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Abstract

In this Paper, we establish the General solution and stability of a new type additive
functional equation is of the form f(2z + 5y) — f(xz + 4y) = f(z) + f(y) in Multi-Banach
Space in the sense of Hyers-Ulam.
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1. Introduction

The stability problem of functional equation was raised by S.M. Ulam [I7] about
seventy seven years ago. Since then, this question has attracted the attention of
many researchers. Note that the affirmtive solution to this question was given in the
next year by D.H. Hyers [14] in 1941. In the year 1950, T. Aoki [I] generalized
Hyers theorem for additive mappings. The result of Hyers was generalized
independently by Th.M.Rassias [I3] for linear mappings by considering an
unbounded Cauchy difference. In 1994, a further generalization of Th.M. Rassias
theorem was obtained by P.Gavruta [4].

Then, the stability problem of several functional equations has been extensively
investigated by a many number of authors, and there are many interesting results
concerning this problem ([3, [5 6] [8, 16}, @, 10, 11, 12} [15]). Motivated by the above
discussions, we prove the general solution of a new type additive functional equation

QR +5y) — f(z +4y) = f(x) + f(y). (1)

Also, we investigate the Hyers-Ulam Stability of the above functional equation in
Multi-Banach Spaces by using fixed point method.
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Df(z,y) = f(2x +5y) — f(z +4y) — f(z) = f(y).
Now, Let us recall the definitions of Multi-Banach Space.

Definition 1.1 [2] A Multi- norm on {A* : k € N} is a sequence
(11D = (lIIl, : & € N) such that |., is a norm on A" for each k € N, ||z||, = ||z| for
each r € A, and the following axioms are satisfied for each k € N with k > 2 :

1. H(xg(l), ...,:cg(k))Hk = |[(z1..2p) ||, , for o € Uy, 21, ...,z € A;
2. l(@rz1, s gyl < (maxier, Jai]) 1o,

for ay...ap € C,zq, ..., 21 € A,
3. (1, ooy wh—1, )|, = || (21, oy @) ||y » fOT @1, oy 1 € A
4o (@1 o zpmrs 21 [l = (@1, s @) [l for @, 20 € A

2. General Solution of Additive Fuctional Equation (/1)

In this section, we prove the general solution of the additive functional equation ([1)).
Throughout this section, we consider A and B are real vector spaces.

Theorem 2.1 A mapping f : A — B is additive if and only if f satisfies the
functional equation for all z,y € A.

Proof: Suppose that f is additive. Let us consider the additive functional equation

flx+y) = f@)+ fy) (2)

for all z,y € A. Letting z =y = 0 in (2), we get f(0) = 0. Replacing z = 2,y = —x
in (2)), we get f(—z) = —f(z). Hence, f is an odd mapping. Replacing
v =,y =2z (2), we get f(2z) = 2f(z) and also, replacing v = z,y = nz in (2)),
we arrive at f(nx) = nf(x) respectively. Setting x = x + 4y, y = x + y in (2)), we
obtain that

f(2z +5y) = f(z +4y) + f(z +y) (3)

for all x,y € A. Using , we get the functional equation . Conversely, assume
that f satisfies the functional equation . Letting z =y = 0 in (1)), we get

f(0) = 0. Replacing (z,y) = (,0) and (0,z) in (1)), we obtain f(2z) = 2f(z) and
f(3z) = 3f(x) respectively. Setting (z,y) = (5z,2y) in (1)), we get

10f(x +y) — f(5x +8y) = 5f(x) +2f(y) (4)
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for all z,y € A. Setting (z,y) = (4z,y) in (1)), we get

fBz +5y) —4f(x+y) =4f(z) + f(y) (5)

for all =,y € A. Interchanging = and y in (|5, we arrive at

[z +8y) —Af(x+y)=4f(y) + f(z) (6)
for all x,y € A. Adding and @, we arrive at . This completes the proof.

3. Hyers-Ulam Stability of Additive Functional Equation in
Multi-Banach Spaces

Theorem 3.1 Let A be a linear space and let (B, ||.|,) : k € N) be a
Multi-Banach space. Suppose that 7 is a non-negative real number and f: A — B
be a function satisfying the inequality

sup [(Df(z1,91), -, Df (@r, )l <1 (7)

Vi, ..., Y1, ..., yr € A. Then there exists a unique Additive mapping A : A — B
such that

sup [[(f (z1) = Alza), ., f ) = Alzw)) |l < 0. (8)

keN

Proof: Letting y; = 0 where ¢ = 1,2...k in , we arrive

sup [(f (221) = 2f (21), .., f(22x) — 2 (zi)) | < (9)

keN

Dividing on both sides by 2 in @D, we arrive at

(10)

sup
keN

(7600 = @00 a0) = 51200 | <

(N

Let U ={l: A — B|l(0) =0} and introduce the generalized metric d defined on ¥
by

d(l,m) = inf {\If € [0, 00]|sup |[{(z1) — m(z1), ..., U (zx) — m(zp)||, <V VYV zq,..,24 € .A}
keN

Then it is easy to show that (¥, d) is a generalized complete metric space, See [7].
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We define an operator J : ¥ — U by
1
Jl(z) = il(Qx), Vee A

We assert that J is a strictly contractive operator. Given [,m € W, let ¥ € [0, 0]
be an arbitary constant with d(l,m) < W. From the definition if follows that

iug |U(z1) — m(z1), ..., 0 (x) —m(zp)|l, <V Vi, ..,z € A
€

1
Therefore, supgey || (T(x1) — Tm(z1), ..., Tl(xk) — Tm(zk))||, < 5\11
Vxi,...,z, € A. Hence,it holds that

d(l,m)

N —

A(T1, Tm) < WAL, Tm) <

VI, m € . This Means that J is strictly contractive operator on ¥ with the
1
Lipschitz constant L = 5

By , we have d(J f, f) < g Applying the Theorem 2.2 in [18], we deduce the
existence of a fixed point of J that is the existence of mapping A : A — B such that

A(2z) = 2A(x) Vr e A

Moreover, we have d (J"f,A) — 0, gives that

A(a) = lim J"f(a) = lim CED)

n—o00 n—o00 on

1
for all x € A. Also, d(f,A) < nd(jf, f) gives the inequality

d(f,A) <.

