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In this paper, the authors achieve the generalized Ulam - Hyers stability of a functional
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1.Introduction

For the period of latter eight decades, the stability problems of several functional
equations have been extensively investigated by number of authors [1l 2, 27, 28|
40, 44], [47, [51]. The terminology generalized Ulam - Hyers stability originates from
these chronological backgrounds. These terminologies are also applied to the case of
other functional equations. For more detailed definitions of such terminologies, one
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can refer to [10, 22, 23] 29, B0, B1, 45]. One of the supreme renowned functional
equations is the additive functional equation

flx+y) = flx)+ f(y). (1)

In 1821, it was first solved by A.L. Cauchy in the class of continuous real-valued
functions. It is often called an additive Cauchy functional equation in honor of Cauchy
(see [31]). The theory of additive functional equations is frequently applied to the
development of theories of other functional equations. The solution and stability of
the following various additive functional equations

J2x —y)+ f(x —2y) = 3f(x) — 3f(y), (2)
flx+y—22)+ f(2v + 2y — 2) = 3f(x) + 3f(y) — 3f(2), (3)
f(m(z +y) —2mz) + f2m(x +y) —mz) =3m[f(z) + f(y) — f(z)) m=>1, (4)

f (aani - 2aa:n> +f (ZanZ:L’i - a:zcn> = 3a (”Z flz) — f(x,)) n >3, (5)

i=1

fRrxEtyxz)=flzty) + f(x£2) (6)

flaxtyxz)=flaxy)+ flaxz)+(qg—2)f(z), ¢=2 (7)

f(@) + fz) = f(2) (8)

f(y):f(yﬂ)—;f( ?) ©)

M e (10)
éﬂﬂk 1 N

=y =ﬁ;f<xk> (11)

were discussed by D.O. Lee [25], K. Ravi, M. Arunkumar [46], M. Arunkumar [3], 14} 5]
0, [7, [10], J. M. Rassias et.al., [43]. The generalized Ulam - Hyers stability of several
functional equations in various Banach spaces including Intuitionistic Fuzzy Banach
spaces and Algebras were investigated in [8 9, [1T], T2} [15, 16}, 17, 18], 19, 21, T3], 14! [43].

Let us recall the alternative of fixed point theorem to prove the stability results.

Theorem 1.1 [32] (The alternative of fixed point) Suppose that for a complete
generalized metric space (X, d) and a strictly contractive mapping 7' : X — X with
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Lipschitz constant L. Then, for each given element x € X, either
(Fy) d(T"z, T""'z) =00 V n>0,
or
(Fy) there exists a natural number ng such that:
(FPC1) d(T"z, T""'z) < oo for all n > ng ;
(FPC2)The sequence (T"z) is convergent to a fixed point y* of T
(FPC3) y* is the unique fixed point of T in the set Y = {y € X : d(T™z,y) < oo};
( )

FPC4) d(y*,y) < - d(y,Ty) for all y € Y.

1-L

In this paper, the authors achieve the generalized Ulam - Hyers stability of a
functional equation

w (Z J wj) = Z(j W(wy)), =1 (12)

Jj=1

which is originating from sum of first ¢ natural numbers via two substitutions
in Intuitionistic Fuzzy Banach Space and Algebras using Direct and Fixed Point
Methods.

2. Definitions and Notations of Intuitionistic Fuzzy Banach Space

Now, we recall the basic definitions and notations in the setting of intuitionistic
fuzzy normed space given in [4§].

