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Abstract

This work explores with an emphasis on limited trajectories close to the origin, as
well as their pullback attraction and asymptotic instability, this paper examines
non-autonomous trans critical bifurcations as well as pitchfork bifurcation. It examines the
circumstances in which bifurcation takes place, using the dynamics outlined in system.
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1 Introduction

1.1 Definitions
In a ‘transcritical bifurcation’ a non-autonomous system that the non-zero trajectory is
in some sense ‘localised’ near the origin, and that the system in the past (pullback attraction

and asymptotic instability).
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The system x = f(x,t,A) undergoes a local transcritical bifurcation at x = 0,
A = 0 if there exists aA, > 0 and an € > 0 such that,

(i) for all =, < A < 0 the zero solution is locally pullback attracting within (=€, 0]
and pullback attracting within [0, €); and there is another negative complete trajectory x;,(t)
within (—€, 0) that is asymptotically unstable and satisfies,

x(t) - 0asA—- 0 (1.1.1)

(if) forA = 0 the zero solution is asymptotically unstable but still pullback attracting
within [0, €); and

(iii) for0 < A < A, the zero solution is asymptotically unstable, and there is another
positive complete trajectory x; (t) within (0, €) the satisfies

x(t) > 0asA—- 0 (1.1.2)

and is pullback attracting within (0, €)

2 Conditions For Localised Bifurcating Solutions

2.1 Lemma
Suppose that , lim,_,inf g(t) > 0 (2.1.1)
And 0 <m =lim;,_ inf% < limg,_ supgg—g =M< 4o (2.1.2)
Then for A > 0
Am < limg__q inf x;(t) < lim;_,_, supx;(t) <AM,for 1 < 0, (2.1.3)
e AF(s)
We have limg_,_ infm > —mAl (2.1.4)

where F is an anti-derivative f.
Proof
For any K > M, there exists a T such that for all t < T we have g(t) > 0and

O 1 fort
g(t)

[, e Og(s)ds = - [° e O f(s)ds
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S l [elF(S):l ¢
Tk

A Is=-o
1 LAF@®
= k€
Since, F(t) » wast » —oo by (2.1.1) & (2.1.2)
A kAforallt<T
.-xl(t)—m_ orallt <
And lim to—oo SUP X3 () =M A

For lower bound the proof is similar as upper bound for any k < m then there exists T

such that ,

IO S kforall t < T
g

3 The General Case

We now consider x = G(t,x, A), where the R.H.S has Taylor expansion,

1 1 1 1
G(t,x, A) =G+ Gxx + G;M. + EGxxe + leXA + EGAAAZ +€Gxxxx3 +§Gxx,1x2/1

1 2 1 3
+§Gx,'uxﬂ. +EG,M,1). + .-

(all expressions involving G and its derivatives on the R.H.S are evaluated at (t, 0, 0)).

We assume that G(t,0,1) = 0 for all t and A, and that G,.(t,0,0) = 0.

akg
akA(t,0,1)

=0, forall tand k€Z,

1 1 1 1
2G(tx,2) = A6 + 5 Gaad + 1% + [5 Grx + 2 GrxaX + 5 Gaad + - ]x?
3.1 Theorem

Consider, x = G(t,x,A) and assume that,

G(t,0,4) = 0forall A€ER and G,(t,0,0) =0
Set £ () = Ga(t,0,0) and g(£) = — 2 Gyx(£, 0,0)

And rewrite the equation as
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x = A[f () + Ad(t, D]x — [g(t) +y(t, x, D]x?

Where,
$(t,0) =36 (60,00 and  y(5,0,0) =0 (311
Assume that lim 1, 9() > 0 (3.1.2)
That
: A f) f@®
= —_—< — =
0<m=lim,s0 mfg(t) < limy 40 SUp e M < +oo (3.1.3)
and that Ib(t, )| < h(t), Y (t, x, )| < h(t),and
[vx(t, x, D] < h(D) (3.14)
. h(t)
=<
where lim;_ 4 sup o= K

Then there is a local transcritical bifurcation as A passes through zero.
Q) When A4 < 0 the ‘unstable’ trajectory is pullback repelling in (—€, 0);
(i)  When A = 0 the origin is locally forwards attracting in R, ; and
(ili))  When A > 0 the pullback attracting trajectory x;(-) is forwards attracting in (0,€).
For a transcritical bifurcation in the autonomous equation,
x= f(x, 1)
f(,2) =0, £:(0,0) = 0, £;,2(0,0) > 0 and f,,(0,0) < 0
if G(t,x,A) = f(x, 1)
Proof
We assume that || < €, where € will be chosen ‘sufficiently small’.
From (3.1.1) and (3.1.4)
ly(t, %, DI < h(©[Ix] + |1] (3.1.5)
The origin is locally pullback attracting in (—€,€) forA < 0

0 < x(t,s,xs) <€ Wehave,
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0 < x(t,s,x5) < v(t,s,xs) where v(t) solves
v = A[(f(t) + Eh(D)]v — [g(t) — 2Eh(t)]v? with v(s) = xq

there exists T such that if s < t < T changing T

= |h(t)] < %(for some K ' > K)
to deduce that
V<Al - (EK'/m)f(Dv = v(t) < A€ /MAF@O-F(t0))v(to)
decreasing T, sothat f(t) > Oforallt <T,
fors <t < T we have v(t, s, xs) < € provided that 0 < x; < € and hence,
x(t,s,x5) < v(t,s,xs) remains valid,
limg_,_o S(t,s)x; =0forallt <T
Since S(T, t) is continuous and zero is invariant we have,
limg_,_o S(T,8)xs = S(T, t)[limg_,_o S(t, $)xs]
= S(T, )0
=0, forall TER
and the origin is pullback attracting within [0,E).
While —€ < x(t, s, x;) < 0 we have,
u(t, s, xs) < x(t,s,x5) < 0where u(t) solves
= A[f(t) — €En()]u — [g(t) + 2€R(t)]u? withu(s) = x
~u = —€
u > Af(O[(1 —€K/m)u] — (1 + 2EK)u?/m
For T chosen such that f(t) > 0 forallt < T, and
for 0>x,>—-A(m—€EK)/m(1+ 2€K)

lim S(t,s)x; = 0 forallt <T,
S——00

the origin is locally pullback attracting within (—€,0].
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When A=0, |x|<€ we have
x < —[g(t) — 2€h(t)]x?

The pullback attraction of zero solution within [0,€) asymptotic instability of zero.
Since for x; < 0 we have,

x(t,s,x;) > 0ast - —oo.
There is a positive trajectory that is pullback attracting in [0, ) when A > 0

|x(t, s, x5)|, |A| < Ewe have,
u(t, s, xs) < x(t,s,x5) < v(t,s,xs) (3.1.6)

whereu(t, s, xs) and v(t, s, x,) are the solutions of,

u =A[f(t) — €h()]u — [g(t) + 2ER(t)Ju? with u(s) = x,
N

v J N ~ J
f~(®) g+(t)
And
v = A[f(t) + ER()]v — [g(t) — 2ER(t)]v? with v(s) = x, (3.1.7)
£, (D) g-(V)

We have an explicit form for the solution of (3.1.7)

eAF+(t)
v() = —1,AF,(s) t AR (1)
xs~1eAF+ () + [ MM g_(r)dr
' « — 1 inf IO <4 f® _
Using 0<m=Ilimg,_o mfg(t) < lim;__, sup 70 =M < +o0

For A and x, sufficiently small, v(t) < € for all t<0.
(3.1.6) remains valid for all such t.
Due to the two-sided balance and between h and g we define upper and lower

solutions,

eAF+(D)

o erAF+(Dg_(r)dr

x4 (D)= It

e AF—()

x_(t)= I

w0 €=M g, (rar
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The pullback attractors of upper and lower equations.
Using x_(t) <limg,_ inf x(t,s,x5) <limg,_o, sup x(t, s, x5) < x,(t)
There exists a pullback attractor A(t) of interval (0,€).
There are two solutions x, (t) and x,(t) such that
A(t) = [x1(t). x5 (t)]. and We have,
x_(t) < x;(t) < x,(¢) forj=1,2

