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Abstract

In this paper, we obtain discrete Fourier transform and its properties for certain functions
using the inverse of generalized difference operator. Suitable examples verified by MATLAB
are inserted to illustrate the main results.
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1. Introduction

Digital Signal Processing (DSP) has revolutionized many areas in science
and engineering such as space, medical, commercial, military, industrial and
communication. DSP is made effectively possible by Fourier Transform (FT) and
Discrete Fourier Transform (DFT) which decomposes signals into sinusoids. In [6] [7],
the forward complex DFT, written in polar form, is given by:

N-1

1 .
N x(n)e—j%rkn/N (1)

and it takes different labels depending on the nature of z[n]. The DFT X(k) =

1 , N N

NA_lx(n)e_ﬂ”k"/N follows from the basic difference identity A‘lx(k:)’ =
0 0

N-1

>~ z(n) in [1]. Let ¢ be the time between two successive signals. Replacing A~

n=0

by A;', integer n by real ¢ and the sequence x(n) by a function z(t), we get a
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Generalized Discrete Fourier Transform (GDFT)

C —jomkt/N |
X (k)= =A z(t)e

N . ()

When ¢ = 1 and ¢ — 0 the GDFT becomes DFT given in and FT defined as
g(k) = [ e 72™kN f(¢)dt respectively [2, B]. In this paper, we have successfully

arrived at a new transform GDFT for signals of algebraic and geometric functions
employing the basic theory of A, and its inverse. We have also additionally provided
certain properties of GDFT.

2. Preliminaries

In [4 5] the authors introduce k‘ém) = k(k—0)(k—20)---(k — (m — 1){), the
operator Ay as Apu(k) = u(k 4+ ¢) — u(k) and its inverse by

if Ap(k) =u(k), then v(k) = A u(k). (3)

Using Stirling numbers of first kind s]* and second kind S)", we obtain

m

(i)k™ = Zsmem KGR = SR (i) Ak(™ = (mOk™ Y (4)
r=1
k(erl) m Smgm—rk( 6isk
. A_lk’(m) — 14 A_lkm — r {4 A 1 zsk : ) 5
(AT = oy AT = 2 Ty AT = ey ®

Lemma 2.1 [4] Let £ > 0, k € (¢, oo). Then the inverse of product of two functions
is

A7 (u(kyw(k)) = u(k) A7 w(k) — A7 (AT w(k + OAw(K).  (6)

Lemma 2.2 [5] If u(k) is a bounded function on [a,b] and ¢ =

— Z u(b —rt) = u(a +10). (7)

T

g

Il
=)
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3. Properties of Generalized Discrete Fourier Transform

In this section we derive closed form solution of the generalized difference equation

Ayv(k) = u(k) and we obtain some properties of generalized discrete Fourier complex,

sine and cosine transforms.

Theorem 3.1 Let k € (—00,00) and £ > 0. Then we have

A—l izsk Xm: )(])gjk(m 7) izs(k+]€)
0 e:l:zs@ 1)]+1

Proof: Taking u(k) = k{", w(k) = e** in @ and using , we get
klgl) cisk Peis(k+0)

(€ —1) (et — 1)

Taking u(k) = k\”, w(k) = ¢** in @ and using , we get

k’é )ezsk - 2£ké1)eis(k+€) . 902 pis(k+20)
(e —1) (et — 1) (e — 1)3°

Azl (k‘él)eiSk) —

Aé_l (ké )ezsk)

which can be expressed as
9 (_1)j(2)§j)€jk22—j)eis(k+j€)

Afl k'(2) isk) _— ‘ :
¢ ( e € ) ]Z:% (ezsﬁ_ 1)]—1—1

Now follows by continuing the above process and then replacing i by —1.

Theorem 3.2 Let k € (—o00,00)and £ > 0. If €** # 1, then we have

gjki(m ) :I:zs(k+]€)

e = 3 sy S DO

Proof: The proof follows from second term of and .

Theorem 3.3 Let k € (—o00,00) and £ > 0. If a’e*™* £ 1, then
ok etink

—1( k Einky _
Ag (a7e™™) = (alexint _ 1)

Proof: Since Agafet™F = gktletin(h+l) _ gketink the proof follows from (3.

(10)

Definition 3.4 The generalized discrete Fourier transform (GDFT) of u(k) is defined
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F(u(k)) = U(s) = €A u(k)e'™ | (11)

and the inverse generalized discrete Fourier transform of U(s) is given by
¢ 1 —isk |0
u(k) = —A U(s)e ‘ _ (12)

Similarly the generalized discrete Fourier sine and cosine transforms of u(k) are
defined as
F(u(k)) = Uy(s) = A, u(k) sin sk:|;o:0 (13)

F.(u(k)) = Ud(s) = (A, 'u(k) cos sk}:):o. (14)

The inverse generalized discrete Fourier sine and cosine transforms of the above are

respectively given by

u(k) = 2—£A 'U,(s )sinsk‘:io (15)

u(k) = Z—EA U.(s )cossk:|;x;0. (16)

Let a and b are constants. From the linearity Ag_l and the Definition , we can
easily obtain the following linear, change of scale and shifting properties.