Definition 2.1 A binary operation * : [0, 1] x [0, 1] — [0, 1] is said to be continuous
t-norm if x satisfies the following conditions:

(1)
(2) * is continuous;

(3) ax1=a forall a € [0,1];

(4) a*xb < cxd whenever a < ¢ and b < d for all a,b,c,d € [0,1].

x is commutative and associative;

Definition 2.2 A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is said to be continuous
t-conorm if ¢ satisfies the following conditions:

") ¢ is commutative and associative;

") ¢ is continuous;

(1)

(27)

(3) ao0=a for all a € [0,1];

(4) aob < cod whenever a < ¢ and b < d for all a,b,¢,d € [0,1].
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Using the notions of continuous ¢-norm and ¢-conorm, Saadati and Park [48]
introduced the concept of intuitionistic fuzzy normed space as follows:

Definition 2.3 The five-tuple (X, p,v, *,¢) is said to be an intuitionistic fuzzy
normed space (for short, IFNS) if X is a vector space, * is a continuous 7-norm,
© is a continuous n— conorm, and pu, v are fuzzy sets on X x (0,00) satisfying the
following conditions. For every z,y € X and s,t > 0

(IFN1) p(z,n) +v(z,n) <1,

(IFN2) p(z,n) >0,

(IFN3) p(x,n) =1, if and only if x = 0.

(IFN4) p(dz,n) = p (2, %) for each d # 0,

(IFN5) p(x,t) * u(y, s) < p(x +y,t + s),

(IFN6) pu(x,-) : (0,00) — [0, 1] is continuous,

(IFNT7) tlggou x,n) =1 and 11_{%/1(.%,77) =0,

(IFN8) v(z,n) < 1,

(IFN9) v(xz,n) = 0, if and only if z = 0.
(IFN10) v(dz,n) = v (z,2) for each d # 0,
(IFN11) (2, 1) o v(y, ) > v(z + 5,0 + ),
(IFN12) v(x,-) : (0,00) — [0,1] is continuous,
(IFN13) tliglo v(z,n) =0 and 11_{% v(z,n) = 1.

In this case, (u,v) is called an intuitionistic fuzzy norm.

Example 2.4 Let (X, ||-||) be a normed space. Let axb = ab and aod = min {a + b, 1}
for all a,b € [0,1]. For all z € X and every ¢ > 0, consider

L if t>0; el r ¢ >0,

0 if t<0; 0 if t<0.
Then (X, u, v, *, ) is an IFN-space.

Definition 2.5 Let (X, u, v, *,0) be an IFNS. Then, a sequence = = {z}} is said to
be intuitionistic fuzzy convergent to a point L € X if

lim p(xy—L,it)=1 and lim v(xy—L,t)=0
for all n > 0. In this case, we write

IF
T — L as k — oo
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Definition 2.6 Let (X, u,v,*,0) be an IFN-space. Then, x = {x;} is said to be
intuitionistic fuzzy Cauchy sequence if

p(Thyp — gyt ) =1 and v (Tpyp — Tg,t ) =0
foralln>0,and p=1,2---.

Definition 2.7 Let (X, u, v, *,0) be an IFN-space. Then (X, p, v, x,¢) is said to be
complete if every intuitionistic fuzzy Cauchy sequence in (X, p, v, *,¢) is intuitionistic
fuzzy convergent (X, p, v, *, ).

3. Stability In Intuitionistic Fuzzy Banach Space

In this section, the generalized Ulam - Hyers stability of the functional equation
in Intuitionistic Fuzzy Banach space is established. To prove stability results,
let us take N; be an Intuitionistic Fuzzy normed space and N5 be an Intuitionistic
Fuzzy Banach space.

3.1 Hyers Method of 1}

Theorem 3.1 If W : N, — N, is a function satisfying the inequalities

i (W (Sher g ws) = i G W) om ) = 1 (W (s, we) )

(13)
v (W (S g wy) = X5m G W) om ) SV (W (i, ) )
where W : Nf — (0, 1] with the conditions
:U’, (W (,}/Oéﬁwl’,ya,@w% T nyaﬁwf) 1 ) > :U’, (waﬁW (w17 Wy, * -+ ,U)g) 777) (14)
1z (W (f)/aﬁwlvfyaﬁw% U 77a5w5) 1 ) < v (WQBW (w17w27 U 7w€) 777)
and
lim ,u/ w 7a5w17’yaﬁw2a e a’Yanﬁ 77a677 =1
Jim (1 ) ) s
lim »/ (W (’yaﬁwb ’yaﬁwQa e 7’ya6w€) 7,}/(1577) =0
a—r00
for all wy,ws, -+ ,w, € N7 and all n > 0 with
w B
g ==+l and 0< (—> < 1. (16)
Y
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Then there exists a unique additive mapping ¥(w) : N — N3 given by

lim g <M — U(w),

«
a—00 v

lim v (—W(;’:w) — U(w),

a—00

=
N—
I
—_

—
—
~
~

3
~——
Il
o

and satisfying the functional equation ([12)) and

(18)
v (¥(w) =W(w),n) <v' (W (w,w,--- w), |y —wln)

for all w € Nj and all n > 0 .