Consider, z(t) = x,(t) — x,(t) then

< AFEW + ROz — gOCxs + 3z — X2y, D — ¥t x5, 7

<M,z = g(0) (g + x2)z = Y(&, %1, D) (1% = x,%) + [Y(t, x5, 1) = Y (&, x5, D]x,
<M, (t)z — g(t) (x; + x3)z+2€ h(t)[x; + x,]z+ €x,h(t)z
< [M, (D) —(29()—5€h(V)x_(D)]z

2—5¢k

Since 2g(t) — 5€h(t) =g, (1)

2 — 5ek t)erF-©
<l - € : g+(® 2
dt 1+ 2€k [* eAF-(Mg 4 (r)dr

Z(t) < Z(t,)e!®to)

2—-5¢k g+(s)eAF‘(t)
1+2€k f—too eAF-(") g+ (r)dr

Where I(t, t,) = ftto Afi(s) —

2—5ek
= MF,(6) = Fi(t0)) — g I [, %0 0. (] L,

f- 1+2€k
Now HS 8+ = m—-€k
And [In f_soo e*-Mg + (r)dr] | by = In( eM-0) — 1 (%eﬂp—(to))
_ . m—€k
50 = ACF-(8) = F_(to) + In o

=1 < AFL () = Fi(to) — K(F () —F_(to) +ce

1+2€k
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2-5€K n m—€k
1+2€k  M(1+2€k)

Where c¢ = —

1-(E%/)

i >
Since f_ = T

we also have, F_(t) — F_(t,) = %zmz [FL(t) — Fi(to)]

(1_§€k)(1_€k/m)
(1+2ek) (1 HEK/

and T<AF, (t) —Fi(ty))|1 -2 + C¢

for € sufficiently small we have z(t) = 0.
Hence there is a single pullback attracting positive trajectory x =(-).
for any two trajectories x,(-) and x,(-) by x_(¢t).
Now any trajectory x(t, s, x;) with x; > 0 hasx(t, s, xg) > %x_(t) for t large enough.
x * (+)is attracting in (0,€) as t—+oo.
The origin is unstable ‘downwards’ when 4 > 0.
We have 0 > x(t) = u(t) where u(t) is,
u= A[f(t) —€h(t)]u
ast — —oo the nu(t) and we have x(t) - 0
The unstable trajectory when A<0. The transformation x - —x, t = —t, for negative
unstable trajectory;
x * (+) is attracting as t—-+oo
4 Non-Autonomous Pitchfork Bifurcation
4.1 Definition
The system x = f(x, t, 1) undergoes a localised pitchfork bifurcation at x = 0, A=0 if

there exists A, > 0 and€ > 0 such that,
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(i) for all =24, < A < 0 the zero solution is pullback attracting within (=€, €)
(i) when 0 < A1 < A, the zero solution is asymptotically unstable, and there exist
bounded trajectories x;*(t)and x, ~(t) that are pullback attracting in (0,€) and
(—€, 0) respectively, x; £(t)—0 as A—0 uniformly on compact subsets of R.
4.2 Example
Consider x = 2y?, and satisfies the equation, x = 2ux—x?
With a bifurcation parameter A=2p1, x=Ax—x?, where x > 0.
The original equation,
y =H(y,t})
i.e., Invariant under the transformation y - —y we set x = y?
Consider, X=G(x,t,A) =2yH(y, t, 1)

The existence of a non-autonomous pitchfork bifurcation under conditions of
Theorem 3.1 in non-autonomous trans critical bifurcation.

5 Conclusion

Non-autonomous bifurcation theory extends classical insights by incorporating
temporal variability, revealing rich dynamics such as branch switching and transient stability.
Understanding these behaviours in trans critical and pitchfork cases remains key to advancing
the theory of time-dependent dynamical systems.
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