Property 3.5 If F(u(k)) = U(s) and F(v(k)) = V(s), then

(i) Flau(k) + bo(k)) = aU(s) + bV (s), (17)
(ii) If Fu(k)) = U(s) then Fl(u(ak)) :éU %), (18)
(i) I Fu(u(k)) = Ui(s) then Fi(u(ak)) = 0,(2), (19)
(i0) 1f Fululk) = Uuls) then Fu(u(ak) = U.(%) (20)

Example 3.6 Take u(k) = k* for 0 < k < 4. From , and @, we arrive

Uis) = L] A0 B o= 2 4D g (it

(s) = 2 { (eist — 1) (eist —1)2 o (et — 1) ((eisé —1) B (eist —1)2 }

b { N G G B ( ge (D f(emis(4r20—e) }
2| (e =1) (eist —1)2 (e_isg — 1)\ (e —1) (e=ist — 1)2
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16sin4 bcosds —1 2sin4
In particular, when £ — 0 we get U.(s) = TS 2008 28 _ £onEs

S S 53

which yields F,((ak)?) = 1<16S(i?;j§/ A 5005((;% )GQ) L 2822}% a)).

a

Property 3.7 If F(u(k)) = U(s), then F(u(k —a)) = e**U(s)

Proof: From , we have F(u(k — a)) = (A u(k — a)e™* |~
Now the proof follows by substituting & — a by t.

—o00’

Example 3.8 Take u(k) = e for —1 < k < 1. From the Property (3.7) and (L)),
i(s+1) _ ,—i(s+1)
e e )

(eils+DE — 1)

we obtain the Fourier transform F(e'*) = E(

In particular, when ¢ — 0, we get U(s) = % and F(u(k — a)) =
iea28in(s 4+ 1)
(s+1)

Theorem 3.9 Modulation theorem:
(i) If F(u(k)) =U(s) then F(u(k)cosak)= %[U(s +a)+U(s—a) (21)
(i1) If Fys(u(k)) = Us(s) then Fy(u(k)cosak) = %[Us(s +a)+Us(s —a)] (22)
(13i) 1f Fs(u(k)) = Us(s) then F.(u(k)sinak) = %[Us(s +a)—Us(s—a)] (23)
(iv) If F.(u(k)) =U.(s) then Fs(u(k)sinak) = %[UC<S —a)—Uls+a)] (24)

ezak + e—zak ~
}k:foo’

Proof: From || we get F(u(k) cosak) = EA[lu(k)ei5k< 5
1 0o
and 1) we have Fy(u(k) cosak) = (A 'u(k)=(sin(s + a)k + sin(s — a)k) ‘k_ )
9 =0
which yield (21]) and (22). Similarly, we can get the proof of (23] and ([24)).

Example 3.10 Taking u(k) = a* for |k| < 3 and u(k) = 0 otherwise, then from

(136138 . a736713s

1k isk|3
and , we have F(a*) = U(s) = (A, lak’e”k‘k:_3 = £( ol 1 >
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1
In particular, when £ — 0, we get U(s) = —(cos3s(a® — 1) 4 isin3s(a’ + 1)).
isa

Which yield

F(a*cosak) = % {m(cos 3(s+a)(a®—1)+isin3(s+a)(a®+1))

1
—l—m(cos 3(s —a)(a® — 1) +isin3(s —a)(a® + 1))}
Similarly taking u(k) = k% in for 0 < k <5 and from , we have
isk —isk
— . 5 _ (& — e 5
Fs(kB) = Ug(S) = KAZ 1k3 Sin Sk‘k:o = EAE 1k3 (T) k=0
Now applying @D, we derive
U / 5ei5s €(75eis(5+€) + 15£€is(5+2) + g2eis(5+€) _ 6261‘58)
s(s) = % { (e —1) (et —1)2
(2(30e505+20 — 30eis(+20) 1 3725ty g3 (eis(5+30) _ 3eidst)
(eist — 1)3 (eist — 1)
/¢ Fe—i5s 6(756—2'3(5—%) + 15€€—is(5+f) + £2e—z’s(5+ﬁ) _ €2€—isf)
_Q_i (6*1'53 — 1) B (efisﬁ _ 1)2
52(306—1'5(5—0—25) o 3€€_i8(5+2€) 4 386—1'25[) 6£3(e—is(5+3€) - 3e—i3sZ)
(efisf _ 1)3 (efisﬁ _ 1)4 }

1
When € — 0, we get Uy(s) = —(6sin5s — 30s cos 5s + 755 sin 55 — 55° cos 5s)
s

1 1
and F,(k® cosak) = = ( ———(6sin5(s + a) — 30(s + a) cos 5(s + a)

2((s+a)4(

+75(s + a)?sin5(s + a) — 5(s + a)® cos5(s + a)) + (6sin5(s — a)

1
(s —a)t
—30(s —a)cosH(s —a) + 75(s — a)*sin5(s — a) — 5(s — a)3 cos 5(s — a))).