Proof. Case (i): Rechanging w; = wy = -+ = wy, = w in ([13)), one can arrive
n(W((S5ma) w) = (Zhes ) Wiwdn ) = i (W (w,w, - w) ) "9
v(W((Zie() w) = (Shoy ) Ww)m ) < v/ (W (wyw,--- w) )

for all w € N7 and all n > 0. Define Z?Zl(j) =142+3+.---4+(= @ = in
(19), one can have

for all w € N and all > 0. It follows from (IFN4) and (IFN10) in (20]), one can see

WOy, 1Y 2 i (W (w0, w) )
Wi A )
T_W( ),; <V (W (w,w,--,w),n)

for all w € N and all n > 0. Putting w by v*w in , one can get

W w N (T (s o

W a+1w ,
v (% ~ Wy w), g) <V (W(tw,w, - °w),n)

I*sathya24mathematics@gmail.com, 2drarun4maths@gmail.com Page 89 of



ISSN: 2456-8686, Volume 4, Issue 1, 2020:84-117
DOI :http://doi.org/10.26524/cm70

for all w € N and all > 0. Using (IFN4), (IFN10) and in (22), one can obtain

W(HtHw)  W(yow
M( ((Oé-f—l) )_ (a )7 na>ZMI<W(U},w’-..7w),%>
7 as Loy 17 w (23)
W) Worw) gy :
v e —, —) <V (W(w,w, - w), —
v ot Y-y w
for all w € N and all n > 0. Interchanging 7 into w®n in , one can find
WHTw)  W(yrw) n-w®
2 ((a-i-l) )_ (a )777 o ZM'(W(w,w7...,w),n)
W27a+1w) W(Y)/oc,w) ;;/ ;/oz (24)
v - <v(W(w,w, - w)n
( 'y(aJrl) v ,7 e ) ( ( ) )
for all w € N and all n > 0. One can easy to verify that
W(rtw) WO w)  W(yw)
=L e (25)

E

for all w € N;. From one can achieve from that

WO e 19 gwwﬂw) _WOrw) n R
: e 7 ol lp+D) vy P
p=0 p=0 p=0
, M_W(w) n.a”w_ﬂ (SR were) W) n 2w
e el per e A Yo S
(26)

for all w € N; and all > 0. Using (IFNS5) and (IFNA11) in (26]), one can observe

W(v*w el Wt W (v Pw WP
ol v = putr ot vy oy
S (WO AP S (W(’V”“w) _ W(rw) g w_p)
o =) T ylp+D) v Ty AP
(27)
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where H;:& Cj = CL*Co%- % Cq and ]_[Z:& dj = dyodyo---od, for all w € N}
and all n > 0. It follows from and that

W(y*w L r ol ) )
H —(70 )—W(w),ﬂ- — ZHM(W(w,w,---,w),n):u(W(w,w,---,w),n)
7 p=0 i p=0
e a—1 p a—1
o (PO ), TS ) < T Wl ) = v (W, ). )
7 " p=0 " p=0

(28)

for all w € N; and all n > 0. Setting w by v?w in and using , (IFN4),
(IFN10), one can achieve

WO Pw)  WO) W ’
p - e Y 2w (WA w4
— lu, (W('LU, w, 7w)? wiﬁ)
o B 8 W
N RAUG! Vﬁw)_W%U’), Lo 2 (WA, A w) )
,Ya.,y Y T p=0 /yp
= I// (W(w7 'l,U, : 7w)’ wﬂg) )
(29)

