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Abstract

This paper aims to obtain extorial type solutions of Fibonacci difference equations having
shift value. A higher order Fibonacci summation formula of product of polynomial and extorial
functions is obtained by higher order Fibonacci nabla difference operator, its inverse and
the higher order Fibonacci numbers. Extorial function is a function obtained by replacing
polynomial into polynomial factorials in the exponential function. Suitable examples with
numerical verification are inserted to illustrate our main results.
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1. Introduction

Difference equations usually describe the evolution of certain phenomena over
the course of time. A standard approach in numerical integration of differential
equations is to replace it by a suitable difference equation whose solutions can be
obtained in a stable manner. However, the qualitative properties of solutions of
the difference equations are quite different from the solutions of the corresponding
differential equations. Further, solutions of several well known difference equations
like Clairaut’s, Euler’s, Riccati’s, Bernoulli’s, Verhulst’s, Duffing’s, Mathieu’s and
Volterra’s difference equations retain most of the properties of the corresponding
differential equations.

A difference equation is an equation that contains sequence of differences. We
can solve a difference equation by finding a sequence that satisfies the equation and we
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call that sequence a solution of the equation. A function satisfying given difference
equation is called exact solution of the given difference equation.For example, the
difference equation Au(k) = e** has an exact solution u(k) = e**/(e* — 1), s # 0 and
k € (—o0,00). As extensions of A, theories of g-difference, h-difference and fractional
difference operators are found in [1]-[3]

In mathematical terms, the sequence F;, of usual Fibonacci numbers is obtained
by the recurrence relation F,, = F,,_1+ F,,_ o, Fo =1, Fi=1,n>2

In [7], for an m-tuple @ = (aq, as, as, - - - a,,) € R™, a-Fibonacci number is defined as
F.(@) =) aF(n—i),F(0)=1,F(—n) =0, 1<n<m (1)
i=1
Fn(a) :aan,1+CL2Fn,2+"'+6Lan,m7 n = m.

Remark 1.1 For our convenient, we denote F, (@) = F,,.

2. Preliminaries

In this section, the exponential function is extended to extorial function
and applying by higher order a-Fibonacci number, we obtain higher order summation
formula for product of extorial function and polynomials.

Definition 2.1 [4] Let u(k), k € (—o0, 00), be a real or complex valued function and
¢ > 0 be fixed. Then, the ¢-difference operator A, on u(k) is defined as

Apu(k) = u(k +0) — u(k). (2)
and its inverse is defined as if there is a function v(k) such that

Ap(k) =u(k), then wv(k)= A, u(k). (3)

Definition 2.2 [6] For 0 # ¢, k € (—o0,00) and n € N(0), the /—polynomial factorial
is defined as
kY = k(k — 0)(k —20) ... (k — (n — 1)0). (4)

h

For any real number, the v order polynomial factorial is given by kj =
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r (% + 1)
v —+1—v ¢ —N(0) where I is the Gamma function.

F(%—i—l—y) ¢

Definition 2.3 [6] For —1 < ¢ < 1 and k € (—o00,00), the {—extorial function,
denoted as e(ky), is defined as

k(l) k’(2) k(3)

kéo) ¢ li li
ol + T o + i + ...+ 0. (5)

In general, for any real v, we have

e(ke) =

k(o) ké’/) k(QV) k(3’/)

ey (ko) = é! W) (;V)! (§V)! + ...+ o0.

Remark 2.4 The additive property of extorial function is given by

e1(ky + ka)e = ex((k1)e)er((k2)e) (6)
Definition 2.5 For a = (a1, as,as, - ,a,) € R™, the Fibonacci Nabla ¢—difference
operator V on u(k) is defined as
(a)e
V v(k) =v(k) — ayv(k + ) — agv(k 4+ 20) — azv(k + 30) — -+ - — apv(k +ml). (7)

(a)t

and its inverse is given by, if

VvV v(k) = u(k) then v(k) = V u(k), (8)

Lemma 2.6 (Product Formula) Let 1 — > aje(j¢,) # 0, From (EI} and <|§I), we have
=1

J

3 elke) = elke) = ae((k + £)e) — aze((k +20)e) = -~ — ame((k +mb)e). ()

= e(ky) — are(ko)e(ly) — ase(ke)e(20p) — - - - — ame(ke)e(mly)
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= e(ke)[1 — are(ly) — aze(26;) — - - - — ae(mly)], which yields
¥ ek = k) (10)
@ L= > aze((j6)0)

