) = 0.2374,1d5 (v, v3) = 0.054450,

th(V3,V4) = 0.0094,th(V4,V()) =0.1857
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Minimum total degree of an edge
The minimum degree of an edge is &£ (G) = A{tdg(u,v) : (u,v)€eE}.
6tE(G_) = min{l‘dG'(V(),w ),l‘d@(V] ,VQ),l‘dG'(VQ,V3),l‘dG'(V3,V4),th(V4,V())}

= min{0.23075,0.2374,0.054450,0.0094,0.1857} = 0.0094
Maximum total degree of an edge

The maximum degree of an edge is Ajg(G) = V{tdz(u,v) : (u,v)eE}.

8e(G) = max{tdgs(vo,v1),tdg(vi,v2),tds(v2,v3),tds(v3,va),tdg(va,vo) }
= max{0.23075, 0.2374,0.054450, 0.0094,0.1857} =0.2374

Neighbourly edge irregular fuzzy graph

Let G= (o,u) be a connected fuzzy graph on G = (V,E). Then G is said to be
neighbourly edge irregular fuzzy graph if every adjacent edges having distinct degree.

From the graph (6) every adjacent edges having distinct degree.
Then G neighbourly edge irregular fuzzy graph.
Neighbourly edge totally irregular fuzzy graph

Let G = (o,1) be a connected fuzzy graph on G = (V,E). Then G is said to be a
neighbourly edge totally irregular fuzzy graph if every adjacent edges having distinct
total degree. From the graph (6) we have the following,

dG(Vl,VQ) = 0.1915, dG(V2,V3) = 0.0468, dG(V3,V4) = 0.0084, dG(V4,V()) = 0.18485,
tdg(vi,vj) # tdg(vi,vy) for all i, j,k,I Then G neighbourly edge totally irregular fuzzy
graph.

Complete Fuzzy Graph

A fuzzy graph G = (o, 1) is said to be complete if u(u,v) = o(u) Ao(v) for all
u,veV and is denoted by K From the graph (6) we have the following,

o (vo) = 0.3679, o(vi) = 0.1839, 6(v2) = 0.0459, &(v3) = 0.0076, &(vs) = 0.00095,
‘LL(V07V1) = 0.1839, ‘LL(thZ) = 0.0459, ‘LL(Vz,V3) = 0.0076, u(V3,V4) = 0.00095,
‘LL(V4,VQ) = 0.00095 ‘LL(V(),vl) = 0.1839,[.1(\/1,\/2) = 0.0459,[.L(V2,V3) = 0.0076,

t(vs,vq) = 0.00095, tt(vp, vy ) = 0.00095
Then the fuzzy graph G = (o, ) is called complete fuzzy graph.

Strongly edge irregular fuzzy graph
Let G = (o, u) be a fuzzy graph on G = (V,E) then G is said to be strongly edge
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irregular fuzzy graph if every pair of edges having distinct degrees.

From the graph (6) we have every pair of edges distinct degrees.

Strongly edge totally irregular fuzzy graph

Let G = (o,u) be a fuzzy graph on G = (V,E) then fuzzy graph G is said to be
strongly edge totally irregular fuzzy graph if every pair of edges having distinct total

degrees. From the graph (6) we have every pair of edges distinct total degrees.
Regular fuzzy graph

Let G = (o,u) be a fuzzy graph on G = (V,E) if dg(v) = k for all veV

That is if each vertex has the same degrees k, then G is said to be regular fuzzy
graph of degree k. Let G = (V,E) be the fuzzy graph. Therefore the vertex of degrees
calculated as dg(vo) = 0.18485, dz(vi) = 0.2298, diz(v2) = 0.0535, dz(v3) = 0.00855,

dz(v4) =0.0019
Each vertex have distinct degree, Hence the fuzzy graph G is not regular fuzzy graphs.

Thus we have discusses irregular and regular graphs.

