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Abstract

In this paper, we derive the discrete version of the Bernoulli’s formula according to the
generalized o~ difference operator for negative ¢, and to find the sum of several type of arithmetic
series in the field of Numerical Methods. Suitable example are provided to illustrate the main
results.
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1.Introduction

The theory of difference equations is based on the operator A defined as
Au(k) =u(k+1) —u(k), k € N(0) = {0,1,2,...}. (1)

Eventhough many authors [I], [I1], [14] have suggested the definition of A as
Au(k) =u(k+ ) —u(k), k € [0,00), £ € (0,00), (2)

and no significant progress took place in the field of numerical methods, they took up
the definition of A as given in , and developed the theory of difference equations
in a different direction and many interesting results were obtained in number theory.
For convenience, they labelled the operator A defined by as Ay and its inverse
by A;'. When A, is operated on a complex function u(k) and considering ¢ to be
real, some new qualitative properties like rotatory, expanding, shrinking, spiral and
weblike were noticed. The results obtained can be found in [15].
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Jerzy Popenda, et al.,[I8], while discussing the behavior of solutions of a particular
type of difference equation, defined A, as Aju(k) = u(k+1) —au(k). This definition
of A, is being ignored for a long time. In [5], we have generalized the definition
of Ay by Aypdefined as Aqgpyu(k) = u(k + £) — au(k) for the real valued function
u(k) and ¢ € (0,00) and also obtained the solutions of certain types of generalized
a-difference equations, in particular, the generalized Clairaut’s a-difference equation,
generalized Euler a-difference equation and the generalized a-Bernoulli polynomial
B (k, €), which is a solution of the a-difference equation u(k +¢) — (k) = nk™*,
for n € N(1) [19], [].

Recently, G.B.A.Xavier, et.al. extended from the definition of generalized
a-difference operator of n” kind and to obtain the formula for sum of partial sums of
various types of arithmetic-geometric progression in the field of Numerical Analysis
[1].

With this background, in this paper we derive the generalized discrete
a—Bernoulli’s formula and to obtain the formula for sum of several types of
arithmetic and geometric series using the stirling numbers of first and second kind
respectively.

Throughout this paper, we make use of the following notations:

1. [4] means integer part of ¥,
2. No(j) = {5, 0+, 20+ 5, 1,
3. A;(_K)U(k)llfm_l)uj -
AL puBE] [Asgut®liy] - (AT pulf, ]
4. (m —1)m=D = m!,

2. Preliminaries

In this section, we present some basic definitions and preliminary results which
will be useful for further subsequent discussions.

Definition 2.1 [5] If u(k) is real valued function then the generalized a-difference
operator is defined by

Apou(k) = u(k £0) — au(k), a > 0,0 € (0,00) (3)
and inverse is defined by

u(k) = v(k) — a*ldlu(j), (4)
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where v(j) is constant for all k& € Ny(j).

Lemma 2.2 [I7] If u(k) is real valued function then

AL (k)

ey Tu(k F (m 1)),k € [ml,00).  (5)
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Theorem 2.3 [17] For k € [m/, o),

%]

r— 1)0mD) r
A ey = 3 oty (0" (3) ot (=0, @

Lemma 2.4 Let u(k) and v(k) be any two real valued functions. Then,
Baco (k) (k)] = ulk — ) au(k) + av(k)A_u(k). ™)
and

Anlplulk)(k)] = uk + OALL o(k) — oAyl AL yo(R)A_u(k +0)].  (8)

3. Generalized Discrete a— Bernoulli’s Formula

In this section, for negative index —/, we derive the discrete a— Bernoulli’s
formula and establish as the sum of general partial sums of products of polynomials
and polynomial factorials using the inverse of generalized a- difference operator and
stirling numbers of first kind and second kind respectively.

Lemma 3.1 If wu;(k),: = 1,2,--- ,w are real valued function then
w k
- , _ —(m—1)
K {Qu(k)} H((m—l)fﬂ') B {A“”’ {uw(kjté) ol H wilk)]
. w—ailib

il r+1 b=1 a—1 ‘

Z a" Z ny,Ci 0 7 0 Corty [T 22 (w— Y2 i) Ci 0
i1=1 t=0 a=2 ig=1 b=1
r+1A 1
ALY e Gebmt) S TAEY Tk + Yo(—a)
w— Zp =1 q:0
p=1
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r+1
m—3_ ip—(q—1)

m—q r4+1 q+1 p=1 r+1 b—1

(m— > ip)Cry £ I1 > {m -, ip — >, Ta} Cp L
r1=1 p=1 b=2 rp=1 p=1 a=1

m—%l ip—q—Tq+1 w—1 k
w . (K+mb) »=t A2 u;(k ‘ .
L Lol
o=

Proof: From Lemma we have

=1 =1 =1
ail . k
w— ip
w—1 w—r r+1 b=1 a—1 w Til i
- p
"N wC H E (w—="Y i,)C; 0| ui(k+¢) »=!
r=0 i1=1 a=2 ig,=1 b=1

