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1.Introduction

The fuzzy sets were introduced by L.A.Zadeh [23] in 1965 and further the
concept of fuzzy topological spaces was introduced by C.L.Chang [3] which is the
generalization of topological spaces in 1968. A.Kandil [7] introduced the concept of
fuzzy bitopological spaces in 1989 which is the generalization of fuzzy bitopological
spaces and since then many concepts in classical topology have been extended to fuzzy
bitopological spaces. K.K.Azad [1], R.Lowen [11], A.K.Katsaras [10], C.K.Wong [22],
R.H.Warren [21] and many others have contributed a lot to the field of fuzzy topology.
In 1969, A.G.El’Kin [5] introduced and studied open hereditarily irresolvable spaces
in classical topology. The study of EI’Kin interrelated open hereditarily irresolvable
spaces with a collection of pre-open sets. C.Chattopadhyay and U.K.Roy [4] studied
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open hereditarily irresolvable spaces extensively in classical topology. This concept
in fuzzy setting was introduced by G.Thangaraj and G.Balasubramanian [I5]. The
concept of pairwise fuzzy open hereditarily irresolvability of fuzzy bitopological spaces
was introduced by G.Thangaraj [14]. In this paper, several characterizations of
pairwise fuzzy irresolvable spaces and pairwise fuzzy open hereditarily irresolvable
spaces are established.

2.Preliminaries

Now we give some basic notions and results used in the sequel. In this work by
(X, T) or simply by X, we will denote a fuzzy topological space due to Chang (1968).
By a fuzzy bitopological space (Kandil, 1989) we mean an ordered triple (X, T3, T5),
where T} and T; are two fuzzy topologies on a non-empty set X. Throughout this
paper, the indices i and j take values in {1,2} and i # j.

Definition 2.1 [3] Let (X,7T) be any fuzzy topological space and A be any fuzzy set
in (X, T). The closure and interior of a fuzzy set A in a fuzzy topological space (X, T)
are respectively denoted as cl(\) and int()) are defined as

(1) dd(N) =AM {p|A<p1l—peT}and
(2) int(\) =V{p|p<ApeT}.

Lemma 2.2 [I] For a fuzzy set A of a fuzzy space X,

(a) 1 —cl(N) =int(1 — \) and
(b) 1 —int(\) = l( —A).

Lemma 2.3 [I] For a family A = {\,} of fuzzy sets of a fuzzy space X. Then,
Voel(Aa) < c(VAy). In case A is a finite set, V cl(A,) = cl(VAy). Also V int (A,) <
int(VAg).

Theorem 2.4 [21] Let X be a fuzzy topological space and A, p be fuzzy sets in X.
Then we have

(1). X is fuzzy closed (resp., fuzzy open) < cl(A) = X (resp., int(\) = A);
(2). A<p=d) <cdcp) (int(X) <int(p));

(3). cl cl(N) = cl(N) (int int(X) = int(N));

(@) AV el) —l0 )

5). cl(A) Acl(p) > cl(AA p);
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(6). int(N) Vint(p) < int(AV p);
(7). int(N) Nint(p) =i ;

Definition 2.5 [23] A fuzzy set A in a set X is a function from X to [0, 1], that is.,
A X —[0,1].

Definition 2.6 [10] A fuzzy set A in a fuzzy bitopological space (X, Ty, Ts) is called
a pairwise fuzzy open set if A € T}, (i = 1,2).

Definition 2.7 [16] A fuzzy set A in a fuzzy bitopological space (X, Ti,Ts) is called
a pairwise fuzzy closed set if 1 — A € T;, (i = 1,2).

Definition 2.8 [13] A fuzzy set A of a fuzzy bitopological space (X, 1, 72) is called

(a) (i, j)-fuzzy semi-open if there exists a 7;-fuzzy open set U such that U < A <
Tj — Cl(U)

(b) (i,j)-fuzzy semi-closed if there exists a 7;-fuzzy closed set F' such that 7; —
int(F) < A<F.

Definition 2.9 [14] A fuzzy set A in a fuzzy bitopological space (X, Ty, Ts) is called
a pairwise fuzzy dense set if clr, cly, (A\) = 1 and clp,cly (X)) = 1.

Definition 2.10 [14] A fuzzy set A in a fuzzy bitopological space (X, 77, T5) is called
a pairwise fuzzy nowhere dense set if intr, cly, (A) = 0 and intr,cly, (A) = 0.

Definition 2.11 [I6] A non-zero fuzzy set A in a fuzzy bitopological space (X, 17, 73)
is called a pairwise fuzzy somewhere dense set if intr, clr,(\) # 0 and intr,cly, (A) # 0.

Definition 2.12 [9] Two fuzzy sets A and B in a set X are said to be disjoint if
AQ® B =0, where (AQ) B) (x) = max{0, A(x) + B(x) — 1} for all x € X. It is clear
that A B = ) if and only if A C BC.

Definition 2.13 A fuzzy set A in a fuzzy bitopological space (X, T}, Ts) is called a

(a.) pairwise fuzzy regular open set in (X, T}, Ts) if intrcly,(A) = X = intp,clr (M)

[2].
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(b.) pairwise fuzzy regular closed set in (X, T}, T5) if clyintr,(A) = X = clpint, (N)

[2].

(c.) pairwise fuzzy pre-open set in (X, T1,T3) if A < intpcly,(A), (i # j and i,j =
1,2) [12.

(d.) pairwise fuzzy pre-closed set in (X, T1,Tb) if clyyintr;(\) < A, (i # j and 4,5 =
1,2) [12.

Definition 2.14 [19] A fuzzy bitopological space (X, T, T3) is said to be a pairwise
fuzzy submaximal space if for each fuzzy set A in (X,T7,T5) such that clp,(\) =
1, (i=1,2), \is a pairwise fuzzy open set in (X, 71, T3).

Theorem 2.15 [20] If a fuzzy bitopological space (X,T7,T5) is a pairwise fuzzy
resolvable space, then there exists a fuzzy set A defined on X such that

(i) clpelr,(N) = 1 = clpelp (N) and intpintr,(A) = 0 = intpinty, (A) in (X, 11, Th).
(ii) intpinty,(N) = 0 = intryintr, (A) and intpinty, (1 — X) = 0 = intgpinty, (1 — A)
in (X, Tl, TQ)

3.Pairwise fuzzy irresolvable spaces

Definition 3.1 A fuzzy bitopological space (X, T3, Ts) is called a pairwise fuzzy
resolvable space if there exists a pairwise fuzzy dense set A in (X, T}, T3) such that
1 — X is also a pairwise fuzzy dense set in (X, 77, T3).