4. Product Graph of Fuzzy Graph
Let G; and G, be the two graphs. where G| = {ug,uj,up,us,us} and G, =

{vo,v1,v2}-
Then the product of G; x G is defined below

G1 x Gy = {(uovo), (uov1), (uova), (urvo), (u1vi), (u1va), (u2vo), (uavi), (uava),
(u3v0), (uzv1), (u3v2), (uavo), (uavi), (usva)}

G G,

% 6

/
/

/ )
| /

Figure 7: The graphical represention of Product Graphs

op-values ,; - values of Gy is given below,
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] uo ui u u3 Uy
e(x@.5) | e(xM,5) | e(x@,5) | ¢(x3,5) | e(x¥,5)

e e e e e

Uy el ) e3 e4 es
e(xD,5) | e(x®,5) | e(x®,5) | e(x®,5) | e(x¥,5)

e e e e e

02 Uup ui Uz
e(x@.5) | e(x(1,5) | e(x?,5)

e e e

Hi el ) €3
e(xD,5) | e(x®,5) | e(x13),5)

e e e

Glz(u()\/()) = 01 (u()).Gz(V())

The fuzzy vertex values calculated as, 12 (ugvo) = 01(up).02(vg) = 0.1381
Glz(uovl) = 0.0680, Glz(u()\/z) = 0.01695, Glz(ul\/o) = 0.0690, Glz(ulvl) = 0.0340,
(712(1/!1\/2) = 0.0084, Glz(uzvo) = 0.0172, Glz(uzvl) = 0.0084, Glz(uzvz) = 0.0021,
612(M3V0) = 0.0028, 612(1/!3\11) = 0.0014, 612(1431)2) = 0.00035, 612(M4V()) = 0.00035,
612(u4v1) = 0.00017, (712(144\/2) =0.00017

The Degree of vertex:
Let G = (o,u) be a fuzzy graph on G = (V,E). The degree of vertex u is
dg(u)= Y u(u,v), for u,veE and u(u,v) =0, for (u,v) not in E,

u#veE
this is equivalent to dz(u,v) = ¥ p(u,v)
(u,v)EE
d12 MQVQ) = 0.1543,d12(u1v0) = 0.1286,d12(u2\/0) = 0.0305,

(
dlz(ug,\/o) = 0.0049,d12(u4v0) = 0.00091,6112(1/[0\/2) = 0.0339,d12(u0v1) = 0.0933,
din(u1v2) = 0.0252,d1s (uzv1) = 0.0189, dy2 (uzv2) = 0.0056,dy2(uzv1) = 0.00315,
di2(uzv2) = 0.00087,d12(usv1) = 0.00038, dy2 (14v2) = 0.000129.
Total degree of a vertex:
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1=0.0169
dg = 0.093
tdg = 0.1102

UgV2

o= 0.0169
dg = 0.030
tdg = 0.05

6=0. 0680
dg = 0.128
tde = 0.16

UgVy

H=0.00004 dlf:g.%()fgl
di = 0.0339 = 0.
tdg = 0.033,

tdg = 0.1101

U4V 1=0.0169
d¢ = 0.15
tdg = 0.1712

©=0.00017 6=0.0084
dg = 0.00012 0=0. 1381 de = 0.025
tde = 0.0001 dg = 0.154

tds = 0.03

td. = 0.29
d,“i%"gggg 1=0.069 1=0.0084
1=0.00004 Ctdg — 0.0000 dg = 0.144 g = 0.059
dg = 0.0004 11=0.00035 tdg = 0.213 tdg =0.067
tdg = 0.0004 dg = 0.154 UV
tdg =0.1548 1-0.34 1V1
dg =0.11
td =0.145 5=0.0340
©=0.00017 ©5=0.00035 6=0.0690 dg =0.056
d; = 0.0003 d- — 0.128
ULV, G dg = 0.0009 G -
tdi = 0.0005 o

tds = 0.08

tde = 0.001 tde = 0.19

1=0.00017
dg = 0.0009
td; = 0.0011

1=0.0001
dg = 0.0009
tdg = 0.00108

-0.0172
1=0.00035 5 —
=0.005 ¢ =012

; —0.0054 tdg =0.1419
¢ =0.

W=0.0084
ds = 0.052
dg —0.0613

U3zVq

ULV 1=0.07
dg = 0.032

tdg =0.041

0=0.0084

©=0.00035

c=0.0172 dg = 0.018
dg = 0.0008 dg = 0.030 tds = 0.02
tds = 0.001 11=0.0028 tdg = 0.04
! dg =0.029 1Upvy
tdg =0.0326