Theorem 2.7 (Fibonacci Summation Formula) Consider F,, given in and .
Let v(k) be a solution of the higher order difference equation V v(k) = u(k),k €
(a)e

[0, 00), then we have

n

v(k) =Y aiFu_g_po(k+ (n+j)0) = > Fu(k + i), (11)

j=1 i=j =0
Proof: From @ and , we get
v(k) = u(k) + a1v(k +€) + agv(k + 20) + - - - + a,v(k +ml). (12)

Replacing k by k + ¢ and then substituting the value v(k + ¢) in (12), we find
v(k) = u(k) + ayu(k + £) + (a? + az)v(k + 20) + (ayas + az)v(k + 30)

44 (alamil -+ am)U(k + m€> + alamv(k‘ + (m + 1)6) (13)

Replacing k by k + 2¢ and then substituting the value v(k + 2¢) in , we obtain
v(k) = u(k) + aju(k + €) + (a2 + az)u(k + 2¢) + ((a? + as)a; + ajas + az)v(k + 3¢)
+ -+ ((af + a2)am—2) + a1a(n-1) + am)v(k +ml)
+((a2 + a2)am_1 + a1a,)v(k + (m + 1)0) + (a? + az)amv(k + (m + 2)0),
which can be expressed as
v(k) = Fou(k) + Fiu(k + ) + Fou(k + 20) + Fsv(k + 30)
m—2
+ Z (FQ&Z' + Flaiﬂ + Foai+2)v(k + (Z + 2)6)
i=2
+(Foam—1 + Fray)v(k + (m+ 1)0) + Franv(k + (m + 2)0)

Repeating this process again and again and by induction, we arrive .
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Corollary 2.8 If Y aje(jl;) # 1, then we have

7=1
€<l€[> — 2 ‘_.aiFn_(i_j)e(k: + (n + ])£> n
j=li=j _ = Z Fie((k+1i0),) (14)
1 — > aje(jly) i=0
j=1

Proof: Taking u(k) = e(k,;) and applying yield

V ov(k) =u(k) and v(k) = %1 u(k) = Z(k‘e) .
(a1,a2)¢ (a1,a2)¢ 1—>" aje(jl)
=1

Substituting v(k) and u(k) in (11)) gives (14).
The following example is a numerical verification for .

Example 2.9 Taking k =5,m=3,n=3,a; =ay; =a3 =¢ =1 1in (14]) and using
Fy=1F, =1 F, =2, F; = 4,we have
6(51) - 76(91) — 66(101) — 46(111) 3

1 —e(1y) —e(21) —e(31) B ;)Fie((g) )

32 — 7(512) — 6(1024) — 4(2048)
—13

= Foe(51) + Fie(61) + Fae(71) 4+ F3e(81) = 1376.

Theorem 2.10 Let 1 — > aje((j¢)¢) # 0. Then, an exact solution of
j=1

m

the higher order difference equation v(k) — > a;v(k +ml) = kNe((sk)s) is given by
i=1
Ne kN 3 ‘ae((5s0)s
1 /{:Ne((sk;)sg) N j;] J ((7s€)se)
vgk: e((sk)g) = - 2. = . (15)
“ L= 2ae((0) =W 1= Y ase((i00)
j= j=

Proof: We give proof by induction method. When m = 0, by
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taking v(k) = k%((sk)s) in (7)), we get

_ 0
¥ Koe((sk)y) = —cllERa) (16)
@f 1= 2 a;e((300)
]:
When m = 1, taking v(k) = ke((sk)s) in (7)), we obtain

1—§%mmw

- ke((sk)se) _ ke((sk)se) B ay(k + L)e((s(k +1))s)
@“—;%Mﬂm L= 32 a;e((50)) 1= 32 a;e((§0))
ag(k + 20)e(s(k + 20))

)

1—§%wmw

which is the same as

m

le((sk)se) S aje((jst)se) K
v PR sy - =t )
@ﬁ—;%wm» 1= 3 ase((500)

k? k
Similarly, by taking v(k) = 7:«8 )st) in (7)), we find
L= 2, a5e((50))

- k2e((sk)s) _ K2e((sk)qr) ~a(k+ 0)%e(s(k +0)s)
@y - El aje((j0)) 11— ; aje((50),) 1— ; aje((j0),)

ag(k +20)%e(s(k + 20)50)
L= 3 ael(30))

By expanding and grouping the terms, we arrive
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2hele((sk)) é jaje((s6)s)

k2e((sk)qr) = k2e((sk)s) —
(@¢q _ ;aje((jg)g) 1 - ;aje((ﬂ)é)

e((sk)) 3 Pase((j30))k°

- i a;e((0).)