That is, (X, T3, T») is called a pairwise fuzzy resolvable space if there exists a fuzzy
set A defined on X such that clpcly,(A) = 1 = clp,clr, (M) and clpelp, (1 —A) =1 =
CZTQCZTI (1 — )\) in (X, Tl, T2)

Definition 3.2 [14] A fuzzy bitopological space (X, T;,T3) is called a pairwise fuzzy
irresolvable space if for each pairwise fuzzy dense set A in (X, 17, T3), clp clp,(1—X) #
1 and clpclr (1 — X)) # 1in (X, 11, T3).
Example 3.3 Let X = {a,b,c}. The fuzzy sets A, u, ¢ are defined on X as follows:
A: X — [0,1] is defined as A(a) = 0.25; A(b) =0; A(c)=0
p: X —[0,1] is defined as p(a) = 0.75; pu(b) = 0.5; u(c) =0

d: X —[0,1] is defined as 6(a) = 0.8; d(b) =0; d(c) = 1.
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Clearly, T} = {0, A\, u,1} and T = {0, )\, 9,1} are fuzzy topologies on X. On
computation, one can see that the only pairwise fuzzy dense set in (X,77,75) is ¢
and clpclp,(1 —6) =1 —X # 1 and cpclr (1 —0) = 1 — X # 1. Hence, for the
pairwise fuzzy dense set § in (X,77,75), 1 — § is not a pairwise fuzzy dense set in
(X,T1,T,). Therefore, (X,T7,T5) is a pairwise fuzzy irresolvable space.

4.Characterizations of pairwise fuzzy irresolvable spaces

Proposition 4.1 If a fuzzy bitopological space (X,T},73) is a pairwise fuzzy
irresolvable space, then for each pairwise fuzzy dense set A in (X, Ty,T5),
ClTlintTQ(/\) 7é 0 and ClT2intTl (/\) 7é 0 in (X, TI,TQ).

Proof: Let A be a pairwise fuzzy dense set in (X,T;,T3). Since (X,T3,T3) is a
pairwise fuzzy irresolvable space, for the pairwise fuzzy dense set A\ in (X, T}, T5),
clrclr, (1 — X) # 1 and clpelr (1 — X)) # 1in (X, T1,T3). Now intpclr, (1 — A) <
clr,clr,(1—X\) and intq,clp (1=N) < clpclr, (1=N) in (X, Ty, Ty). Then, intp, cly, (1 —
A) # 1 and intr,cly, (1 — N) # 1in (X, T3,T,) and hence 1 — clpinty,(A) # 1 and
1 — clpyintp (A) # 1 in (X, T3, Ts). Thus, clyintr,(A) # 0 and clpintr, () # 0 in
(X, T1,T»).

Proposition 4.2 If intpinty, (A) = 0 = intrinty, (A), for a fuzzy set A in a pairwise
fuzzy irresolvable space (X,T1,T5), then clpcly,(N) # 1 and clpcly (A) # 1, in
(Xa T17 TZ) .

Proof: Suppose that intgintr,(A) = 0 = intpintr (N), in (X,71,75). Then
1 —intpintp,(A\) = 1 —0 = 1 and 1 — intpintp(A\) = 1 —0 = 1 and hence
crclp, (1 — X)) = 1 and cpelr (1 — A) = 1, in (X,T1,Ts). Since (X,T1,T5) is a
pairwise fuzzy irresolvable space, for the pairwise fuzzy dense set 1 — X in (X, T, T»),
clpely, (1 — (1= X)) # 1 and cpely, (1—(1—=X)) # 1, in (X,T1,T3). That is,
clr,clr,(N) # 1 and clp el (N) # 1, in (X, 11, Ts).

Proposition 4.3 If )\ is a pairwise fuzzy nowhere dense set in a pairwise fuzzy
irresolvable space (X, T7,T5), then A is not a pairwise fuzzy dense set in (X, T3, T5).

Proof: Let A be a pairwise fuzzy nowhere dense set in (X,7),73). Then
intrcly,(A) = 0 = intpclp (M), in (X, T1,T3). Now intrintr,(N) < intrcly, ()
and intr,inty, (A) < intpclp (N), in (X, Ty, Ty), implies that intpinty, (A) < 0 and
intryinty, (A) < 0, in (X,T,Ts). That is, intyintr,(A) = 0 and intpinty, (A) =
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0, in (X,T1,T). Then, since (X,T},T3) is a pairwise fuzzy irresolvable space
and intpintr,(A) = 0 and intpintr(A) = 0 in (X,T1,T3), by proposition 1.2
clrcly,(N) # 1 and clp,clr, (N) # 1, in (X, T1,T). Hence, A is not a pairwise fuzzy
dense set in (X, Ty, T5).

Proposition 4.4 If a fuzzy bitopological space (X,T1,T,) is a pairwise fuzzy
irresolvable space, then A\; A Ay # 0, for any two pairwise fuzzy dense sets A\; and A,
in (X, Tl, Tg)

Proof: Let (X, T1,T5) be a pairwise fuzzy irresolvable space and A\; and Ay be any
two pairwise fuzzy dense sets in (X, 77, Ts). Then clr cly, (A1) = 1 = clp,clr, (A1) and
clrcly,(A2) = 1 = clp,clr, (A2) It has to be proved that Ay A Ay # 0 in (X, 11, T5).
Assume the contrary. Suppose that Ay A Ay = 0 in (X, T},73). Then A\; and A\, are
any two disjoint fuzzy sets in (X, T}, Ts) and hence by definition A< (1—=X)
in (X, T1,T3). Then cly,cly, (M) < clyclr, (1 — X)) and clp,clr, (A) < elp,clr (1 — A9)
in (X,T1,T,) and hence 1 < clgclr, (1 — Ay) and 1 < elp,cly, (1 — Xg) in (X, T1, T5).
That is, clpelr, (1 — Xy) = 1 and clpcly (1 — Xg) = 1 in (X, Ty, Ts). Thus, there
exists a pairwise fuzzy dense set Ay in (X, 71, T3) such that clpclr,(1 — X)) =1 =
clryclry, (1 — Ag). This means that (X,T,7T3) is a pairwise fuzzy resolvable space,
a contradiction to (X,T7,T,) being a pairwise fuzzy irresolvable space. Hence, the
assumption that Ay A Ay = 0 in (X, T3, T5) does not hold. Therefore, \; A Ay # 0,
for any two pairwise fuzzy dense sets A\; and )y in a pairwise fuzzy irresolvable space
(X, Th, Ty).

Definition 4.5 A fuzzy set A in a fuzzy bitopological space (X, T}, Ts) is called a
pairwise fuzzy faintly open set if either A = 0 or intr, intr,(A) # 0 and intyp,intr, (X) #
0, in (X, T3, T5).

Proposition 4.6 A fuzzy bitopological space (X,T7,75) is a pairwise fuzzy
irresolvable space if and only if each pairwise fuzzy dense set is a pairwise fuzzy
faintly open set in (X, T, T3).

Proof: Let (X, T}, T3) be a pairwise fuzzy irresolvable space and A be a pairwise fuzzy
dense set in (X, T3, T5). Since (X, T3, T») is a pairwise fuzzy irresolvable space, for the
pairwise fuzzy dense set A in (X, Ty, T3), clyclp, (1 — X) # 1 and clpelp (1 — X)) # 1
in (X,T1,T). Then 1 — intpinty,(A) # 1 and 1 — intrinty, (A) # 1 in (X, 11, T3)
and hence intr intr,(\) # 0 and intpintr, (A) # 0 in (X, T1,T3). Therefore A is a
pairwise fuzzy faintly open set in (X, T}, 73).
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Conversely, let each pairwise fuzzy dense set A be a pairwise fuzzy faintly open
set in (X,T1,73). Then A # 0. [otherwise A\ = 0 will imply that clpclr,(\) =
clr,cly,(0) = 0 # 1 and clp,clr (N) = clpclr, (0) = 0 # 1, a contradiction to A being
a pairwise fuzzy dense set in (X,71,73).] It has to be proved that (X,77,73) is a
pairwise fuzzy irresolvable space. Assume the contrary. Suppose that (X, T}, T3) is
a pairwise fuzzy resolvable space. Then, there exists a pairwise fuzzy dense set u
in (X,T1,73) such that clpclr, (1 — p) = 1 and cpelp (1 — p) = 1 in (X, T3, 1)
and hence 1 — intpintr,(u) = 1 and 1 — intpinty, () = 1 in (X, T, T3). Then
intginty, () = 0 and intpinty, (n) = 0in (X, T, T5), a contraction to the hypothesis
that each pairwise fuzzy dense set is a pairwise fuzzy faintly open set in (X, T}, Ts).
Hence, the assumption that (X, T}, T») is a pairwise fuzzy resolvable space, does not
hold and therefore (X, T}, Ts) is a pairwise fuzzy irresolvable space,

The following proposition gives a condition, in terms of pairwise fuzzy dense set,
for a fuzzy bitopological space to be a pairwise fuzzy irresolvable space.