1=0.02 u=0.03
dg = 0.005 dc =_0-031 14=0.0021
tdg = 0.006, td=0.034 ds = 0.0203
14=0.0003
dg = 0.0033

tdg = 0.0224
tdg = 0.0036

0=0.0014
dg = 0.003
tdg = 0.04

0=0.0021
dg = 0.005
tdg = 0.07

Uz Vg

Uy Vo
1=0.0014

dz = 0.0059
tdg = 0.0073

Figure 8: The graphical represention of product of fuzzy derived graph

Let G = (o,1) be a fuzzy graph on G = (V,E).The total degree of a vertex u is
defind as tdz(u) = dz(u) + o (u)
tdlz(uo\/o) = 0.2924,td12(u1v0) = 0.1976,[6[12(142\/0) = 0.0477,[6[12(1/13\/0) = 0.0077,
l‘dlz(u4V()) = 0.0012,l‘d12(u0v‘2) = 0.0508,l‘d12(u1\)1) = 0.0848,l‘d12(u2\11) = 0.0273,
tdlz(usz) = 0.0077,1‘(112(143\/1) = 0.00455,td12(u3\/2) = 0.00122,td12(u4v1) =0.00055
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l‘d]z(u4V2) =0.00017.
Irregular Fuzzy Graph

Let G2 = (o, 1) be a fuzzy graph on G = (V,E). Then Gy, is said to be irregular
fuzzy graph if there exists a vertex which is adjacent to be vertices with distinct
degrees.
From the graph [8| we have the following, ug,u; € G; and vg,v; € G, such that
d2(ugvo) = 0.15428,d12(u1vg) = 0.12860 such that ugvg,u1vy are adjacent to vertices
but di2(ugvo) # dia(u1vp). Therefore the fuzzy product graph Gy, is said to be a
irregular fuzzy graph.
Totally Irregular Fuzzy Graph

Let G, = (o,1) be a fuzzy graph on G = (V,E). Then G, is said to be totally
irregular fuzzy graph if there exists a vertex which is adjacent to a vertices with
distinct total degrees.

From the graph |8 we have the following, ug,u; € G; and vg,v; € G, such that
tdya(ugvo) = 0.2924 td 2 (u1vp) = 0.1976 such that ugvg,u1v are adjacent to vertices
but td(ugvo) # tdiz(ujvg). Therefore the fuzzy product graph Gy; is said to be a
totally irregular fuzzy graph.

Strongly Irregular Fuzzy Graph
Let G = (o, ) be a fuzzy graph on G = (V,E). Then Gy is said to be a strongly

irregular fuzzy graph if every pair of vertices have distinct degrees.

G2 has two pair {ugvo,u1,vo},{uovo,uo,v1} vertices having distinct degrees then
G1 is strongly irregular fuzzy graph.

From the fuzzy product graph [§ having two pair vertices distinct degrees.
Highly Irregular Fuzzy Graph

Let Gip = (o,u) be a fuzzy graph on G = (V,E). Then G, is said to be a highly
irregular fuzzy graph if every vertex in Gy, is adjacent to the vertices having distinct
degrees. From the fuzzy product graph 8 we have the following, if ugvg,u1vo are
adjacent but having distinct degress then Gy; is highly irregular fuzzy graph.

Neighbourly irregular fuzzy graph

Let Gi2 = (o,1) be a fuzzy graph on G = (V,E). Then Gj, is said to be a
neighbourly irregular fuzzy graph if every two adjacent vertices of a fuzzy graph
G12 have distinct degree. From the fuzzy product graph If every two adjacent

(I").Iournal of Computational Mathematica Page 29 of



2456-8686, ix(i), 2025:011-035
https: //d01 org/10.26524 /cm203

vretices have distinct degrees. Therefore G|, is Neighbourly irregular fuzzy graph.

Edge value of product fuzzy graph

ti2(uovo, uivo) =

12 (u3vo, ugvo
U2 (uovo, uovi
U2 (uavo, uavy
U12(u3vo, u3v2
ti2(ugva, upvy

Hi2(uvy, upvy

N~ N N N N N N

Hi2(u3vy, uzvo
ti2(

Uqvy, Uqvy

= 0.00035, ,ulz(Lt3V2, u4v1)
= 0.000043, [.le(u4V2, uovz)