J

where A;(lfg) L];[l ul(k)} is a function of k and A;(lfz) L];[l w;( j)] is constant. Again
taking A;(l_ 0 and applying the limit from ¢ + j to k, we obtain

w k [ w—1
_92 -1 -1
Aa(—é) H“l(k)] He+ - Aa(_e) Uy (k + K)Aa(—e) H u;(k) | +
i=1 | =1
B a—1
w—1 w i1—1 r+1 w_bgl ‘b a—1
ot Z N Ci, O Z i1 Cyrt, H Z (w — Z iy)C;, £
r=0 i1=1 t=0 a=2 i,=1 b=1
rH w—1 m
—(m—2 w=3 4 _
Aa((ff) " ! (k+20) = AL ) [[wk) + ()
w_P:I " =1 =0
r4+1
2— 3 ip—(q—1)
2—q r+1 g+l p=1 r+1 b—1
de=-Y eIl > 2= i, =Y 1| Gl
r1=1 p=1 b=2 rp=1 p=1 a=1
o N w1 k
- p—q—Tq+1
(TR k+20) »=t —4 w;(k ‘
s, (20 o [Luth)],
=
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Similarly again operating A;(lg) on both sides and applying the limit from 2¢ + 5 to
k and which can be expressed as

w k w—1
-3 -2
AM4)IIWw1 %H:AM% ww(k 42087 ) T wik)| +
i=1 i=1
a—1
w— Y i
w—1 w i1—1 r+1 b=1 a—1
o't Z Ny Ciy 01 Z i Cyrt H Z (w—> 14)C; 0"
r=0 i1=1 t=0 a=2 i,=1 b=1
L w—1 m
—(m—2 w=2, %
Aa((_z) ) 1 (k4+30) = Aa(‘l_ﬁ) H w;(k) + Z( )ttt
T i=1 q=0
r+1
3— ip—(q—1)
2—q r+1 q+1 p=1 r+1 b—1
CEOSCH | DY [3 DS Z“] o
ri=1 p=1 b=2 ry=1 p=1 a=1
3 ril .
- p—q—Tq+1
(k430 = 4 ; ‘
L iizp( +30) Ba(-) H i 2+j
=

The proof completes by continuing this process.

Corollary 3.2 Let k" be the generalized polynomial then
—-m m . —(m—1 Naw -
AMJ)h1w+4w 1“mlﬂm AJ4)>“k+e+rw) Azl g(k+n)

=1
a—1
T — i
Nw—1 Nw—r i1—1 r+1 b=1 a—1 .
+ Z o™t ST n, G 00 Z i1 Cyrt H Yo (nw — > i) C 0
i1=1 iq=1 b=1
Til )
A (k) =AY H (ktrib)™ + 3 (~a)™*!
: q:
r+1
nm— > ip—(q—1)
N —q r+1 ' q+1 p=1 r+1 ] b—1
DRI PRI | S S [ S i S cur
ri=1 p=1 b=2 rp=1 p=1 a=1
nm—Tili —q—Tg+1 — k
(k+(m-1e) " =" H(k+n) .
i=1 (m—=1)l+j

Proof: The proof follows by taking u;(k) = (k 4 r;f)" fori = 1,2,--- ,w in (3.1))
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Example 3.3 Let k € [0,00) and j = k — [%V Then, Substituting w = 3,m =
2,n1 =2,ny =3,n3 =41in (3.2), we get

|

s

(r — 1)(a) (k+(ri+2=r)0*k+ (rg +2 =103k + (r3 +2 —r)0)*

3 4—r
(k+ 0 A (k40 (k+7r20)* +> ™Y (4 —i))Cp
r=0 ri=1
r+14—ri—r+1

Crt é"’t (IC 4 €>4_i1 —r—Tr41

g 2 [4—@'1—(;7‘(1)

In particular, k=55, /=6, 7=1,r=7,r5=8,r3=9

)
and a = 0.5 in @, we arrive

Corollary 3.4 Let k‘én) =k(k—20)---(k— (n—1)f) be the generalized polynomial
factorial. Then,

r—1)(m-1) “ n;
S (-0 G 3y [T+

=AY {wwmz)gnm; ]:_[(k+rl 0§

a—1
nw—z ib
Nw—1 Nw—r . i1—1 r+1 b=1
+ E a3 nuC

L0 i Cyrt H ST (ne — D i) Cy L
i1=1 t=0 =2 ia=1

B

AP me, ALY H (k+ 7)™ + 35 (—a)r+!
=1 q=0

Nm —q r+1 ) q+1 e Z::1 w=(a=1) r+1 ) b—1

> (=22 ip) Cr 1 11 > {nm - W= > Ta} Cp L

ri=1 p=1 b=2 rp=1 p=1 a=1

<nm_rii Z'10—‘1—7"q+1> w—1
(k+(m-1)4¢), A
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Proof: Substituting u;(k)= H (k+ 7)™ in 1} we get

=1

n k
Aa( £)

=

e (m —1)(m=1) (a)

ﬁ(k: + mﬂ)m]

i=1

—(7“ _ 1)(771—1) l r [ﬁ(k‘ + ’I“lf)"z]

i=1
(11)
The proof follows by equating and .
Corollary 3.5 Let k € [0,00) and j = k — [4]¢. Then,
(%]

> - 1)(&)7“(/5 F i 4+2=10Pk+ (ra+2 = r)OP (k + (rs +2 — 1))V

r=2

3 4—r
= (k+ 0" AR (k40 (k+7120)* +> o™ (4 —iy)Cp
r=0

ri=1
r+14—ri—r+1 t—1
II > [““-(Zm Cpy 7t (k -+ €)= (12)
re=1 a=1

Proof: Substituting n =3,m =2,n; =2,ns =3,n3 =4 in , we get .

Example 3.6 Taking k =45, (=4, j=1,r, =5,179=6,1r3 =17
and o =2 in , we arrive

11

1
Sr—1)s o (454 (7= 1)4 )P (45 + (8 — )P 45+ (9 — r)4)Y = 1.034768252 x 10'6

r=2
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