For v(k) = k:i: ((sk)se) , the corresponding relation is obtained as below:
1= 5 asel(i0))
g Felsk)) _ _ Ke((sk)) _ ar(k+ O%(s(k + O)u)
W= 400 1= X ae((0) 1= 2 a0
_a(k+ 20)3e(s(k + 20) )
1= 5 asel(i0))

3k20e((sk)se) g jaze((js0)s)

= Ke((sk)s) — o
1- ;jaj@((ﬂ)e)
3ke2e((sk)s) ﬁ:’;l Page((js0)s)  Bel(sk)y) ﬁjl Page((js0)se) k0
1= 3 ae((0) 1= 3 ael(i6))
; s 3B S jiage((js0)u)e((sK)or)
\Vi kj((‘sk)sf) _ k:3e((sk:)sg) _ Z j=1 _ . (19)
@iy — ;%6((]’5)@) i=1 1— ;&je((jf)e)

In general, we find that, by induction,
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m

) NGRS age((js0)e((5E))
v el sk - 30 =
@y ;aj€<<j€)£) =1 1 - ;aje((jﬁ)g)

—1
Applying ¥ on both sides, we get (|15).
(a)?

Example 2.11 Let 1 — ) aje((jsf),) # 0.Then, by taking N =3 in 1)
j=1

3 3K20e((sh).e) 3 jase((js0):)
V Ke((sk)u) = kme((Sk)“) + = 5
v T e (1 -3 aﬁ((ﬁ@z))
6kee((sk)se) (j ilaje((jsﬁ)z)> 60%e((sk)se) (il @je((J'Sé)z)>
+ o + o

(1 - i %e((jsoe)) (1 _ i aje«jsz)e))

3k%e((sk)se) <j2 é aﬁ((ié’@ﬁ))

+

P
(Z aﬂ((ié’@f))
=1
68%e((5h)) (2 aje«jse)e)) (z ﬂaje«jse)e)) Fe((sk).0) (z j3aje<<jsz>e>>
N = = 3 N i= i
(1 - Zlaje((j8€)£)> <1 - Zlaje((j85)2)>
J= J=
(20)
Now (220)) is an exact solution of higher order difference equation V v(k) = k3e(ky).
(a)?
Proof: Taking N=3 in , we get the relation
3ckS0 S jiaze((js0)e)e((sk)s
L elohy o B S Fase(s0el ()
V ke((sk)se) = — +>V m
gL 1= S ape(ist) =@ 1= 3 age((ist)e)
=1 =1
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5 30 i aje((jsl)e) B
_ kme((sk)sz) n ;=W1L @ K2e((sk))
L= age((fst)e) 1= 32 aze((js0)e) (@)t
3 3 aje((P500) B3 Pagel(ist)
= V ke((sk)s) + —— V Ke((sk)y).  (21)
1— Zlaje((jsg)e) (a)t 1-— ;aje((jsf)g) (a)e

-1
Applying ¥V on both sides of and using ,we find that
(a)t

B o ‘ (i jaje«jse)e)) e((sk)u0)
3 kel(sk)u) =~ o (22)
(1 - Z aje((js0)e )) ( g ((jsﬁ)g))
Applying V on both sides of and using ' ' we arrive
1 Voo 2kl (i e((jst)e ) e((sk)se)
 Kel(sk)) = me((s ) - :
(1 - ;aje((ysf)e)) - aje((jst)s ))
e <i jaje«jsem) cl(sk)) (i ﬁaje«jse)e)) e((sk).)
+— T 5 (23)
(1 - ;@je((j8€)£)> <1 - ;aje((js£)4)>

Substituting the above value in and using ,,, we obtain .

Corollary 2.12 (Higher order Fibonacci formula for product of polynomial and

2%
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-1

extorial function).If v(k) = V kVe((sk)s) is as given in , then we have
(a)e

-1 —1

v, ENe((sk)st) = 32 32 aiFnizj) Ykt (n+ NOYe(s(k + (n+j)0)s)
a j=li=j a

= iﬂ(k—l—iﬁ)Ne(s(k—l—if)se)- (24)
i=0

Proof: Taking u(k) = k™Ne(sky) in Theorem (2.7) gives .