0.0690, 1o (uyvo, uzvo) = 0.0172, pyo (upvo, uzvg) = 0.0028,
= 0.00035, t12(uqvo, ugvo) = 0.00035, w2 (ugvo, ugv2) = 0.01695,
= 0.0680, 12 (u1vo,uyvy) = 0.0084, w12 (u1vo, uyvy) = 0.0340,
= 0.0084, 11 (upvo, upvy) = 0.0021, tyo (u3ve,uzvy) = 0.0014,
= 0.00035, (12 (uqvo, ugvy) = 0.00017, w2 (uavo, usvo) = 0.000043,
=0.01695, 12 (ugvy,u1va) = 0.0084, 12 (uyvo,u1vy) = 0.0084,
= 0.0084, t12 (upvy,upva) = 0.0021, pi2 (uava, uzvy) = 0.0014,

=0.00017,
= 0.000043

The Degree of an Edge:

G = (o,u) be a fuzzy graph. The degree of an edge (u,v) is defined as

Upvo, U1vo

(o))

uszvo, uqvo

o}

Upvo, Uovi

(o))

Uzvp,U2v1

o}

uzvo,usva

(o))

Upvy,uivz

ds
ds
d
dg
ds
dg
dG
d

g,y (u
( )=
( )=
( )=
( )=
( )=
( )=
( )=

G uvy,uzva

dg(uzva, uqvy)

v) = dg(u) +

d5() — 2p(u,v)
0.1449, d = (u1vo,u2v0)0.1247,d 5 (uavo, u3v0)0.0298,
0.0051,d~ (u4vo,u0vo) 0.1545,d s (ugvo, ugv2) = 0.1543,
0.1116,d~ (ulvo,ulvz) 0.1370,d~ (ulvo,ulvl) =0.1114,
0.0326,dz(uzvo,uzv2) = 0.0319,d(u3v9,u3v1) = 0.00525,
0.00507,d~ (u4vo,u4v1) = 0.00095,d5(u0vz,u0v1) =0.0933,
0.1017,dz(u1v2,u1vy) = 0.0592,dx(u1vy,uavy) = 0.0529,
0.0203,d~ (uzvz,u3v1) = 0.00595,d5(u3v1,u3vz) =0.0033,
= 0.00091,ds(ugvy,usv2) = 0.00042, dz(ugv2, ugv2) = 0.0339

The Minimum degree of an edge is

0r(G1Gy)

= N{dg,6,(u,v) : (u,v) € E} =0.00042

The Maximum degree of an edge is

Ar(G1Gy)

= V{dg,c,(u,v) : (u,v) € E} =0.1545

Total Degree of an Edge:
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Let G = (o,u) be a fuzzy graph. The total degree of an edge (u,v) is defined as
tdgz(u,v) = dg(u) +dz(v) — u(u,v)
l‘dlz(uo\/o, uivo 0.2139,td12(u1vo, uzvo) = 0.1419,td12(u2v0,u3v0) =0.0326,
tdir(uzvo,ugvy) = 0.005463,td12(u4v0,u0v0) = 0.1548,td12(u0v0,u0v2) =0.17125,

tdy(ugvo, uovy 0.1796,td1>(uyvo,u1vy) = 0.1454,td 15 (uyvo, u1vy) = 0.1454,

) =
( ) =
( )=
tdy2(upvo, upvy) = 0.0410,td12 (uavo, upva) = 0.0340,1d)2(u3vg, uzvy) = 0.0066,
tdya(uzvo,uzvy) = 0.00542,td 12 (ugvo, ugvy) = 0.0011,¢d2 (ugvo, ugvy) = 0.000999,
tdya(ugva,uovy) = 0.11025,td12(ugvy,uiv2) = 0.1101,¢d12(ugv2,u1vi) = 0.0676,
tdyp(uvi,upvy) = 0.0613,td17 (upvy,upvo) = 0.0224,tdy2 (upvo, u3vi) = 0.00735,
tdya(uzvy,uzvy) = 0.00367,td12(u3va,usvy) = 0.00108,¢d12 (ugvy, usvs) = 0.000466,
tdy(ugva,ugvy) = 0.0339.
The Minimum total degree of an edge is

8.£(G1Ga) = Atdg,c,(u,v) : (u,v) € E} = 0.000466
The Maximum total degree of an edge is

A (G1Ga) = V{tdg, 6, (u,v) : (u,v) € E} = 0.2139
Neighbourly edge irregular fuzzy graph

Let G = (0,1) be a connected fuzzy graph on G = (V,E). Then Gy, is said to
be a neighbourly edge irregular fuzzy graph if every adjacent edges having distinct
degree.