WH* -2 w)  W(HPw) = w® - wh ,
- ) > W wawa 7w 9
@, B B a,, B
QUG vﬂw) _W(Wﬁw)’g w wﬁ <V (Www, w),n)
R’ ok gl |

for all w € NV} and all n > 0 and all 3, > 0. The relation implies that

o By By
M(W(v Yw)  W(y ),n)zu’<W(w,w,~-,w),

— B /6 1 a—1 wP
Ny 7y 5 szﬁ 7) (31)
a A8 B
y (W(/y 'yﬂ U}) N W(’Y w)’n ) S V/ W(w’ w’.. . ’w)’ 1 a—1 p
/ya . ,y f)/ﬂ ; ' Zp:ﬁ :/}_P
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holds for all w € N and all n > 0 and all 8, > 0. Since 0 < w < 1 and

a p
> (%) < 00. The Cauchy criterion for convergence in IFNS shows that the sequence
p=0

W(ye
{M} is Cauchy in (N3, p,v). Since (N, p,v) is a complete IFN-space this
/YOé
sequence converges to some point W(w) € N5, So, one can define the mapping

U(w): N1 — Ny by

lim M(M—\P(w),n> =1, lim V(M—\I’(w),n) =0

a—»00 ye a—00
for all w € NV and all n > 0. Hence

Mi@(w), as n — oo.
/ya

Letting § = 0 in , one can attain

M(M—W(w),n> > 4/ (W(w,w,--- ,w,%)

« 1
7 ; ’ Zp:O P (32)
V(M_W(w)W)SV/ (W@ana"'aw)?%
i Y 20 55
for all w € N} and all n > 0. Letting o — oo in , one can gain
Iu(\IJ(w) - W(’w)ﬂ? ) > :u/ (W(w,w, 7w)777<7_w)) (33)

for all w € N; and all n > 0. To prove ¥(w) satisfies , altering w; by vow; (i =
1,2,---,0) in (13), one can identify

1 (i {W (Zle J” wj) - i GwWer” wj))} N ) > (W (Y w1,y ws, -+ 7 we) , 7> 1)

v (i {W (Zle i wj) - (G W0 wj))} N ) <V (W (Y wr, Y wa, -y we) v )
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for all wy,ws, -+ ,w, € N7 and all n > 0. Now,
¢ ¢
I <‘1’ (Z jwj) DAl wj))77]>
= j=1

and

(36)

1 l
1
<Z]‘ij3 %Z]W’Y wy)), g)o
7j=1

7j=1

( { (Z i wg> —Z(j W(* wﬂ)}g) (37)

for all w € N; and all n > 0. Letting o — oo in , and using , one can
notice that U(w) satisfies the functional equation . In order to prove the existence
of W(w) is unique, let ®(w) be another additive functional equation satisfying

and . Hence,
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() 0t 2 (W) =W, 5 ) (W) — o), )
= (W(’yaw,fyo‘w’ o), ! v“\; - wl)
it (W, D)

v S = (\P(Vaw) W), '2701) °r <W(’V”‘w) — d(y"w), .27a>

SV/ (W(’yaw7’yaw7"'77aw)an’y |;/_W|>
(W ) M=l
/(W ),
. R :
for all w € NV} and all n > 0. In view of lim e = 00, one can acquire that
a—00 we

lim ,M/ <W<w7w7 e 7w)7 1 'Yal’Y—W|> =1

a—00 2we
. L v
lim ¢/ (W(w,w,-~~ ,w), L 72‘1 w') =0
W
a—r00

for all w € N and all n > 0. Thus

for all w € N and all n > 0. Hence, ¥ (w) = ®(w). Therefore, ¥(w) is unique. So,
the theorem holds for 5 = 1.
Case 2: Taking w as % in , one can see

n (W)= (2) 0 ) 2w (W (280 2) 0 ) (38)
(W) =W (5) ) < (W (5 5005) 0 )

for all w € Np and all n > 0. The rest of the proof is identical to that of Case 1.
This completes the proof of the theorem.