Proposition 4.7 If inty intr,(\) # 0 and intpintr, () # 0, for each pairwise fuzzy
dense set A in a fuzzy bitopological space (X, T}, Ts), then (X, T}, T,) is a pairwise
fuzzy irresolvable space.

Proof: Let A be a pairwise fuzzy dense set in (X, T3, Ty) such that intp intr, (\) # 0
and intr,intr, (A) # 0. Now clpclp, (1 — ) = 1 —intpinty, (\) # 1 and clp,clp (1 —
A) = 1 —intqinty, (\) # 1. Hence, for the pairwise fuzzy dense set A in (X, T7,T3),
clrclr, (1 — X)) # 1 and clpclp (1 — X)) # 1in (X,T3,T,) and this is true for all
pairwise fuzzy dense sets in (X, T}, 7T») and hence for each pairwise fuzzy dense set
in (X,71,T3), clpcly, (1 —X) # 1 and clpcly, (1 — X) # 1. Therefore, (X, T3,T5) is a
pairwise fuzzy irresolvable space.

The following proposition gives a condition for a fuzzy bitopological space to be a
pairwise fuzzy irresolvable space.

Proposition 4.8 If intp cly, (\) < clpintr,(N) and intr,cly (N) < clpintr (M), for
each fuzzy set A in a fuzzy bitopological space (X, T1,T»), then (X, T}, T3) is a pairwise
fuzzy irresolvable space.

Proof: Let A be a fuzzy set in (X,T1,73) such that intr cly,(X) < clpintr, ()
and intp,cly (N) < dpinty, (X). Now intpclr,(N) < cpintr,()\), implies that
intr,cly,(N) — clpintr,(N) < 0. That is, intr cly,(X) — clpintr,(A) = 0 and hence
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intr cly, (M)A [1=clpintr,(N)] = 0, in (X, T, Ty). Then, intr, cly,(X) Nintp, clr,(1—X)
=01in (X,T1,Ty). Now intp [cly,(N) A clp, (1 — N)] = inty,clp, (A) A intpclr, (1 — X)
= 0, in (X,T3,T,). This implies that intr, [cly, (A) A clr,(1 — A)] = 0. Then either
clry,(AN) Aelr, (1 —X) =0 or clr, (M) Aclr, (1 — ) #0in (X, 11, T3).

Suppose that clr, (A\)Acly, (1—=X) = 0in (X, Ty, T5). Then clgp, (A\)A[1—intg, (A)] = 0,
implies that clz, (\) A[intr, (M) = 0 and hence clg, (\) —intz,(A) = 0. Then clz,(\) =
intr,(\), a contradiction. [This is applicable only in the case of pairwise fuzzy clopen
sets for which clp, (A\) = A = intp,(\)]. Hence it must be that clp, (M) Acly, (1—X) # 0,
in (X, T1,Tz). Now by theorem [2.4] clr, [clr, (\) Aclr, (1=X)] < el cly, (A) Ay clr, (1—
A). Then, clrcly, (N) A clpclr, (1 —X) #0.......(A4) in (X, T, Ts).

Also, intr,cly, (N) < clpyintr, (N), implies that intr,cly, (A) —clpinty, (A) < 0. That
is, intp,clr, (N) — clpyinty, (A) = 0 and hence intp,clr, (A) A [1 — clpyintr, ()] = 0, in
(X, T1,T3). Then, intg,cly, (A\) Aintr,cly, (1—X) = 0in (X, Ty, T3). Now intr, [cly, (M)A
clr, (1 — N)] = intrycly, (N) A intryclp (1 — X) = 0, in (X, Ty,75). This implies that
intg,[cly,(A) A clr, (1 — X)) = 0. Then either cly, (A\) A clpy, (1 —A) = 0 or cp, (A) A
cr,(1—=X) #0in (X, Ty, T3).

Suppose that clr, (A)Acly, (1-=X) = 0in (X, T, Ty). Then clr, (N)A[1—intr, (N)] =0,
implies that clz, (A) A[intr, (A)] = 0 and hence clp, (\) —intp, (A) = 0. Then clp, (A) =
intr, (), a contradiction. [This is applicable only in the case of pairwise fuzzy clopen
sets for which clr, (A) = A = intp, (N)]. Hence it must be that clg, (A\) Acly (1—X) # 0,
in (X, T1,T). Now by theorem [2.4] clr, [clr, (\) Aclr, (1=N)] < clg,cly, (A) Aclg,cly, (1—
/\) Then, ClT2ClT1 ()\) N ClT2ClT1(1 — )\) 7& 0....... (B) in (X, T17 TQ)

If X is a pairwise fuzzy dense set in (X, T3, Ty), then clg,clr, (A) = 1 = clpcly, () in
(X,T1,Ts). Then from (A) and (B), 1 Aclpclr,(1—X) # 0 and 1 Aclp,clr, (1—X) # 0.
Thus, clg,clp, (1—X) # 0 and clp,clr, (1—X) # 0, in (X, 77, Ty). Hence, for the pairwise
fuzzy dense set A in (X, T, Ts), clyclr,(1 — X) # 0 and clr,cly, (1 — A) # 0, implies
that (X, T1,T5) is a pairwise fuzzy irresolvable space.

The following propositions give conditions, in terms of pairwise fuzzy dense set,
for a fuzzy bitopological space to be a pairwise fuzzy irresolvable space.

Proposition 4.9 If Bdis(\) # 1 and Bdy (A) # 1, for each pairwise fuzzy dense
set A in a fuzzy bitopological space (X,T7,T3), then (X, T3,T5) is a pairwise fuzzy
irresolvable space.
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Proof: Let A be a pairwise fuzzy dense set in (X, T},7T5). Then clyclr,(N) = 1
= clp,clp (M), in (X, T1,Ty). Now Bdia(N) = clpyclr,(N) Aclyclr,(1 — X) and Bday (N)
= clp,clr, (N) A clpyclr, (1 — A, in (X,T1,T5). Then Bdijs(A) = 1 A clpclr,(1 — N)
= clpcly, (1 — X) and Bds () = 1 Aclpcly, (1 — X)) = clpelp (1 — N), in (X, 11, T5).
Since Bdya(\) # 1 and Bda (M) # 1, clpyclp, (1 — ) # 1 and clpclr (1 — A) # 1, in
(X,T1,T,). Hence, for the pairwise fuzzy dense set A in (X, 11, T5), clpclp,(1—X) # 1
and clpclp (1 — X) # 1 in (X,T1,T), implies that (X,7},73) is a pairwise fuzzy
irresolvable space.

Proposition 4.10 If inty, (Bdi2()\)) = 0 and intr,(Bda (A)) = 0, for each pairwise
fuzzy dense set A in a fuzzy bitopological space (X, Ty, T5), then (X, T1,Ts) is a
pairwise fuzzy irresolvable space.

Proof: Suppose that intr, (Bdi2(\)) = 0 and intr,(Bdai (X)) = 0, for each pairwise
fuzzy dense set A in (X, T3, T,). Since A is a pairwise fuzzy dense set in (X, T3, T5),
crclr,(N) = 1 = cpelp (M) in (X, T1,T3). Now inty, (Bdi2(A)) = 0 implies that
intr, [cly clr,(N) Aclp clr,(1—=X)] = 0in (X, T1,T3). Then inty, [LAclpclr,(1—X)] =0
and hence inty, [clyclp, (1 — A)] = 0 in (X, T1,T). Then clpeln,(1 —X) # 1 in
(X, T, Ty). [Otherwise, if cly, clr,(1—X) = 1in (X, T}, Ty), then intr, [clp, clr, (1—=N)] =
intr, (1) =1 # 0, a contradiction].

AISO, mtT2(Bd21()\)) =01in (X, Tl, TQ), 1mphes that Z'nth [CZTQClTl (/\) VAN ClT2ClT1 (]_ —
AN)] =0in (X,T1,Ts). Then intp,[1 A clr,cly, (1 — X)) = 0 and hence intg, [clp,clr, (1 —
A)] = 0 in (X,T1,T,). Then clpelp (1 — ) # 1 in (X, T1,Ts). [Otherwise, if
clryelr, (1 — X) = 1in (X, T3, T3), then intp,[clp,clr (1 — N)] = intp, (1) = 1 # 0,
a contradiction].

Thus, clpclr,(1 — X) # 1 and clpelr, (1 — A) # 1, for a pairwise fuzzy dense set A
in (X,T,T3). Therefore, (X,T,T3) is a pairwise fuzzy irresolvable space.

The following proposition gives a condition for a fuzzy bitopological space to be a
pairwise fuzzy irresolvable space.

Proposition 4.11 If each pairwise fuzzy dense set is a pairwise fuzzy semi-open
set in a fuzzy bitopological space (X,T1,T3), then (X,77,T5) is a pairwise fuzzy
irresolvable space.

Proof: Suppose that each pairwise fuzzy dense set is a pairwise fuzzy semi-open
set in (X,77,73). Let A (# 0) be a pairwise fuzzy dense set in (X,7T7,75).
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Then by hypothesis, A\ is pairwise fuzzy semi-open set in (X,73,7,) and hence
A < dgpintr;(A) (i # j and i,j = 1,2). Then inty;(A) # 0 in (X,T1,T5).
[Otherwise, if intr,(A\) = 0 in (X,T1,T3), then clpintr,(\) = cp(0) = 0, a
contradiction to A < cly,intr; (A)]. Thus, intr, (A) # 0 and intz, (X)) # 0in (X, T, T3).
Then, intrinty,(A) # 0 and intpinty, (A) # 0 in (X, T3,7,). [For, otherwise if
intrintr, (A) = 0 and intp,intr, () = 0 in (X, T3, 1), then 1 —intpinty, (A) = 1 and
1 —intpintr, (A\) = 1 and hence it will be clp,clr, (1 — \) =1 and clp,clp (1 — X)) =1
in (X,T1,Ts) and thus 1 — X\ is a pairwise fuzzy dense set in (X, T}, T5). Then, by
hypothesis, 1 — X will be a pairwise fuzzy semi-open set and hence A will be a pairwise
fuzzy semi-closed set, a contradiction to A being a pairwise fuzzy semi-open set in
(X, T1,T3). Therefore, intyinty, (\) # 0 and intgpinty, (A) # 0 in (X, T3, T5)]. Hence
A is a pairwise fuzzy faintly open set in (X, T3, 7T5). Thus, the pairwise fuzzy dense
set A is a pairwise fuzzy faintly open set in (X, T}, T») and hence by proposition ,
(X, T, Ty) is a pairwise fuzzy irresolvable space.

Proposition 4.12 A fuzzy bitopological space (X,T;,T3) is a pairwise fuzzy
irresolvable space if and only if {1 — clr,clr, () | intgintr,(X) =0 (i # j and 4,5 =
1,2), for a fuzzy set A defined on X} is a fuzzy filter on X.

Proof: Let K = {1 — clycly,(\) | intgintp(A) = 0 (i # j and i,j =
1,2), for a fuzzy set A defined on X} be a fuzzy filter on X. It has to be proved
that the fuzzy bitopological space (X, T, T3) is a pairwise fuzzy irresolvable space.
Assume the contrary. Suppose that (X,77,73) is a pairwise fuzzy resolvable space.
Then, by theorem , there exists a fuzzy set p defined on X such that clp, clp, (1) =
1 = clrycly, (p) and intrintr, (1) = 0 = intpinty, (1) in (X, 11, T3).

Now clr,cly, (p) = 1 = elp,clr, (p) in (X, Ty, T5), implies that 1 — clpclp, (@) =0 =
1 — clpely (p) in (X, T1,T3). Thus, 1 — clpclp(p) = 0 (i # j and 4,5 = 1,2) in
(X, T, T).

Now intgintr, (i) = 0 (i # j and 4, j = 1,2), implies that 1 — clp,cly,(A) € K and
hence 0 € K. But this is a contradiction to K being a fuzzy filter on X in which
0 ¢ K. Therefore, (X,T1,75) must be a pairwise fuzzy irresolvable space.

Conversely, suppose that (X, 71, T3) is a pairwise fuzzy irresolvable space. Consider
collection K = {1 — clg,cly, (A) | intginty, (A) =0 (i # j and 4, = 1,2) of fuzzy sets
defined on X.

(i) First, it has to be proved that 0 ¢ K. Assume the contrary. Suppose that
0 € K. Then, 0 = 1 — clpcly; () (i # j and 7,j = 1,2), for some fuzzy set &
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defined on X such that intr,intr,(6) = 0 in (X, Ty, Tz). Now 1 — cly,clr;(0) = 0,
implies that clz,cly,(6) = 1in (X, T1,Ts) and hence ¢ is a pairwise fuzzy dense
set in (X,T1,T3). Now intgintr,(6) = 0, implies that clrclr, (1 —4d) = 1 —
intr,intr;(0) = 1 —0 = 1 and hence 1 — 0 is a pairwise fuzzy dense set in
(X,T1,T,). Thus, there exists a pairwise fuzzy dense set § (X, T}, T3) such that
1 — ¢ is also a pairwise fuzzy dense set in (X,7},73). This will imply that
(X,T1,T,) will be a pairwise fuzzy resolvable space, a contradiction. Hence the
assumption that 0 € K does not hold and therefore 0 ¢ K.

(ii) Let u € K. Then, there exists a fuzzy set ¢ defined on X such that p =
1 — clyyclr; (0) and intgintr, (0) = 0 in (X, T1,T3). If n is a fuzzy set defined on
X such that < 6, then intr,intr, (n) < intrintr,(6) and clg,cly, (1) < clr,clr; (9)
in (X,T1,T3). Then, intgintr,(n) < 0 and 1 — clpcly(n) > 1 — clpcly,(6) in
(X,T1,Ty). That is, intgintr,(n) = 0 in (X,T1,T3). Let X = 1 — clg,clr;(n).
Then, A > p. Hence intg,intr,(n) = 0in (X, Ty, T3), implies that 1—clz,clr, (n) €
K. That is, A € K. Thus, if A > p and g € K, then A € K.

(iii) Let A1, Ao € K. Then, Ay = 1 — clg,cly;(01); intrintr,(6,) = 0 and
)\2 =1- ClTiClTj(ég); intTiz’ntTj(ég) =0 (Z 7£ j and Z,j = 1, 2)

Now M AXy = [l —clgclr;(01)] A [1 — clrclr; (92)]
= 1- [ClTiClTj ((51) V ClTiClTj (52)]

= 1- ClTiClTj ((51 V (52)
and hence Ay ANy = 1 —clpcly;(01 V) — (A) (i#jandi,j=1,2)

in (X, 11, Ty). If intrintr,(01Vd2) = 0, then 1 —intrintr, (01Vd2) = 1 and hence
clr,elr; (1 — (61 V d2)) = 1in (X, Ty, T3). Then, 1 — (61 V d2) is a pairwise fuzzy
dense set in (X, T}, Ty). Since (X,T1,T5) is a pairwise fuzzy irresolvable space,
clr,clr; (1 — (1 — (61 V d))) # 1, for the pairwise fuzzy dense set 1 — (6, V d,) in
(X, Ty, T3). That is, clr,clr; (01 V d2) # 1 and hence 1 — cly,cly, (6, V d2) # 0 in
(X,T1,Ty). Hence, intpintr, (01 V 62) = 0 and 1 — clpclp, (61 V d2) # 0, implies
that 1 — clg,cly, (61 V 02) € K. Thus, from (A), we will have A; A Ay € K, for the
fuzzy sets A;, Ay € K. Therefore, {1 — clg,cly, () | intrintr,(X) = 0} is a fuzzy
filter on X.

5.Pairwise fuzzy open hereditarily irresolvable spaces

Definition 5.1 A fuzzy set A defined on a set X is called a pairwise fuzzy somewhere
dense set in a fuzzy bitopological space (X, 11, Ty) if intr,cly,(A) # 0 (i # jand i, j =

*g thangaraj@rediffmail.com, **vivekjsc@gmail.com Page 36 of



ISSN: 2456-8686, Volume 4, Issue 1, 2020:26-47
DOI :http://doi.org/10.26524/cm64

1,2) in (X, T}, Ty). That is, A is a pairwise fuzzy somewhere dense set in (X, T}, 7T3)
if intr cly,(X) # 0 and intp,clr, () # 0, in (X, 17, Ts).

Example 5.2 Let X = {a,b,c}. The fuzzy sets A\, p and § are defined on X as
follows:

A X — [0,1] is defined as A(a) = 0.25; A(b) =0; A(c) =0
p: X —[0,1] is defined as p(a) = 0.75; w(b) =0.5; p(c) =0
d: X —[0,1] is defined as d(a) = 0.8; 06(b) =0; 0(c) = 1.

Clearly, T} = {0, A\, u,1} and T = {0, )\, 9,1} are fuzzy topologies on X. On
computation, intr cly,(A) = p and intpcly (A) = X in (X,73,73) and hence
intr,cly,(A) #0 (1 # j and 4,5 = 1,2) in (X,T1,T3). Therefore, A is a pairwise
fuzzy somewhere dense set in (X, T7,75). Also, intpclr,(1 —§) = inty, (1 —6) =0
and intp,cly, (1—9) = inty, (1 —X) = Ain (X, 11, T,) and hence 1 —§ is not a pairwise
fuzzy somewhere dense set in (X, 77, Ts).

Proposition 5.3 If ) is a pairwise fuzzy somewhere dense set in a fuzzy bitopological
Space (X, T17T2>, then ClTiintTj(l — /\) 7é 1 (Z 7é] and Z,] = ]_, 2), in (X, Tl, Tg)

Proof: Let A be a pairwise fuzzy somewhere dense set in a fuzzy bitopological
space (X,T1,Ts). Then intrcly,(A\) #0 (i # j and i,j = 1,2) in (X,T1,T3). Now
1 —intgcly,(N) #1—0=1in (X,T1,Ty). That is, 1 —intg,cly, (A) # 1in (X, 11, 1)
and hence clyintr; (1 — A) # 1 in (X, Ty, T3).

The following proposition ensures the existence of pairwise fuzzy somewhere dense
sets in a fuzzy bitopological space.

Proposition 5.4 If )\ is a non-zero pairwise fuzzy open set in a fuzzy bitopological
space (X, T1,T5), then A is a pairwise fuzzy somewhere dense set in (X, T}, 7).

Proof: Let A(# 0) be a pairwise fuzzy open set in (X, T,73). Then intr,(\) =
A (0= 1,2) in (X,T1,T). Now A < clp,(N), (j = 1,2) in (X, T1,T3), implies
that intr,(\) < intgcly, (M) and hence A < intrcly(N) (i # j and i,j = 1,2) in
(X,T1,Ty). Then intr,cly;(A) # 0 in (X, T1,T3). Therefore, A is a pairwise fuzzy
somewhere dense set in (X, 77, T5).
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Proposition 5.5 If p is a pairwise fuzzy closed set in a fuzzy bitopological space
(X,T1,Ty), then clgintr,(pn) #1 (i # j and i,j = 1,2) in (X, T1,T).

Proof: Let u be a pairwise fuzzy closed set in (X, 77,T5). Then 1 — p is a pairwise
fuzzy open set in (X, T}, Ts) and hence, by proposition [5.4) 1 — u is a pairwise fuzzy
somewhere dense set in (X,T1,73). Then, intrcly,(1 —pu) # 0 (i # j and 4,j =
1,2) in (X, T1,Ty). This implies that 1 — clpintr,(p) # 0 in (X, 71, Ts). Therefore,
clyyinty,(u) #1 (i # jand 4,5 = 1,2) in (X, T3, T3).

Definition 5.6 A fuzzy bitopological space (X, T1,T3) is called a pairwise fuzzy open
hereditarily irresolvable space if for each pairwise fuzzy somewhere dense set A in
(X, Tl,TQ), Z?”ltTZ()\) 7& 0 (Z = 1, 2) in (X, Tl,T2>.

Example 5.7 Let X = {a,b,c}. The fuzzy sets A\, p, §, n and « are defined on X
as follows:

A X — [0,1] is defined as A(a) = 0.25; A(b) =0; A(c)=0
p: X —[0,1] is defined as p(a) = 0.75; wu(b) = 0.5; u(c) =0
d: X —[0,1] is defined as 6(a) = 0.6; 6(b) =0; d(c) =1

n: X —[0,1] is defined as n(a) = 0.7; n(b) = 0.4; n(c) =0.5
a: X — [0,1] is defined as a(a) = 0.6; «(b) =0.4; «(c) = 1.

Clearly, T} = {0,A\, u,1} and Ty, = {0, A, 6,1} are fuzzy topologies on X. On
computation, one can see that intr,cly;(\) # 0, intrcly,(pn) # 0, intr,cly;(0) #
0, intg,cly,(n) # 0, intgcly, (o) # 0, intpclp (1 — A) # 0, intpclr (1 — p) # 0,
intg,cly, (1—08) # 0, intr,cly,(1—n) # 0 and intp,cly, (1—a) #0 (i # jand i, j = 1,2)
in (X, T1,T,) and hence A, 1, 0,1, o, 1=\, 1—p, 1 =3, 1 —n and 1 —« are the pairwise
fuzzy somewhere dense sets in (X, 77, T32). Now intr,(A) # 0, intq, () # 0, intg, (5) #
0, intr,(n) # 0, inty,(a) # 0, intr, (1 — X) # 0, intr, (1 — p) # 0, intr, (1 —0) # 0,
int7.(1—n) # 0 and intr,(1—a) #0, (i = 1,2) in (X, Ty, Ts), implies that (X, 77, T3)
is a pairwise fuzzy open hereditarily irresolvable space.

Example 5.8 Let X = {a,b,c}. The fuzzy sets A\, u, § and n are defined on X as
follows:

A: X —[0,1] is defined as A(a) = 0.25; A(b) =0; A(c) =0
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p: X — [0,1] is defined as p(a) = 0.75; w(b) =0.5; p(c) =0
§: X —[0,1] is defined as d(a) = 0.8; (b)) =0; d(c) =1
n: X —[0,1] is defined as n(a) = 0.9; n(b) = 0.4; n(c) =0.5.

Clearly, 77 = {0, A\, i, 1} and Ty = {0, )\, 9,1} are fuzzy topologies on X. On
computation, the pairwise fuzzy somewhere dense sets in (X, 77,Ts) are A, p, 1 — A,
1 — p and 1 — 7. For the pairwise fuzzy somewhere dense set 1 — 7 in (X, 11, T5),
intr,(1 —n) = 0 in (X, Ty, T,) implies that (X,71,75) is not a pairwise fuzzy open
hereditarily irresolvable space.

6.Characterizations of pairwise fuzzy open hereditarily irresolvable
spaces

Proposition 6.1 If cl, (A\) = 1 and clg,(A) = 1 in a pairwise fuzzy open hereditarily
irresolvable space (X, T}, T5), then inty, (A) # 0 and intr,(A) # 0 in (X, Ty, T3).

Proof: Suppose that clr(\) = 1 and clr,(A\) = 1 in (X,71,7). Then,
intp,cly, (N) = intp, (1) = 1 # 0 and intp clp,(N) = intr (1) = 1 # 0 in (X, 11, T3).
Hence intr,cly,(A) # 0 (i # j and 4,5 = 1,2) in (X, T1,T3). Then, A is a pairwise
fuzzy somewhere dense set in (X, 7,73). Since (X,T3,T5) is a pairwise fuzzy open
hereditarily irresolvable space, for the pairwise fuzzy somewhere dense set A in
(X, T1,T3), intr,(A) # 0 in (X, Ty,T5). Thus, if clp(N) = 1 and clp,(A) = 1 in a
pairwise fuzzy open hereditarily irresolvable space (X, T7,T5), then intp, (A) # 0 and
ZTLtTQ()\) 7& 0 in (X, Tl, Tg)

Proposition 6.2 If inty,(A) = 0 and intr,(A\) = 0 in a pairwise fuzzy open
hereditarily irresolvable space (X,T),T3), then clp(A\) # 1 and clp,(A) # 1 in
<X7 T17T2)-

Proof: Suppose that intr,(A\) = 0 and intr,(A) = 0 in (X,77,7%). Then 1 —
intr,(A\) = 1 and 1 —inty,(A) = 1 in (X, T}, T3) and hence clp, (1 — A) = 1 and
clr,(1 = X) = 1 in (X,T3,75). Then, by proposition [6.1} intr, (1 — X) # 0 and
inty,(1 —A) # 0in (X,T1,T,) and hence 1 — ¢l (A) # 0 and 1 — clp,(A) # 0 in
(X, T, Ty). Therefore, cly, (A) # 1 and clp,(A) # 1 in (X, 11, T3).

Proposition 6.3 If )\ is a pairwise fuzzy dense set in a fuzzy bitopological space
(X,T1,Ty), then 1 — X is a pairwise fuzzy somewhere dense set in (X, T}, 75).
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Proof: Let A be a pairwise fuzzy dense set in (X,71,T3). Then, clgpcly, (M) = 1
(i # jand i,j = 1,2) in (X,T1,Ts). Now intrclr,(1 — X) = 1 — clyintr, () >
1 —clgpclp,(A) =1—1=0, in (X,T1,73). That is, intycly,(1 — A) > 0 and hence
intr,cly, (1 — X) # 0in (X,T1,Ty). Thus, 1 — X is a pairwise fuzzy somewhere dense
set in (X, T, T5).

Proposition 6.4 If \ is a pairwise fuzzy dense set in a pairwise fuzzy open
hereditarily irresolvable space (X, Ty, T5), then clp (X)) #1 (i =1,2) in (X, Ty, Ts).

Proof: Let A be a pairwise fuzzy dense set in (X,T1,7%). Then, clycly,(N) =
1 (i # jand i,j = 1,2) in (X,T31,T). By proposition [6.3] 1 — X is a pairwise
fuzzy somewhere dense set in (X, T}, 7T3). Since (X, T}, T5) is a pairwise fuzzy open
hereditarily irresolvable space, for the pairwise fuzzy somewhere dense set 1 — X\ in
(X, T1,T3), intr,(1 —A) # 0 in (X,T1,T5). Then, 1 — clp,(N) # 0 in (X, T1,Ts) and
hence clr,(A\) #1 (i =1,2) in (X,T1,Ty). Thus, clrclr;(A) =1 in a pairwise fuzzy
open hereditarily irresolvable space (X,71,75) does not imply that clp, () = 1, in
(X, Th, Tv).

Proposition 6.5 If A\ is a pairwise fuzzy dense set in a pairwise fuzzy open
hereditarily irresolvable space (X,T7,T5), then there exist a Tj-fuzzy closed set ¢
and a Ty-fuzzy closed set n such that clg,(0) =1 and clg, (n) = 1 in (X, 11, T3).

Proof: Let A be a pairwise fuzzy dense set in (X, T,T3). Since (X,T1,T3) is a
pairwise fuzzy open hereditarily irresolvable space, by proposition , cr,(\) # 1
(¢ = 1,2), in (X,T3,Ts). Let clp,(A\) = 6 and clp(N) = n in (X,T3,T,). Since
clrclp,(A) = 1 and cpclp (A) = 1in (X, 11,T3), clr(n) = 1 and clgp,(0) = 1 in
(X,T1,T,). Thus, § is a T-fuzzy closed and Tr-fuzzy dense set and 7 is a Ty-fuzzy
closed and T)-fuzzy dense set in (X, T}, Ts).

