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1. Introduction

In 1965, L.A.Zadeh [10] introduced the concept of fuzzy set, to accommodate
real life situations by giving partial membership to each element of a situation under
consideration. The usual notion of set topology was generalized with the introduction
of fuzzy topology by C.L.Chang [2] in 1968, based on the concept of fuzzy sets invented
by Zadeh. The paper of Chang paved the way for the subsequent tremendous growth
of the numerous fuzzy topological concepts. Since then much attention has been paid
to generalize the basic concepts of general topology in fuzzy setting and thus a modern
theory of fuzzy topology has been developed. In 1989, A.Kandil [5] introduced the
concept of fuzzy bitopological spaces

The systematic study of resolvability in classical topology began with the works of
E.Hewitt [4] and M.Katetov [6]. The concepts of resolvability and irresolvability in
topological spaces were introduced and studied by E.Hewitt [4] in 1943. Since then
several mathematicians found interest in the study of resolvable and irresolvable
spaces. In 1993, C.Chattopadhyay and C.Bandyopadhyay [3] extended the study
of resolvable and irresolvable spaces to the bitopological spaces. The concepts of
resolvability and irresolvability of fuzzy bitopological spaces were introduced by
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G.Thangaraj [7]. In this paper, the concepts of resolvability of fuzzy bitopological
spaces have been studied extensively.

2. Preliminaries

Now we give some basic notions and results used in the sequel. In this work by
(X, T) or simply by X, we will denote a fuzzy topological space due to Chang (1968).
By a fuzzy bitopological space (Kandil, 1989) we mean an ordered triple (X, T}, T3),
where T} and T, are two fuzzy topologies on a non-empty set X. Throughout this
paper, the indices i and j take values in {1,2} and i # j.

Definition 2.1 [I] Let A and p be fuzzy sets in X. Then for all x € X

=X en(r)=1- ).

For a family {);/i € I} of fuzzy sets in (X, T'), the union ¢ = V;\; and intersection
0 = N;A\; are defined respectively as

(vi). ¥(x) = supi{Xi(z) / z € X}
(vii). 6(x) = infi{\i(z) / z € X}.

Definition 2.2 [I] Let (X,T) be a fuzzy topological space. For a fuzzy set A of X,
the interior int(A) and the closure cl()) are defined respectively as int(A) = V{u/p <
A €T} and cdl(N) = AM{u/A<pl—peT}.

Lemma 2.3 [I] Let A be any fuzzy set in a fuzzy topological space (X,T). Then
L —cl(N) =int(1 —X) and 1 —int(A) = cl(1 — N).

Lemma 2.4 [1] For a family A = {\,} of fuzzy sets of a fuzzy space X, V(cl(A,))
cd(V (Aa)). In case A is a finite set, V(cl(Aa)) = c(V (Aa)). Also V(int(As))
int(V (Aa)).

IA A

Definition 2.5 [8] A fuzzy set A in a fuzzy bitopological space (X, T1,T3) is called a
pairwise fuzzy open set if A € T}, (i = 1,2). The complement of pairwise fuzzy open
set in (X, T}, T3) is called a pairwise fuzzy closed set.
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Definition 2.6 [10] A fuzzy set A in a set X is a function from X to [0, 1], that is.,
A X —[0,1].

Definition 2.7 [7] A fuzzy set A in a fuzzy bitopological space (X, T}, Ts) is called
a pairwise fuzzy dense set if cly,cly, (A\) = 1 and clp,clpy (N) = 1.

Definition 2.8 [7] A fuzzy set A in a fuzzy bitopological space (X, T}, Ts) is called
a pairwise fuzzy nowhere dense set if intr, cly, (A) = 0 = intp,cly, (A).

Theorem 2.9 [9] If VI, (\z) = 1, where (\)’s are the fuzzy sets defined on X
such that intrintr,(\x) = 0 (i # j and 7,j = 1,2), in a fuzzy bitopological space
(X, T, Ty), then (X,T7,T5) is a pairwise fuzzy resolvable space.

3. Pairwise fuzzy resolvable spaces

By means of pairwise fuzzy denseness of fuzzy sets in fuzzy bitopological spaces,
the concepts of pairwise fuzzy resolvability and pairwise fuzzy irresolvability of fuzzy
bitopological spaces, are defined as follows:

Definition 3.1 A fuzzy bitopological space (X,T},T3) is called a pairwise fuzzy
resolvable space if there exists a pairwise fuzzy dense set A in (X, 77, T5) such that
1 — X is also a pairwise fuzzy dense set in (X, 77, T3).