Doing 1 =, ...,= z, = 2"z and y; =, ...,= y, = 2"y in (7)) and dividing by 2". Now,
applying the property (a) of multi-norms, we have

1
|Df (272, 2"y)|| < lim,, 00 on = 0 for all x,y € A. The uniqueness of A follows from

the fact that A is the unique fixed point of J with the property that there exists
¢ € (0,00) such that

sup | (f(1) = A1), s () = Awn)) < €

keN
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for all zq, ...,z € A. Hence the proof.

Corollary 3.2 Let A be a linear space, and let (B",|.]|,,) be a Multi-Banach
Spaces. Let # > 0,0 <r <1 and f: A — B be a mapping satisfying f(0) =0

sup IDf (@, y1), s Df @iy yi)lly, < 0 (lall” + llyall”s o llell” + Nlwell”) (11)
S

for all x1, ..., xk, y1..., yr € A. Then there exists a unique mapping A : A — B such
that

sup [|(f(21) = A(w), o flax) — Ala))|| <

il |kl 12
keN 2_27"(” 1” H k”) ( )

Proof: Proof is similar to that of Theorem [3.1] replacing n by
O(|lz|l” + lyall” - lekll” + lyell”), we arrive the result.

Corollary 3.3 Let A be a linear space, and let (B",]|.]|,)) be a multi-Banach space.
Let 0 >0,0<p+qg=r<1and f: A— B be a mapping satisfying f(0) =0

sup IDf (1, 91)s 0 DF (s gl < O (a ™ Mol Nll” - Nlywll) - (13)
€

for all x1,...,xp, y1..., yr € A. Then there exists a unique mapping A : A — B such
that

sup [[(f (21) — A1), o f ) — Alzi))]| < 1 (75 s ™) (14)

keN 22

Proof: Proof is similar to that of Theorem replacing n by
O (lz|I” Nyl -, |zell” - [|yx]]?) we arrive the result.

Theorem 3.4 Let ¢ : X?* — [0, 00) be a function such that there exists an L < 1
with 2y oy
<2Lp(=, 2, k2 1
gb(xhyla 7xk)yk>_ ¢(2727 ) 27 2) ( 5)
for all z;,y; € A, where i = 1,2, .., k. If f: A — B is a mapping with f(0) =0
satisfies inequality

IDf(x1,y1), - Df (@, yi) || < 0(1, 915 o0 Ty i) (16)

for all x;,y; € X, where ¢ = 1,2, .., k. Then there exists a unique additive mapping
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A : A — B such that

1£2) = Al), o f) = A € 720000, 0,0m,0) (17)

for all x;,y; € X, where 1t =1,2,.. k.

Proof: Letting y; = 0, where ¢ = 1,2, .., k in (16|, we arrive at

| f(2z1) — 2f (1), ..., f(2xx) — 2f (x1)| < P(21,0, ..., 2%, 0) (18)

for all x1, xs,...,x1 € X. And also diving by 2 in above equation, we get

S %gb(xlvowka’o) (19)

[CORETCINIEREYIER

for all z1, xy, ..., 2 € X. Consider the set S :={g: A — B:g(0) =0} and the
generalized metric d in S defined by

d(f,g) =inf{p € R:|g(z1) — h(z1), ..., g(zx) — h(xp)|| < po(r1,0, ..., 7,0)}

where inf p = co. It is easy to show that (S, d) is complete. Now, we consider a
linear mapping J : S — S such that

1
Jh(x) = 5f(2x) Vo € X.
Let g, h € S be such that d(g,h) = €. Then we have

1Tg(21) = Th(1), e, Tg(an) — Th(a)l| < Hég@xl) — (20, - sg(2m) — Sh(2r)

2
S L(b (xlao? oy Tk, 0)

for all z1, z, ...,z € X. Thus d(g, h) = € gives that d(Jg, Jh) < Le. This means
that d(Jg, Jh) < Ld(g,h) for all g,h € S. It follows from that m(g, Jg) < L.
By Theorem, there exists a mapping A : A — B satisfying the following:

(1) A is a fixed point of J, i.e.

A(2z) = 2A(z) (20)

for all z € X. The mapping A is a unique fixed point of J in the set
M ={ge€ S:d(g,h) <oo}. This gives that A is a unique mapping satisfying
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such that there exists a p € (0, 00) satisfying the inequality

Hf(wl) - A<x1)7 <0y f(xk) - A(l’k)H < M¢($1707 "7xk?0>

for all x1, x9, ..., € X.
(2). m(J"f,A) — 0 as n — oo, which gives that

lim —f(2" )=A(x) VxeX.

n—oo 2N

(3). m(f,A) < %m(f J f) which gives the 1nequahty m(f,A) < % Thus

that the inequality (17)) holds. It follows from (15]) and (16]) that | DA(z,y)|| = 0.
Hence A : A — B is a additive mapping.
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