Example 2.13 By taking k =5N =3n=2m =301 =ay=a3=1lands=/(=1
in (24), we find that

V (5)%(G)) =4 V (8)%((8)) =3 V (9%((9)1) -2 ¥ (10)%((10),)

(1,1,1) (1,1,1) (1,1,1) (1,1,1)

2
= S F(54i0)3e((5+ 1)) = 105632.
=0

The following is the product formula for inverse of higher order Fibonacci operator.

Theorem 2.14 Let u(k) and v(k) be the real valued function. Then we have

—1 —1 L =
Y o] =) Vo) -3 u ¥ | Yo+ vuw)]. @
(a)e (a)e = (@) () (i)

where ¢; = (0,0,0,---,1,0,0,---,0), i components is 1 other component are zero.

Proof: Taking v (k) = u (k) w (k) in (7)), we get

(Xf[u(k)w(k)] =u(k)w (k) —au(k+ 0wk + L) —ayu(k+20)w(k+ 20)

— - —anu(k+ml)w (k+ ml)

Adding and Subtracting au (k) w (k + £), asu (k) w (k + 2¢),
- apu (k+ml)w (k 4+ ml) gives

&[u(k:)w(k)] = u(k) (sz(k) + fjl aiw(k +il) V u(k)

-1 —1
Taking w(k) = V v(k) and applying V on both sides, we get 1}
(a)e (a)e

where e; = (0,0,0.---,1,0,0.) and a = (a1, as, -, ap).
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Corollary 2.15 Let u(k) and v(k) be the real valued functions. Then,

(Xﬁu(k)e(kg) = u(k) (av)ée(kg) - ZZI a; (XE LXZ e((k+il),) Z u(k) (26)

Proof: Taking v(k) = e(k,) in (25)), we get (26).

Corollary 2.16 An exact solution of the higher order diffference equation
v(k) = > a;u(k + il) = k?e(ky) is given by
i=1

, (k) 2Kt 5% jael(k + (70))

V ]{326(1%) = o 2
(1 - aje((jf)e)> (1 - aje<<j£>e>>

(a)t

202> da; Y jaje((k+ (i +)0)e) > i*ail’e((k +1il),)
=1 =1 i=1
3 + 5 (27)
(1 -2 %d(ﬂ)z)) (1 -2 aﬁ(ﬂe))
=1 j=1
Proof: Taking u(k) =k in and using (10)), we find
5 ja;le((k + (j¢
. " £ jatel(k+ G0))
1= > aje((50)e) 1— " aje(jty)
Jj=1 j=1
Taking u(k) = k* in and using yield
2 ja;l
-1, k2e(ky) j;lja] -1 _
(v)e k2e(ke) = + (V)Z ke((k +i0),)
(1 -2 aﬁ((ﬂ)e)) (1 -2 aﬁ(ﬂ)e)
j=1 =1
> 2%,
i=1 -

(1 -5 aje«jem)
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By substituting in the above and using , we get the proof of .

-1
Corollary 2.17 If v(k) = V k?e(k,) is an exact solution given by 1’ then the
(a)e

higher order Fibonacci summation formula for k%e(k,) is obtained as
—1

(;v)le kf2€(k£) - i i azian(i—j) \V4 (k + (n +j)€)2€((k‘ i (n ‘I’j)é)g)

j=1i=j (a)e

n

= Fi(k+i0)%e((k +it),). (29)

=0

Proof: by taking u(k) = k2e(k,) in Theorem (2.7),we get (29).

Example 2.18 Let k=8n=2m =3,a; =as =az3 =1 in .Then
-1 —1 —1 -1
V 8%(8))—4 VvV 11%¢(11;) —3 Vv 12%¢(12;) —2 V 13%¢(13,)
(1,1,1) (1,1,1) (1,1,1) (1,1,1)

SR8+ 0)2e((8 4+ i)1) = 262656,

=0

3. Conclusion

The newly arrised extorial function is applied to obtain solution of certain type
of higher order difference equation involving Fibonacci difference operator. Several
results on sum of finite series are derived by the inverse of Fibonacci nabla difference
operator. Several applications in life science can be obtained by this fibonacci nabla
operator and replacing exponential into extorial functions.
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