That is, (X, T3, T5) is called a pairwise fuzzy resolvable space if there exists a fuzzy
set A defined on X such that clp cly,(A) = 1 = clp,clr, (M) and clpelp, (1 —N) =1 =
CZTQCZTI (1 — )\) in (X, Tl, TQ)

Example 3.2 Let X = {a,b,c}. The fuzzy sets A, p, 0, a, 3, v are defined on X as
follows:

A: X — [0,1] is defined as A(a) =0.3; A(b) =0.4; A(c)=0.5
p: X —[0,1] is defined as p(a) = 0.5; w(b) =0.7; wu(c) =0.6
d: X —[0,1] is defined as d(a) = 0.8; 0(b) =0.2; d(c) =0.4

a: X —[0,1] is defined as a(a) = 1; a(b) =1; alc)=0

B:X —[0,1] is defined as 8(a) = &; B(b) =0; Blc) =
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v: X —[0,1] is defined as y(a) = 3; ~v(b) = 0; ~(c) = 3.

Clearly, T} = {0,A\, u, 1} and Ty = {0, 3,7, 1} are fuzzy topologies on X. On
computation, one can see that «, d, u, v, 1 —a, 1 — 6§, 1 — 5, 1 — ~ are the pairwise
fuzzy dense sets in (X, T, T»). Hence there exist pairwise fuzzy dense sets «, § and
v in (X, Ty, T3) such that 1 —a, 1 — ¢ and 1 — 7 are also pairwise fuzzy dense sets in
(X, Ty, Ty). Therefore (X, T7,T5) is a pairwise fuzzy resolvable space.

Remark: In example [3.2] the fuzzy topological spaces (X, T}) and (X, T5) are fuzzy
resolvable spaces.

The fuzzy dense sets in (X, 7)) are p, 0, o, v, 1 =9, 1 —a, 1 — f and 1 — . For
the fuzzy dense sets §, « and 7 in (X,7}), 1 —0, 1 —a and 1 — ~y are fuzzy dense sets
in (X,77). This implies that (X, T}) is a fuzzy resolvable space.

The fuzzy dense sets in (X, T3) are a and 1 — a. Thus, there exists a fuzzy dense
set v in (X, T3) such that 1 — « is also a fuzzy dense set in (X, Ts). Therefore (X, T3)
is a fuzzy resolvable space.

Example 3.3 Let X = {a,b,c}. The fuzzy sets A, u, 0, a, 3, v are defined on X as
follows:

A: X — [0,1] is defined as A(a) =0.2; A(b) =0.3; A(c)=0.4
p: X —[0,1] is defined as p(a) = 0.5; p(b) =0.4; p(c) =0.7
d: X —[0,1] is defined as 6(a) = 0.4; 06(b) =0.5; d(c) = 0.6
a: X —[0,1] is defined as a(a) = 0.4; «a(b) =0; alc)=0
p: X —[0,1] is defined as f(a) = 0.7; B(b) =0.2; B(c) =0
v: X —[0,1] is defined as v(a) = 0.5; ~(b) =0; ~(c) =0.3.

Clearly, T} = {0, A\, i1, 6, uV 6, u A6, 1} and Ty = {0, 0, 8,7, BV 7y, BNy, 1} are fuzzy
topologies on X. On computation, one can see that clp, cly, (BVY) = 1 = clp,clr, (V)
and clpclp,[1 — (BV7y)] =1 =clpcln [l — (V)] in (X,T1,T3). Hence there exists
a pairwise fuzzy dense set 8V~ in (X, 71, 75) such that 1 — (8 V ~) is also a pairwise
fuzzy dense set in (X, T}, Ts). Therefore the fuzzy bitopological space (X, T7,T5) is a
pairwise fuzzy resolvable space.
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Remark: If a fuzzy bitopological space (X, T}, T») is a pairwise fuzzy resolvable
space, then it does not imply that (X,77) and (X, T3) are fuzzy resolvable spaces.
For, consider the fuzzy topological spaces (X, T}) and (X,T3) in the example[3.3] On
computation, one can see that u, uV 3, 1 — a are the fuzzy dense sets in (X, 77) and
d(l—p)=1—-p#1L;cd(1—=(uVd)=1—(uVd) #land cl (1 — (1 — ) = cl(a) =
1—(uVvé)#1,in (X,T1). Hence (X, T7) is not a fuzzy resolvable space.