In the following example, we analyse the DFT (¢ = 1), GDFT (¢ = 0.5) and FT for
the input signal u(k) = kf) using MATLAB.

Example 3.11 Take u(k) = k;f) for —2 < k < 2. Then from 1} we get
. 2)(2)ei25 2€<2)(1)6i5(2+f) 902 pis(2+2¢)

F(EPy = — AP gisk|? _ (.z _ )¢ '

(kﬁ )=Uls) =1 ¢ ke ‘szz ¢ (ezse —1) (eist —1)2 + (eist —1)3
(_2>g2)€—i23 2€(_2)21)6is(—2+8) 92 pis(—2+20)

(eist — 1) (eist —1)2 C (eist —1)3
Here we provide MATLAB coding for verification of DFT.
U(s)=symsum((2-r)*(1-r)*exp(i*2*(2-r)),r,1,4)
=2 xexp(i*4)./(exp(i*2) — 1)) — (4 xexp(i*6)./(exp(i *2) — 1)."2) + (2 * exp(i *
8)./(exp(i *2) —1).73) — (6 x exp(—1*ix4)./(exp(i*2) — 1)) — (4 * exp(—1 x i %
2)./(exp(i*2) —1).72) — (2./(exp(i x 2) — 1).13)
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1
When £ — 0, we get FT as U(s) = —(85”sin 2s 4 85 cos 2s — 4sin 2s)
s

and F((al{:)f)) = %(8(3/&)2 sin2(s/a) 4+ 8(s/a)cos2(s/a) — 4sin2(s/a)).

4 T T T T T T
: g ﬁ\ : ;| —e=DFT
£ ] SR .......... ........... ........ !\ .......... -3 - E0FTH
: ; : fi \\ E || sEDEEET
TR, e D e e 4
: 5 : . F‘ \L; S
: ; PR e T
1[1_ .......... .......... \;;,!,.“‘\_\'\ ........ \ .............. .
; : L S :
. D ........... , .......... ,}.jik._m .......... _\ ............. \‘\._ ......
iz ; : Py % IN -
= o R e T -",( ..... e N
e T i N
fe E f,’ : E A o
2[]\\ ...... , ......... ....... ,f..].; ........... ......... k .................. |
e o 9 | ; X
Sl R e B R o R » A 1
I i ; ; Ay
;\\\\ tgfff 5 ; \\
................. 5 R . SO N - SO S .
! N i h : ' *
5 1 % 1 i 1 1 1
1 15 2 25 3 35 4 4.5 )
-1

4. Conclusion:

From the diagram we find that both DFT and FT can be obtained by GDFT.
When the Fourier transform does not exist, we can apply generalized discrete Fourier
transform from the above findings and get several applications in the field of digital
signal process.

References

[1] Agarwal RP, Difference Equations and Inequalities, Marcel Dekker, New York,
(2000).

[2] Akansu AN and Poluri, Walsh-like Nonlinear Phase Orthogonal Codes for Direct
Sequences CDMA Communications, IEEE Trans. on Signal Processing, 3800-3806,
(2007).

[3] Britanak V and Rao KR, The Fast Generalized discrete Fourier Transforms: A
unified Approach to the Discrete Sinusoidal Transforms Computation, Siganal
Processing, 79, 1999, 135-150,.

Mbrittoshc@gmail.com Page 110 of



ISSN: 2456-8686, Volume 1, Issue 1, 2017:104-111
DOI : http://doi.org/10.26524 /cm8

[4] Britto Antony Xavier G, Sathya S and Vasanthakumar SU, m-Series of the
Generalized Difference Equation to Circular Functions, International Journal of
Mathematical Archive, 4(7), 2013, 200-209.

[5] Maria Susai Manuel M, Britto Antony Xavier G and Thandapani E, Theory
of Generalized Difference Operator and Its Applications, Far East Journal of
Mathematical Sciences, 20(2), 2006, 163 - 171.

[6] Smith JO, Mathematics of the Discrete Fourier Transform (DFT), online book,
(2010).

[7] Steven W Smith, The Scientist and Engineer’s Guide to Digital Signal Processing,
Second Edition, California Technical Publishing San Diego, California, (1999).

Mbrittoshc@gmail.com Page 111 of



	1. Introduction
	2. Preliminaries
	3. Properties of Generalized Discrete Fourier Transform
	4. Conclusion:

