
2456-8686, ix(ii)2025:029-038 

https://doi.org/10.26524/cm216 

    Journal of Computational Mathematica                                                                          Page 29 of 38 

 

 

Exploring Transcritical and Pitchfork Bifurcations in 

Parameter-Varying Systems 
Geethalakshmi S

1
, Kalaiyarasi S

2
,  Saraswathi D

3 
and Vignesh K

4 

Received: 20 August 2025/ Accepted:10 October 2025 / Published online: 20 December 2025 

©Sacred Heart Research Publications 2017 

Abstract 

This work explores with an emphasis on limited trajectories close to the origin, as 

well as their pullback attraction and asymptotic instability, this paper examines                 

non-autonomous trans critical bifurcations as well as pitchfork bifurcation. It examines the 

circumstances in which bifurcation takes place, using the dynamics outlined in system. 
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1 Introduction 

  

1.1 Definitions 

 In a ‘transcritical bifurcation’ a non-autonomous system that the non-zero trajectory is 

in some sense ‘localised’ near the origin, and that the system in the past (pullback attraction 

and asymptotic instability). 
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 The system  ̇            undergoes a local transcritical bifurcation at    , 

    if there exists a      and an     such that, 

 (i) for all          the zero solution is locally pullback attracting within ( Є, 0] 

and pullback attracting within      ; and there is another negative complete trajectory       

within        that is asymptotically unstable and satisfies, 

            as           (1.1.1) 

 (ii) for    the zero solution is asymptotically unstable but still pullback attracting 

within      ; and 

 (iii) for        the zero solution is asymptotically unstable, and there is another 

positive complete trajectory       within       the satisfies     

                      (1.1.2) 

and is pullback attracting within       

2 Conditions For Localised Bifurcating Solutions 

2.1 Lemma 

 Suppose that ,                                                                                     (2.1.1) 

And                  
    

    
           

    

    
                                     ( 2.1.2) 

Then for     

                                                     ,for    ,                    (2.1.3)    

We have                  
      

∫             
 
 

                                       (2.1.4) 

where F is an anti-derivative f. 

Proof  

 For any      there exists a   such that for all     we have          and  

 
    

    
 k , for t 

  ∫              
 

 

 

  
∫             
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                                     ≥ 
 

 
*
      

 
+  

    
 

                                      ≥ 
 

  
       

Since,               by (2.1.1) & (2.1.2) 

        ∴       
      

∫        
  

      
    for all     

And                                                                        = M λ                                                                                             

 For lower bound the proof is similar as upper bound for any     then there exists T 

such that , 

         
    

    
  for all     

 

3 The General Case 

 We now consider  ̇           , where the R.H.S has Taylor expansion, 

                   
 

 
    

        
 

 
    

  
 

 
     

  
 

 
     

  

 
 

 
        

 

 
     

    

(all expressions involving G and its derivatives on the R.H.S are evaluated at        ). 

 We assume that              for all t and λ, and that             . 

  
   

          
  , for all t and      

∴               
 

 
       ]   

 

 
    

 

 
      

 

 
           

3.1 Theorem  

  Consider,  ̇            and assume that, 

             for all     and             

 Set                 and        
 

 
           

And rewrite the equation as 
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 ̇                                     

Where, 

        
 

 
            and                            (3.1.1) 

Assume that                                                                (3.1.2)      

 

That  

              
    

    
           

    

    
       (3.1.3) 

and that                               |ф                                   

                                               (3.1.4) 

where            
    

    
   

 Then there is a local transcritical bifurcation as λ passes through zero.   

(i) When     the ‘unstable’ trajectory is pullback repelling in       ;  

(ii) When     the origin is locally forwards attracting in   ; and 

(iii) When     the pullback attracting trajectory   (·) is forwards attracting in (0,Є). 

 For a transcritical bifurcation in the autonomous equation, 

             ̇          

                                              

                   

Proof 

 We assume that      , where Є will be chosen ‘sufficiently small’. 

From (3.1.1) and (3.1.4) 

                              (3.1.5) 

The origin is locally pullback attracting in        for     

                 We have, 
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                       where      solves 

  ̇                                               

there exists T such that if       changing T  

                                   
 

⃓
    

 
(for some  ⃓     

to deduce that 

   ̇           ⁄                      ⁄ ) (          )      

decreasing T, so that        for all    ,  

 for       we have             provided that        and hence, 

                     remains valid, 

                   for all     

Since         is continuous and zero is invariant we have, 

                                                    

                         

               = 0,   for all     

and the origin is pullback attracting within [0,Є). 

 While                we have, 

                       where      solves 

 ̇                                                   

  ∴     

  ̇                                    

 For T chosen such that         for all    , and 

  for                        

   
    

                          

the origin is locally pullback attracting within (−Є,0]. 
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When λ=0,   | |≤Є we have 

                     ̇                     

  The pullback attraction of zero solution within [0,Є) asymptotic instability of zero. 

Since for      we have,  

                      

There is a positive trajectory that is pullback attracting in       when     

                          we have, 

                                  (3.1.6) 

where          and           are the solutions of, 

  ̇                                                

                 

And 

 ̇                                                (3.1.7) 

                           

We have an explicit form for the solution of (3.1.7) 

     
       

  
          ∫               

 

 

 

Using   “              
    

    
           

    

    
      

 For   and    sufficiently small,          for all t≤0. 

 (3.1.6) remains valid for all such t. 

 Due to the two-sided balance and between h and g we define upper and lower 

solutions, 

                  = 
       

∫               
 
  

 

                      = 
       

∫               
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The pullback attractors of upper and lower equations. 

Using                                                       

 There exists a pullback attractor A(t) of interval (0,Є). 

 There are two solutions   (t) and   (t) such that      

 A(t) = [                          , 

                    for j=1,2 

Consider,                  then 

  

  
                                         

             
   

 ≤ λ                                
    

                             
 
 

 ≤ λ                   +2Є h(t)[     ]z+ Є  h(t)z 

 ≤ [λ      (2g(t) 5Єh(t))     ]z 

 Since              
     

    
       

  

  
  [     

     

     

            

∫               
 

  

]   

           
        

Where         ∫       
 

  
 

     

     

      
      

∫               
 
  

   

                    
     

     
   ∫        

 

  
       

    
 

Now 
  

 
    

     

    
   

And    ∫                 
    

    
 

  

 

  
            

     

       
          

so              =                  
    

        
 

∴                  
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Where      
     

     
  

    

        
   

                Since    
     

 ⁄  

     
  ⁄

   

we also have,               
  (  

 ⁄ )

     
  ⁄

             ] 

and     T ≤ λ              [   
(  

 

 
  )     

  ⁄

            
 ⁄

]     

 for Є sufficiently small we have        . 

Hence there is a single pullback attracting positive trajectory    (·). 

 for any two trajectories   (·) and       by        

Now any trajectory           with      has          
 

 
      for t large enough. 

      is attracting in (0,Є) as t→+∞. 

The origin is unstable ‘downwards’ when     . 

 We have             where      is, 

    ̇                   

 as                                   

 The unstable trajectory when λ<0.  The transformation          , for negative 

unstable trajectory;  

       is attracting as t→+∞ 

4 Non-Autonomous Pitchfork Bifurcation 

4.1 Definition 

 The system  ̇           undergoes a localised pitchfork bifurcation at      λ=0 if 

there exists             such that, 
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 (i) for all         the zero solution is pullback attracting within        

(ii) when         the zero solution is asymptotically unstable, and there exist 

bounded trajectories   
          

     that are pullback attracting in       and 

       respectively,   
 (t)→0 as λ→0  uniformly on compact subsets of ℝ. 

4.2 Example 

 Consider      , and satisfies the equation,  ̇ = 2μx−   

With a bifurcation parameter λ=2μ,  ̇=λx   , where      

 The original equation, 

    ̇ =H(y,t,λ) 

 i.e., Invariant under the transformation      we set      

Consider,  ̇                      

 The existence of a non-autonomous pitchfork bifurcation under conditions of 

Theorem 3.1 in non-autonomous trans critical bifurcation. 

 

5 Conclusion 

 Non-autonomous bifurcation theory extends classical insights by incorporating 

temporal variability, revealing rich dynamics such as branch switching and transient stability. 

Understanding these behaviours in trans critical and pitchfork cases remains key to advancing 

the theory of time-dependent dynamical systems. 
 

 

References 

[1]  Arnold L, Random Dynamical systems, springer, Berlin, 1998. 

[2] Buse O, Kuznetsov A, Perez R, Existence of limit cycles in the repressilator    

       equation. Int.J.Bifurcation chaos, 19(2009), 4097-4106. 

[3] Carr J, Applications of centre manifold theory, Appl. math.sci., vol.35,  

       springer, berlin, 1981. 

[4] Cheban DN, Kloeden PE, Schmalfub B, Pullback attractors in dissipative  

       differential equations under discretization, J.Dynam. differential equations  



2456-8686, ix(ii)2025:029-038 

https://doi.org/10.26524/cm216 

    Journal of Computational Mathematica                                                                          Page 38 of 38 

       13(1)(2001) 185-213. 

[5] Edwards R, Glass L, Dynamics in genetic networks. The American  

       mathematical monthly.121(2014),793-809. 

[6] Fabbri R, Johnson RA , Mantellini F, A nonautonomous saddle-node  

       Bifurcation pattern, Stoch. Dyn. 4(3)  (2004)   335-350. 

[7] Glendinning P , Non-smooth pitchfork bifurcations , Discrete contin. Dyn.   

       Syst. B 4 (2) (2004) 457-464. 

[8]  Guillemil V, Pollack A, Differential topology.Prentice-Hall, 1974. 

[9]  Hairer E, Norsett SP, Wanner G, Solving ordinary differential equations I  

       :Problems (second edition) Newyork : Springer-verlag, 1993. 

[10] Hale JK, Ordinary differential equations , pure Appl. Math., vol.   

         21,krieger, Huntington,1980.  

[11]  Hassard BD, Kazarinoff.N.D, Wan Y-H, Theory and applications of  Hopf  

         bifurcation, Cambridge university press, Cambridge, 1981. 

[12]  Hirsch MV, Smale S, Differential equations, dynamical systems and linear  

        algebra, Academic press,1974. 

[13]  Iooss G, Bifurcations of maps and applications, North-Holland, 1979. 

[14]  Johnson RA, Kloeden PE, Pavani R, Two-step transition in  

        Non autonomous bifurcations: An explanation, stoch.Dyn.2 (1)(2002).67-92 

[15]  Johnson RA,  Yi Y, Hopf bifurcation from non-periodic solutions of  

       differential equations , II, J. Differential Equations 107 (2) (1994) 310-340. 

 

 