Also, the fuzzy dense sets in (X, Ty) are 8, 5V, 1—=Xand cl(1—p5)=1— #1;
A(1—(BVA) = 1— (BVy) £ L d(1—(1-X) = elA) = 1 - (3V ) £ 1, in
(X, T3). Hence (X, T) is not a fuzzy resolvable space. But, in the fuzzy bitopological
space (X, Ty, T5), there exists a pairwise fuzzy dense set 3V 7 such that 1 — (5 V 7)
is also a pairwise fuzzy dense set in (X, 77,7,). Thus, (X, T}, T3) is a pairwise fuzzy
resolvable space, eventhough (X, 77) and (X, Ty) are not fuzzy resolvable spaces.

Example 3.4 Let X = {a,b,c}. The fuzzy sets
A1 X — [0,1] is defined as Aj(a) = 0.2; Ay (b)
Ao 0 X — [0,1] is defined as Aa(a) = 0.5; A2(b) = 0.4; Ag(c) = 0.7
Az X — [0,1] is defined as A3(a) = 0.4; A3(b) =0; A3(c)=0
p1: X — [0,1] is defined as py(a) = 0.4; p1(b) =0; pi(c) =0
po : X — [0,1] is defined as ps(a) = 0.7; p2(b) = 0.2; pa(c) =0
ps : X — [0,1] is defined as ps(a) = 0.5; ps(b) =0; ps(c) =0.3.

Clearly, 71 = {0, A1, Ao, 1} and Ty = {0, 1, p2, 1} are fuzzy topologies on X. On
computation, one can see that clp(Ao) = 1, clpy (1 — 1) = 1, clpy (1 — po) = 1,
cr (1 —p3) = 1, cp(p2) = 1 and clp(1 — A) = 1. Hence (X,77) and (X, T3)
are pairwise fuzzy irresolvable spaces. But, clyclr, (M) = clp (1 — p2) = 1 and
clryely, (A1) = cp,(1 — Ay) = 1, implies that A\; is a pairwise fuzzy dense set in
(X, Tl,TQ). AISO, clTlcsz(l — )\1) = ClTl(l) =1 and ClTQClTl(l — )\1) = ClT2(1 —>\1) =1
in (X, T}, 7T3), implies that 1—\; is a pairwise fuzzy dense set in (X, T3, T5). Hence, for
the pairwise fuzzy dense set Ay in (X, T3, T3), clrclr;(1=X\1) =1 (i # jand i, j = 1,2)
in (X, Ty, Ty), implies that (X, T}, T») is a pairwise fuzzy resolvable space. Eventhough
(X,T1) and (X,Ty) are fuzzy irresolvable spaces, the fuzzy bitopological space
(X, T, Ty) is a pairwise fuzzy resolvable space.
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4. Characterizations of pairwise fuzzy resolvable spaces

Proposition 4.1 If a fuzzy bitopological space (X,T),73) is a pairwise fuzzy
resolvable space, then there exists a fuzzy set A defined on X such that

(i) clyclr,(N) = 1 = cpelp, (N) and intpintr,(A) = 0 = intrinty, (A) in (X, T3, Ts).
(ii) intrinty,(N) = 0 = intrinty, (A) and intgintr, (1 — ) = 0 = intpinty (1 — )
in (X, Tl, Tz)

Proof: Let (X,T1,T,) be a pairwise fuzzy resolvable space. Then there exists a
fuzzy set A defined on X such that clp,cly, (X)) =1 = clp,cly, (N) and clgclr, (1 — ) =
1 =clrclr, (1 —N) in (X, 11, T3).

(i) Now, clrclp, (1 — X) = 1, implies that clp [clp, (1 — N)] = cp[1 — intp, (V)]
= 1 —intpinty,(A) = 1in (X, T1,75) and clp,[cly, (1 — N)] = cgp[1 —intr, (N)] =
1 —intpinty, (A) = 1, in (X, T1,T5). Hence clpclr,(1 — ) =1 = clpelr (1 — A) in
(X,T1,T5), implies that 1 —inty inty,(A) = 1 = 1—intpinty, (A) in (X, 11, T). Then,
intr,intr,(\) = 0 = intpinty, (A), in (X, T1,Ts). Thus, clpclr,(A) = 1 = clpclr (M)
and ’L.ntTl intT2 ()\) =0= intTQintTI (/\) in (X, Tl, TQ)

(ii) Now, clg,clp,(A) = 1 = clpcly (N) in (X, Ty, Ty), implies that 1 — clp,clr,(N) =
0 = 1—clg,clr, (\) and hence by lemma[2.3] inty inty,(1—X) = 0 = intp,intz, (1—X),
in (X,T1,Ty). Thus, from (i) intrinty,(A) = 0 = intrinty, (A) and intgintr, (1 —
\) = 0 = intgyintr, (1 — \) in (X, 1, T).

Proposition 4.2 If a fuzzy bitopological space (X,T1,7T,) is a pairwise fuzzy
resolvable space, then there exists a fuzzy set A defined on X such that intp (\) # 0;
intr,(\) # 0 and clpr, () # 1; cp,(A) # 1, in (X, T, Ts).

Proof. Let (X,T1,T3) be a pairwise fuzzy resolvable space. Then there exists
a fuzzy set A defined on X such that clg,clp,(N) = 1 = clp,clr, (M) and clgelr, (1 —
A) =1 =dpelr, (1 — N in (X, T1,Ts). Now intpcly, (1 — X)) < cgclr, (1 — N) and
intp,clr, (1 —=X) < cpelr, (1—=X) in (X, T1,Ty). This implies that intg,clr,(1—X) <1
and intr,clyy (1 — X) < 1, in (X,T1,T5). Then, by lemma [2.3] 1 — clpyintr,(\) < 1
and 1 — clpinty, (A) < 1, in (X, T, Ty) and hence 1 — 1 < clpintr,(A) and 1 — 1 <
clryinty, (X), implies that clpintz, (A) # 0 and clpyintr, (X)) # 0 and hence intg, (A) # 0
and intp, (A) # 0, in (X,71,T3). (For otherwise, if inty,(A) = 0 and intr, () = 0
in (X,T3,T), then clpintr,(A\) = clr,(0) = 0 and clpintr, (A) = cl,(0) = 0 in
(X,T1,T»), a contradiction.)
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Now intr,cly,(N) < drpclr,(N) and intpcly (A) < cpclr (N), implies that
intr, clr,(A) < 1 and intpclp () < 1, in (X, Ty, T3) and hence 1 — intp cly, (A) > 0
and 1 — intpelp (A) > 0, in (X,T1,T). Therefore clpinty,(1 — A) > 0 and
clryint, (1 — X) > 0, in (X,T3,7T,). This implies that intp,(1 — A) # 0 and
intp, (1 — A) # 0 and hence 1 — clp,(A) # 0 and 1 — clp, (A) # 0. That is, clp,(N) # 1
and clp, (A) # 1, in (X, T}, T3).

Proposition 4.3 If a fuzzy bitopological space (X,T),73) is a pairwise fuzzy
resolvable space, then there exists atleast one pairwise fuzzy dense set A in (X, T}, T3)
such that A is not a pairwise fuzzy open set in (X, 77, T5).

Proof. Let (X,T1,T,) be a pairwise fuzzy resolvable space. Assume that each
pairwise fuzzy dense set is a pairwise fuzzy open set in (X, 77, T5). Since (X, T}, T3) is
a pairwise fuzzy resolvable space, by proposition [4.1] there exists a fuzzy set A defined
on X such that clycly,(N) = 1 = clpclr, (N) and intrintr, (A) = 0 = intrintr, (),
in (X,T1,T,). Hence, for the pairwise fuzzy dense set A, intrintr,(A) = 0 # A
and intp,inty, (A\) = 0 # A, a contradiction to the assumption that A is a pairwise
fuzzy open set in (X,T7,T3) for which inty,(\) = X and inty,(A) = X and hence
intrintr,(\) = X = intpinty, (M), in (X,T7,T,). Hence the assumption that each
pairwise fuzzy dense set is a pairwise fuzzy open set, does not hold. Therefore, there
must be atleast one pairwise fuzzy dense set A in (X, 7},73) such that A is not a
pairwise fuzzy open set in (X, 77, 73).

Proposition 4.4 If a fuzzy bitopological space (X,T1,7T,) is a pairwise fuzzy
resolvable space, then there exists a fuzzy set A defined on X such that clr,cly; () +
intrintr,(A\) =1 (i # j and i,j = 1,2), in (X, T3, T5).

Proof. Let (X,T1,T3) be a pairwise fuzzy resolvable space. Then, by proposition
, there exists a fuzzy set A defined on X such that clpcly () = 1 and
intrintr,(A) = 0 (1 # j and 4,5 = 1,2), in (X,T1,T3). Now clpcly,(A) = 1 =
1 -0 = 1—intginty;(A) in (X,T1,T3). Then clgclr,(N) = 1 — intgintr,()\) in
(X,T1,Ty) and hence clg,cly, (A) + intrintr,(A) = 1, in (X, Ty, T3).

Proposition 4.5 If a fuzzy bitopological space (X,T7,7,) is a pairwise fuzzy
resolvable space, then there exists a fuzzy set A in (X, 77, T5) such that clp cly, (A) =
1 = clrycly, (N) and clpintr, (A) > 0 and clpintr, (A) > 0 in (X, 17, T5).
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Proof. Let (X,T),T3) be a pairwise fuzzy resolvable space. Then, there exists a
pairwise fuzzy dense set A in (X, 77, T5) such that clp clr,(1—X) = 1 = clp,clp (1= X).
Now

clle'meQ ()\) = 1- [1 — clTlintTQ ()\)]
1— intT1 Csz(l — >\)

Z 1-— clTlcsz(l — )\)
= 1-1
= 0

and hence clg,intr,(\) > 0 in (X, T3, Ts). Also,

clT2intT1 ()\) = 1- []_ — clT2intT1 ()\)]
1— intTQClTl(l — )\)

2 1-— ClTQClTl(l — )\)
= 1-1
0

and hence clpintr, (A) > 0 in (X, T1,T3). Therefore, there exists a pairwise fuzzy
dense set A in (X, 77, T5) such that clp cly,(A) = 1 = clp,clr, (N) and clpintg, (A) >0
and clpyintr, (N) > 0 in (X, T, Ts).

Proposition 4.6 If a fuzzy bitopological space (X,T1,T,) is a pairwise fuzzy
resolvable space, then there exists a fuzzy set A defined on X such that
intTiintTj (/\ A (1 - /\)) =0 (Z #j and l,] = 1,2) in (X, TI,TQ).

Proof. Let (X,T1,T3) be a pairwise fuzzy resolvable space. Then, there exists a
pairwise fuzzy dense set A in (X, 71, Ts) such that clycly, (1 — X) =1, in (X, T, T3).
That is, clr,clr;(A\) = 1 and clrclr, (1 — X) =1, in (X, T3, T3). Now

intrintr, (1 — \) = 1 — clr,clr;(A) =1 —1=0 and
intrintr,(\) =1 — (1 —intgintr, (X)) = 1 — (clgyclr, (1 — X))
=1-1= Oin(X,Tl,TQ).
Now intgintr, (A A (1 — X)) = intr,[intr, (AA (1 = N))]
= intTiintTj ()\) VAN intTiintTj (1 - )\) =0A0=0

and hence intr,inty, (AA (1 — X)) =0, in (X, 11, T3).
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The following proposition gives a condition, in terms of pairwise fuzzy dense set,
for a fuzzy bitopological space to be a pairwise fuzzy resolvable space.

Proposition 4.7 If there exists a fuzzy set A defined on X such that A A (1 — \) is
a pairwise fuzzy dense set in a fuzzy bitopological space (X, T3, T5), then (X, T1,T3)
is a pairwise fuzzy resolvable space.

Proof. Let A be a fuzzy set defined on X such that clycly, (AN (1—X)) =1
(i #jandi,j=1,2), in (X, T}, Ts). Now

ClTiClTj ()\ A (1 — )\)) = ClT [ lTJ ( ( ))]
S ClT [ lT7 (/\) A ClT (1 — )\)]
S ClT CZT ()\) A\ ClTiCZTj(l — )\)

That is, clr,cly; (AN (1= X)) < clpelr;(A) A clryelr; (1 = A), in (X, Ty,T3) and hence
1 < cly,elr;(N) Aclgelp, (1= X), in (X, Ty, Tz). That is, clg,cly, (A) Aclpclr (1-X) =1,
in (X, T1,Ty). This implies that clr,clr;(A) = 1 and clr,clr;,(1—X) = 1, in (X, T, T3).
Thus, for a pairwise fuzzy dense set A in (X, T1,T3), clrclr,(1—X) =1, in (X, T3, T3)
implies that (X, T},73) is a pairwise fuzzy resolvable space.

The following proposition establishes a condition for a fuzzy bitopological space
to be a pairwise fuzzy resolvable space.

Proposition 4.8 If AN (1) = 0, where (uz)’s are pairwise fuzzy dense sets in a
fuzzy bitopological space (X, T3, Ts), then (X,T;,T3) is a pairwise fuzzy resolvable
space.

Proof. Suppose that Al (ux) = 0, where clg,cly, () =1 (i # j and 4,5 = 1,2),
in (X,71,Ty). Then 1 — AN (ux) = 1 =0 = 1, in (X,T},T3). This implies that
Vie (1 =) = 1, in (X, 71, T2). Now 1 —clpelp () =1—1=0, in (X, T3, T3).
This implies that intrintr, (1 — ) = 0, in (X,T1,T3). Let Ay = 1 — pg. Then,
Vil (M) = 1, where intgintr,(A\y) = 0, in (X,77,T5). Hence, by theorem ,
(X, T, Ty) is a pairwise fuzzy resolvable space.

The following proposition gives a condition, in terms of pairwise fuzzy dense sets,
for a fuzzy bitopological space to be a pairwise fuzzy resolvable space.

Proposition 4.9 If A\; and )y are any two pairwise fuzzy dense sets in a fuzzy
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bitopological space (X, T}, T3) such that A\; < (1 — A2), then (X, T3,T5) is a pairwise
fuzzy resolvable space.

Proof. Let A\; and Ay be any two pairwise fuzzy dense sets in (X, 7}, 7T3) such
that Ay < (1 —XAy). Now Ay < (1 — Xg) in (X, T, T3), implies that clgcly, (A1) <
clrelr;(1 —Xo) (i # j and 4,5 = 1,2)......... (A). Since A; is a pairwise fuzzy dense
set, clr,clr; (M) = 1 in (X,T1,Ty). Then, from (A), 1 < clpelr; (1 — X). That is,
clr,clr; (1 — A2) = 1in (X, T1,Ty). Hence, there exists a pairwise fuzzy dense set A,
in (X, Ty, T3) such that clgcly, (1 — X2) = 1, in (X, T1,T3) and therefore (X, Ty, T3) is
a pairwise fuzzy resolvable space.

The following proposition gives a condition, in terms of pairwise fuzzy nowhere
dense set, for a fuzzy bitopological space to be a pairwise fuzzy resolvable space.

Proposition 4.10 If there exists a pairwise fuzzy nowhere dense set A\ in a fuzzy
bitopological space (X, T1,Ts) such that intr,cly, (1 —X) =0 (i # j and 4,j = 1,2),
then (X, T3, T5) is a pairwise fuzzy resolvable space.

Proof. Suppose that there exists a pairwise fuzzy nowhere dense set A in
(X, T, Ty) such that intr,cly,(1-X) = 0 (i # jand 7, j = 1,2). Now intr,clr,(1-X) =
0, implies that 1 — clgjintr;(\) = 0, in (X,T1,T3). Then clgintr,(A) = 1, in
(X, Tl,TQ). But clTiintTj()\) S ClTiClTj()\), in (X, Tl,TQ). Then, 1 S ClTiClTj()\) in
(X,T1,Ty). That is, clycly;(A) = 1, in (X, Ty, Ty). Hence, A is a pairwise fuzzy dense
set in (X, 71, T3).

Since A is a pairwise fuzzy nowhere dense set in (X,Ty,T3), intrcly(\) =
0 in (X,T1,73). But intgpinty,(A) < intrclr(\) in (X,T1,T3), implies that
intrintr,(A) < 0, in (X, T1,T3). That is, intrintr,(A\) = 0 in (X, T1,T3). Then,
1—intpintr,(A) = 1-0 =1, in (X, Ty, T3) and hence clg,cly, (1—-X) = 1in (X, Ty, T3).
Therefore, 1 — A is a pairwise fuzzy dense set in (X,T},75). Thus, there exists a
pairwise fuzzy dense set A in (X, 71, Ts) such that clr,cly;(1—X) =0 (i # j and 4, j =
1,2), in (X, T1,T,). Therefore (X, T}, Ts) is a pairwise fuzzy resolvable space.

Definition 4.11 Let A be a fuzzy set defined on a non-empty set X. The (1, 2)-fuzzy
boundary of A and (2, 1)-fuzzy boundary of A are defined as follows:

Bdlg()\) = ClT1 ClT2<)\> VAN ClT1 ClT2(1 - )\)

Bdgl()\) = CZTQCZT1 ()\) A CZTQClTI(l — )\)
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If Bdia(A\) = Bdai(A) = p, then p is called the pairwise fuzzy boundary of A in
<X7 T17T2)-

Proposition 4.12 If a fuzzy bitopological space (X,T},T5) is a pairwise fuzzy
resolvable space, then there exists a fuzzy set p in (X, T3, Ts) such that Bdjs(u) =1
and Bd21<,u) =1in (X, TI,TQ).

Proof. Let (X,T},T3) be a pairwise fuzzy resolvable space. Then, there exists a
pairwise fuzzy dense set p in (X, 77, T5) such that clp clp,(1—p) =1 = clp,cly, (1—p).
Now for the fuzzy set u, Bdya(p) = clpclr, (i) A clpclp, (1 —p) = 1A 1 =1 and
Bda (1) = clpyclr (1) A clryelp (1 — ) = 1 A1 =1 and hence Bdip(p) = 1 and
Bdgl(,u) =1in (X, Tl,TQ).

Proposition 4.13 If a fuzzy bitopological space (X,T;,T3) is a pairwise fuzzy
resolvable space, then there exists a fuzzy set A defined on X such that Bdjo(1—A) =
1= Bdgl(l — )\) in (X, Tl,TQ).

Proof. Let (X, T, Ts) be a pairwise fuzzy resolvable space. Then, by proposition
[1.1] there exists a fuzzy set A defined on X such that clpcly,(A) = 1 = cgp,cly (N)
and intpinty,(A) = 0 = intrinty, (A) in (X, 71,75). Now

Bdis(1—X) = cpclr,(1 —X) Aclpelr, (1 —(1— X))
= clpclr,(1 — X)) Aclgelr, (M)
= cpclp(1 =X A1
= cpclr,(1—N)

= 1- intle'ntTQ()\)
= 1-0
=1

and hence Bdja(1 — ) = 1in (X, T3, Th).

Bd21(1 — )\) = ClT2ClT1(1 — )\) A ClTQClT1 (1 — (1 — )\))
= CszClTl (1 - )\) VAN CZT2CZT1 (/\)
= ClTQClTl(l — )\) A1
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clr,clr, (1 — X)
= 1 —intpinty (N
= 1-0
=1

and hence Bdy(1 — X)) = 1 in (X, T1,T3). Thus, Bdi2(1 — A) =1 = Bdy (1 — \) in
(X, Ty, T5).

The following proposition gives a condition, in terms of pairwise fuzzy boundary
of fuzzy set, for a fuzzy bitopological space to be a pairwise fuzzy resolvable space.

Proposition 4.14 If the fuzzy set 1x is the pairwise fuzzy boundary of some fuzzy
set A in a fuzzy bitopological space (X,T7,T3), then (X,T3,T5) is a pairwise fuzzy
resolvable space.

Proof. Suppose that the fuzzy set 1x is the pairwise fuzzy boundary of some fuzzy
set A in (X,T1,T3). Then Bdia(A) = 1 and Bdy(A) = 1, in (X, T3,T,). That is,
clr,clr,(N) A clpclp, (1 — X) = 1 and clr,cly, (A) A clryeln, (1 — X)) =1, in (X, T3, Ts).
These are possible only if clp cly,(A) = 1, clpclr,(1 — X) = 1 and clpclp () =
1, cpclp (1 —X) = 1, in (X,T1,T3). That is, clpclp,(A) = 1 = clpclp, (N) and
crln,(1 —X) = 1 = cpelp (1 — N), in (X,77,T;) and hence A and 1 — X are
pairwise fuzzy dense sets in (X,77,7,). Hence there exists a pairwise fuzzy dense
Ain (X, Ty, Ty) such that clpclr, (1 —X) =1 (i # j and i,j = 1,2) in (X,T1,T5).
Therefore, (X, T1,T5) is a pairwise fuzzy resolvable space.

5. Conclusion

The concept of pairwise fuzzy resovable spaces have studied in detail.
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