Proposition 6.6 If \ is a pairwise fuzzy dense set in a pairwise fuzzy open
hereditarily irresolvable space (X,74,T»), then inty,(1 — A) # 0 (i = 1,2) in
(X7 T1>T2)-

Proof: Let A be a pairwise fuzzy dense set in (X, T,7T3). Since (X,T3,T3) is a
pairwise fuzzy open hereditarily irresolvable space, by proposition , cr,(\) # 1
(1=1,2),in (X, T1,Ts). Then, 1 —clz,(A) # 0, in (X, T3, T) and inty, (1 — ) # 0, in
(X, T, T5).
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Proposition 6.7 If intyintr,(A\) =0 (i # j and 7, j = 1,2) in a pairwise fuzzy open
hereditarily irresolvable space (X, Ty, T5), then inty, (A) # 0 in (X, 11, T3).

Proof: Suppose that intginty,(A) =0 (i # j and 4,5 = 1,2) in (X, T1,T3). Then,
crelr, (1 —A) = 1 —intginty,(\) = 1 -0 = 1, in (X,T1,T3) and hence 1 — X is
a pairwise fuzzy dense set in (X,T;,T3). Since (X, T3, Ts) is a pairwise fuzzy open
hereditarily irresolvable space, by proposition[6.4} clr,(1—X) # 1in (X, T1,T5). Then,
1 —intr,(N\) # 1in (X, Ty, 1), implies that int,(N) # 0 in (X, T3, T3).

Proposition 6.8 If clyintr,(u) #1 (i # j and 4,5 = 1,2) in a pairwise fuzzy open
hereditarily irresolvable space (X, Ty, T5), then clr, (1) # 1 in (X, T4, T).

Proof: Suppose that clpintr,(u) # 1 (i # j and 4,5 = 1,2) in a pairwise
fuzzy open hereditarily irresolvable space (X,71,Ts). Then, 1 — clyintr,(u) # 0,
in (X, Ty, T3) and hence intr,cly, (1 —p) # 0, in (X, Ty, T3). Then 1 — i is a pairwise
fuzzy somewhere dense set in (X, 7}, 73). Since (X,T},T5) is a pairwise fuzzy open
hereditarily irresolvable space, for the pairwise fuzzy somewhere dense set 1 — p in
(X, T, Ty), intr,(1 — p) # 0 in (X,T1,73). Then 1 — clr,(p) # 0, in (X, T3, T5) and
hence clr, (1) # 1 in (X, T1,T).

Proposition 6.9 If A\(# 0) is a pairwise fuzzy regular open set in a pairwise fuzzy
open hereditarily irresolvable space (X,Ty,75), then intr,(A\) # 0 (i = 1,2) in
<X7 Tl: T2) .

Proof: Let A be a pairwise fuzzy regular open set in (X,73,73). Then,
intp,cly,(N) = A, (i # j and 4,5 = 1,2) in (X,T1,T3). Now A # 0 in (X,T1,T3),
implies that intr,cly;(A) # 0, in (X, T1, T3) and hence A is a pairwise fuzzy somewhere
dense set in (X,T7,T3). Since (X,T3,T3) is a pairwise fuzzy open hereditarily
irresolvable space, for the pairwise fuzzy somewhere dense set A\ in (X, T3,75),
intr,(\) £ 0 (i =1,2) in (X, T}, Tb).

Proposition 6.10 If A(# 0) is a pairwise fuzzy pre-open set in a pairwise fuzzy open
hereditarily irresolvable space (X, T4, T), then intr,(A\) #0 (i =1,2) in (X, Ty, T5).

Proof: Suppose that A (# 0) is a pairwise fuzzy pre-open set in (X, T}, 7T5). Then,
A < intrelr;(A) (1 # j and 4,5 = 1,2) in (X,T1,T3) and hence intr,clr;(X) # 0,
in (X,71,T5). Thus, A is a pairwise fuzzy somewhere dense set in (X, 77, 75). Since
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(X, T, Ty) is a pairwise fuzzy open hereditarily irresolvable space, for the pairwise
fuzzy somewhere dense set A in (X, 71, 73), intr,(A\) #0 (i =1,2) in (X, T}, T3).

7.Pairwise fuzzy open hereditarily irresolvable spaces and other fuzzy
bitopological spaces

Proposition 7.1 If a fuzzy bitopological space (X, T1,T5) is a pairwise fuzzy open
hereditarily irresolvable space, then (X, 7T7,T5) is a pairwise fuzzy irresolvable space.

Proof: Let A be a pairwise fuzzy dense set in (X, Ty,73). Then, clgclr, (M) = 1,
(i # j and i,j = 1,2) in (X,T1,T3) and hence 1 — clpclp(A) = 1 =1 = 0, in
(X, Tl, TQ) This 1mp11es that mthmtT](l - )\) = 0, in (X, Tl, TQ) Since (X, Tl, TQ) is
a pairwise fuzzy open hereditarily irresolvable space, by proposition 6.7 ints,(\) #
0, in (X,T1,Ty). Now, intginty,(A) < intr,()), in (X,T1,T3), implies that 1 —
intg,inty,(A) > 1—intr, (N), in (X, 11, T3) and clg,clr, (1—X) # 1, in (X, 11, T3). Thus,
for a pairwise fuzzy dense set A in (X, 11, Ts), cly,cly, (1—=X) # 1 (i # jand i, j = 1,2)
in (X,T1,T3), implies that (X, T}, T3) is a pairwise fuzzy irresolvable space.

Remark: The converse of the above proposition need not be true. That is, a
pairwise fuzzy irresolvable space need not be a pairwise fuzzy open hereditarily
irresolvable space. For, consider the following example:

Example 7.2 Let X = {a,b,c}. The fuzzy sets A\, u, § and n are defined on X as
follows:

A: X —[0,1] is defined as A(a) = 0.25; A(b) =0; A(c) =0
p: X —[0,1] is defined as p(a) = 0.75; wu(b) = 0.5; u(c) =0
d: X —[0,1] is defined as d(a) = 0.8; (b)) =0; d(c) =1

n: X —[0,1] is defined as n(a) = 0.9; n(b) =0.4; n(c) =0.5.

Clearly, T} = {0, A\, u,1} and T = {0, A, 9,1} are fuzzy topologies on X. On
computation, one can see that clp,cly, (§) =1 = clp,cly, (0) in (X, T1,Tz) and hence ¢
is a pairwise fuzzy dense set in (X, 71, Ts). But, clrcly, (1-9) = clp (1—-6) = 1-X # 1
and clp,clp (1 —96) = elp,(1 —A) =1 — X # 1 and hence, for the pairwise fuzzy dense
set 0 in (X, T1,T3), clpclr,(1 —6) # 1 and clypelp (1 —9) # 1 in (X, T3,T,). This
shows that (X, T3,T5) is a pairwise fuzzy irresolvable space. But, intr clr,(1 —n) =
intr, (1 —X) = u # 0 and intr,cly, (1 —n) = intp, (1 — X)) = XA # 0 in (X, T}, T») and
hence 7 is a pairwise fuzzy somewhere dense set in (X, 77,75). But inty, (1 —n) =0
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and intr,(1 —n) = 0, implies that (X, 77, T3) is not a pairwise fuzzy open hereditarily
irresolvable space.

Proposition 7.3 A fuzzy bitopological space (X,T71,7T5) is a pairwise fuzzy
irresolvable space if and only if each pairwise fuzzy dense set is a pairwise fuzzy
faintly open set in (X, T, T3).

Proof: Let (X,T1,T3) be a pairwise fuzzy irresolvable space and A be a pairwise
fuzzy dense set in (X, 77, T3). Since (X, T1,T3) is a pairwise fuzzy irresolvable space,
for the pairwise fuzzy dense set A in (X, T, Ts), clr, clp,(1—X) # 1 and clp,cly, (1—X) #
lin (X,T1,T5). Then 1 — intrintr,(A) # 1 and 1 — intpintr, (A) # 1in (X, 11, Ts)
and hence intr intr,(\) # 0 and intpintr, () # 0 in (X, T1,T3). Therefore A is a
pairwise fuzzy faintly open set in (X, T}, T3).

Conversely, let each pairwise fuzzy dense set A be a pairwise fuzzy faintly open
set in (X,T1,T). Then A # 0. [otherwise A = 0 will imply that clpclp,(\) =
clrclr,(0) = 0 # 1 and clg,clr, (A) = clpclr (0) = 0 # 1, a contradiction to A being
a pairwise fuzzy dense set in (X,7T7,73).] It has to be proved that (X,77,T3) is a
pairwise fuzzy irresolvable space. Assume the contrary. Suppose that (X, 77, T3) is
a pairwise fuzzy resolvable space. Then, there exists a pairwise fuzzy dense set u
in (X,T,T5) such that clpclr,(1 — ) = 1 and cpelp (1 —p) = 1 in (X, 71, 7T3)
and hence 1 — intpintr,(u) = 1 and 1 — intpinty, () = 1 in (X,T1,73). Then
intrinty, (n) = 0 and intpinty, (1) = 01in (X, 77, Ty), a contraction to the hypothesis
that each pairwise fuzzy dense set is a pairwise fuzzy faintly open set (X, T},75).
Hence, the assumption that (X, 77, 75) is a pairwise fuzzy resolvable space, does not
hold and therefore (X, T}, T) is a pairwise fuzzy irresolvable space,

Proposition 7.4 If X\ is a pairwise fuzzy dense set in a pairwise fuzzy open
hereditarily irresolvable space (X, T1,T5), then intrinty,(A) # 0, (i # j and i,j =
1, 2) in (X, Tl, TQ)

Proof: Let A be a pairwise fuzzy dense set in (X, T;,T3). Since (X,T3,T3) is a
pairwise fuzzy open hereditarily irresolvable space, by proposition , (X,T1,Ts) is a
pairwise fuzzy irresolvable space. Then, by proposition [7.3] the pairwise fuzzy dense
set A is a pairwise fuzzy faintly open set in (X,71,T5) and hence intgintz, () # 0,
(i #jandd,j = 1,2) in (X,T1,T3). Thus, for a fuzzy set A\ with clr,clr, (X)) = 1,
in a pairwise fuzzy open hereditarily irresolvable space (X, T1,T3), intg,intr,(A) # 0,
(1# jand i,j7 =1,2) in (X, T3, T5).
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Proposition 7.5 If a fuzzy bitopological space (X,T,7,) is a pairwise fuzzy
irresolvable space, then A\; A Ay # 0, for any two pairwise fuzzy dense sets A\; and A,
in (X, 71, 7T3).

Proof: Let (X, T}, Ts) be a pairwise fuzzy irresolvable space and A\; and Ay be any
two pairwise fuzzy dense sets in (X, 77, T,). Then clp cly, (A1) = 1 = elp,clr, (A1) and
clrclr,(A2) = 1 = clp,clr, (A2) It has to be proved that Ay A Ay # 0 in (X, T3, T5).
Assume the contrary. Suppose that \; A Ay = 0 in (X,77,73). Then \; and A, are
any two disjoint fuzzy sets in (X, T}, T») and hence by definition A< (1—=X\)
in (X,T1,73). Then clg,clp, (M) < clpclr, (1 — X)) and clp,clr, (M) < clp,clr, (1 —X)
in (X,T3,T,) and hence 1 < clpclr, (1 — Ay) and 1 < clp,cly, (1 — Xo) in (X, 11, T5).
That is, clpclr, (1 — Xy) = 1 and clpclp (1 — Xo) = 1 in (X, T1,T5). Thus, there
exists a pairwise fuzzy dense set Ay in (X, T3, Ts) such that clpclr,(1 — X)) =1 =
clp,clr, (1 — Ay). This means that (X,77,75) is a pairwise fuzzy resolvable space,
a contradiction to (X, Ty, T,) being a pairwise fuzzy irresolvable space. Hence, the
assumption that Ay A Ay = 0 in (X, T3, T5) does not hold. Therefore, \; A Ay # 0,
for any two pairwise fuzzy dense sets A\; and Ay in a pairwise fuzzy irresolvable space
(X, T, T).

Proposition 7.6 If A\; and )y are any two pairwise fuzzy dense sets in a pairwise
fuzzy open hereditarily irresolvable space (X, Ty, Ts), then A\ A Ay # 0 in (X, T1, T5).

Proof: Let A\; and Ay be any two pairwise fuzzy dense sets in (X, 77,75). Since
(X, T1,T3) is a pairwise fuzzy open hereditarily irresolvable space, by proposition [7.1]
(X, T1,T5) is a pairwise fuzzy irresolvable space. Then, by proposition , AMANy #£ 0,
for the pairwise fuzzy dense sets A\; and Ay in (X, 717, T5).

Proposition 7.7 If a fuzzy bitopological space (X,T3,7,) is a pairwise fuzzy
submaximal space, then (X, T}, 7Ts) is a pairwise fuzzy open hereditarily irresolvable
space.

Proof: Let A be a pairwise fuzzy somewhere dense set in (X,77,75). Then,
intr,cly,(A) # 0, (i # j and i,j = 1,2) in (X,T1,T3). It has to be proved that
intr,(\) #0 (i =1,2)in (X, T}, T3). Assume the contrary. Suppose that intz, (A) =0
(i =1,2) in (X, T1,T3). Then, intrintr,(\) = intr,(0) = 0 in (X, T, T5) and hence
intrintr,(A) = 0 in (X, Ty, T3). This implies that 1 — intyinty,(A) =1 -0 = 1in
(X,T1,Ty). Then, clg,cly,(1—A) = 1in (X, T1,73) and hence 1— X is a pairwise fuzzy
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dense set in (X,T7,T3). Since (X, T3,T5) is a pairwise fuzzy submaximal space, the
pairwise fuzzy dense set 1 — A will be a pairwise fuzzy open set in (X, T3, T5). Then,
A will be a pairwise fuzzy closed set in (X, T7,75) and hence clp,(A\) = X (i = 1,2)
in (X, Ty,T3). This implies that intr,cly,(A) = intr;(A) =0 (i # jand i,j =1,2), a
contradiction. Hence, it must be that int,(A) # 0 (i = 1,2), for the pairwise fuzzy
somewhere dense set A in (X, T3, Ts). Therefore, (X, T}, T3) is a pairwise fuzzy open
hereditarily irresolvable space.

Remark: Inter-relations between pairwise fuzzy open hereditarily irresolvable
spaces, pairwise fuzzy submaximal spaces and pairwise fuzzy irresolvable spaces can
be summarized as follows:

Pairwass o=z
submaximal spaces

l

Pairvwass Tuzzv open hereditaril
irresolwvable spaces

l

I Pairwiss fazzv |

irresolvable spaces

8.Conclusion

Several characterizations of pairwise fuzzy irresolvable spaces and
pairwise fuzzy open hereditarily irresolvable spaces have studied and established in
this paper.
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