From the product graph |8l we have every adjacent edges having distinct degree.
Then the fuzzy product graph G, neighbourly edge irregular fuzzy graph.
Neighbourly edge totally irregular fuzzy graph

Let G2 = (0, 1) be a connected fuzzy graph on G = (V,E). Then Gy, is said to
be a neighbourly edge totally irregular fuzzy graph if every adjacent edges having
distinct total degree. From the product graph [§| we have every adjacent edges having
distinct total degree. Then the fuzzy product graph Gp, neighbourly edge totally
irregular fuzzy graph.

Complete Fuzzy Graph
A fuzzy graph G, = (o, 1) is said to be complete if u(u,v) = o(u) Ao(v) for all
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u,veV and is denoted by K.
Then the fuzzy product graph Gy, = (o, i) is called complete fuzzy graph.
Strongly edge irregular fuzzy graph

Let Gjp = (o,u) be a fuzzy graph on G = (V,E) then Gy, is said to be strongly
edge irregular fuzzy graph if every pair of edges having distinct degrees. From the
product graph [8 we have every pair of edges having distinct degrees.

Then the fuzzy product graph G, = (o, ) is called strongly edge irregular fuzzy
graph.

Strongly edge totally irregular fuzzy graph

Let G = (o,1) be a fuzzy graph on G = (V,E) then Gi, is said to be strongly
edge totally irregular fuzzy graph if every pair of edges having distinct total degrees.
From the product graph [§] we have every pair of edges having distinct total degrees.
Then the fuzzy product graph G, = (o, ) is called storngly edge total irregualr
fuzzy graph.

Regular fuzzy graph
Let G, = (o,1) be a fuzzy graph on G = (V,E) if dg,,(v) =k for all vEV

That is if each vertex has the same degrees k, then Gy, is said to be regular fuzzy
graph of degree k. Here each vertex have distinct degree, Hence the fuzzy poduct
grpah Gis is not regular fuzzy graphs.

Totally regular fuzzy graph

If each vertex Gy, have the distinct total degree, Hence the fuzzy product graph
G is not totally regular fuzzy graph.

d* degree of a vertex:

d>(ugv2) = 0.0084 +0.01695 + 0.00035 + 0.000043 = 0.02574,d> (ugvy) = 0.07679,
dr(u1v2) = 0.0336,d5(u1v1) = 0.0617,d5(upv) = 0.0210,d5 (uzv2) = 0.00665,
da(uavp) = 0.0986,ds (ugvp) = 0.06016,d5 (usvg) = 0.0021,d,(u3vp) = 0.00826,
dy(u3v1) = 0.00332,d5(u3v2) = 0.00109,ds (ugvy) = 0.00055,d> (usv,) = 0.000215
dgh degree of a vertex:

d3(ugv2) = 0.03429,d3(ugv1) = 0.02612,d3(u;v2) = 0.00529,d3(uyvy) = 0.0215,
dsz(upvy) = 0.0175,d3(upv2) = 0.00472,d3(upvg) = 0.0343,d3(uyvp) = 0.001963,
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d3(ugvp) = 0.0112,d3(ugvp) = 0.0014, d3(u3vp) = 0.0063,d3(u3v;) = 0.00319,
ds(u3v2) = 0.00109,d3(ugvy) = 0.00068, d3(ugv2) = 0.00017

dff‘ degree of a vertex:

dy(ugv2) = 0.01085,ds(upv1) = 0.0028,ds(u;v2) = 0.00192,d4(u;vy) = 0.00074,
dy(upvy) = 0.00874,ds(upv2) = 0.00424, dy(uzvy) = 0.0021,d4(uzv2) = 0.00105,
ds(uavy) = 0.00051,ds(uav2) = 0.00012

Thus we have explained fuzzy product graph with suitable examples by
finding irregular and regular graphs.

5 Conclusion

The study on fuzzy derived graphs offers a detailed exploration of their
properties, such as fuzzy edge degrees, regularity, and irregularity. It distinguishes
between various types of fuzzy graphs, including neighbourly edge irregular and
strongly edge irregular graphs, providing a clear framework to understand their
complexities. Through examples, the research emphasizes the importance of fuzzy
graphs in mathematical modeling and their potential applications in different fields.

The introduction of generalized exponential functions adds depth to the
discussion, opening up new areas for future research. In conclusion, the study
improves the theoretical understanding of fuzzy derived graphs, making it a valuable
contribution to graph theory. It encourages further investigation into fuzzy graph

properties and their implications in real-world scenarios.
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