The resulting corollary is an immediate consequence of Theorem [3.1] regarding
the stability of the functional equation ({12]).
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Corollary 3.2 If W : N7 — N, is a function satisfying the inequalities

(9 (s d) = S5 G W) ) 2

o (W (i g w) — it G W) ) <

"

\

l .
' Hj:l aj|wj|bj7 77) )

(a5 fwsl,m)
v/ (Zﬁ:l aj|wj|bjﬂ7> 7
v (@Il hwsl',m)
v/ <H§:1 aj|wj!bjﬂl> :

J

for all wy,ws. -+ ,wy, € N; and all n > 0, with positive numbers a > 0 and
b, b;, lb, Z§:1 b; # 1. Then there exists a unique additive mapping ¥(w) : Ny — Nj
satisfying the functional equation and

;

for all w € N and all n > 0.

1
1
I
I
I

14

v

<

14

v

!/

!/

!/

/

!/

(a, |y —1n),

(a € wl’ |y =~"n),

(Zic e lwlin iy =21)
a |wl®, |y =~*n),

(H?zl aj Jw| ==t 0 |y — 725:1”4) ,

/

(a; |y —1ln),

"(a lfwl, ly =~%n),

(S5 lelin by =971).
"a [w|® Iy =~"m)

(T fol =ity = 450
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Radus Method of l)

Theorem 3.3 If W : N7 — N is a function satisfying the inequality (13). Assume

A= / (41)

1
¥

and W : N — [0, 00) be a function with the condition

: / o e . o apn) —
ah_)n(}o,u (W (AGwy, AGwa, - -+, AGwe) , Agn) =1 42)
lim v/ (W (AGwy, AGwa, - -+, AGwe) , AGn) =0

a—0o0

for all wy,wq, -+ ,wy € N7 and all n > 0 . If there exists L = L(d) such that the
functions

, y

(W (w,w, - w),m) = (W

) n): (43)
vV (W(w,w, - w),n) =1 (W(

) 1)

, ,

2E 2
=g 2
2e 2=

has the property

'u/ (%dw()\dw’)\dw’... ,)\dw),n) ://(L W(w,w;"' >w)777)

! (}\de<)\dw7/\dw,... 7)\dw)’n> :V’(L W(w,wy"' ,w)an)

(44)

for all w € N7 and all n > 0. Then there exists a unique additive mapping ¥(w) :
N1 — N; satisfying the functional equation (12)) and

pW(w) = W(w),n) = @ (KW (w0, w),n)
vWw) —¥(w),n) <V (%W(w,w, . ,w),n)

for all w € N7 and all n > 0.
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Proof. Define a set A = {X/X : N7 — Ny, X(0) = 0} and introduce the generalized
metric on the A as

=
=
g
|
<

D(X,Y) =inf{ L € (0,00) : (w),m) 2 w(L W(w,w, -+, w),m),

=
=
£
|
<

(w)vn) < I/(L W(w7w7 T 7w)777>7
(46)

for all w € N7 and all n > 0. It is easy to see that (A, D) is complete. Also, define a
function T': A — A by

TX(w) = )\id)’((/\dw), for all w € M. (47)

Now, from (46)) and X', € A, for all w € N} and all n > 0, one can land

/

inf{1 € (0,00) : p(X(w) = V(w),n) = p'(W(w,w,---,w),n), }

inf{1 € (0,00) : p(z X (Aaw) = Y (Naw),n) > p' (W (Xaqw, Aqw, - -+, Aqw), Aan), }
inf{L € (0,00) : p(5-X N\aw) — 3=Y(Aqw), 1) > p'(L W(w,w,--- ,w),n), }
inf{L € (0,00) : p(TX (w) — TY(w),n) > p'(L W(w,w, -+ ,w),n),}

inf{1 € (0,00) : (X (w) = Y(w),n) <V(W(w,w,--- ,w),n),}

inf{1 € (0,00) : v(5; X (Aaw) — 5;Y(Aaw),n) < V' (W(Agqw, Aqw, -+, Aqw), Aan), }
inf{L € (0,00) : v(5; X (Aaw) — 5;Y(Aqw),n) < V(L W(w,w, -+ ,w),n), }
inf{L € (0,00) : v(TX(w) = TY(w),n) < V(L W(w,w,---,w),n),}

\

This implies D(TX,TY) < LD(X,)Y), for all X, € A. ie., T is a strictly
contractive mapping on A with Lipschitz constant L .
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With the help of (IFN4), (IFN10), and for the case d =0, reduces to

u(M—W(w,n) > (lw(w,m... ,w),n>

v g

= N(TW(M) - W(w)ﬂ?) > :u/ (LlW(wvw"" 7w) 777) = :u/ (Ll_d W(w7w7”' 7w> 777)

(P i) < (20w ) )

— y(TW(w) — W(w
(48)

for all w € N; and all > 0.
With the help of (IFN4), (IFN10), and for the case d = 1, (38) reduces to

(o () oo (22-2)0)

:>M<W(w)—TW(w)a77> > (LW (w,w, -+ w) ,n) = @/ (LW (w,w, - w) 1)
< )

w w) )
y Ty — LW
Y Y

w
Y
,n) <V (L° W (w,w,-- ,w),n) =1 (Ll_d W (w,w, - - - ,w),n) )

(49)
for all w € N and all n > 0. Combining the above two cases, we arrive
TWU)—WU}, > ILlidW w,w, - ,w), ’
inf J L4 € (0,00) (T W(w) = W(w),n) = p'( ( )
V<T W(w) - W(U}), 77) S V/(Ll_dW <w7 Wy« - ,’U)) 777)7
(50)

for all w € Nj and all n > 0. Hence property (FPC1) of Theorem holds. By

(FPC2) of Theorem [L.1] it follows that there exists a fixed point ¥ of 7" in A such
that

b (252 — W) - 1.
d

a—0o0

lim v (W(;\gw) — \I/(w),n> =0

a—0o0

for all w € N; and all n > 0. To order to prove ¥ : N7 — N, is additive, the proof

is similar to that of Theorem By (FPC3) of Theorem [L.1] ¥ is the unique fixed
point of T in the set Q = {¥ € A : d(W,¥) < oo} and
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[L(W(U)) - \IJ(U;)’ 77) > M/(LlidW (’LU, w,y - 7w) 777)7
V(W<w> - \I}(w)a 77) < V/<L17dW (w7w7 o aw> 77])’

for all w € A and and all > 0. Finally by (FPC4) of Theorem we obtain

B W(w) = W(w).n) = o ($5W (w,w,--- w) )
v W(w) = U(w)n) <V (E5W (ww, - w).n)

for all w € NV and all n > 0. This complets the proof ofthe theorem.

The following corollary is an immediate consequence of Theorem concerning
the some stabilities of (12)).

Corollary 3.4 If W : Ny — N is a function satisfying the inequalities

7
(W (S0 g ws) = X5 G W) ) 2§ (aXhey lugln)
v (

¢ (51)
V' (a,m),
¢ ¢ .
v (W (s g ws) = X5 G W) n ) <8 v (a Xl fuyln)
¢
\ v/ <a Hj:l |wj’b777> 5
for all wy,ws. -+ ,w, € N7 and all n > 0, with positive numbers a > 0 and b, b #
1. Then there exists a unique additive mapping ¥(w) : N7 — N, satisfying the
functional equation and \
W (a, |y —=1fn),
pW(w) =W(w),n) >4 @ (allwf [y —=~"n),
"(a lw éb’ _ A0 ’
W (a fwl®, by = +"In) (52)

V' (a, |y — 1),
v(W(w) =¥(w),n) <§ v (al|w]’|y—+"n),

v (a |wl®, |y —~+*n)

for all w € N; and all > 0.
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Proof. It follows from LHS of and Theorem [3.3] of by replacing w; by Ajw;,
one can notice that

o
i (W Ogwn, N, N Nin) = 8 (a0 Mgl M)
' (o TTmy I\, Agn)
v (a, Aqn) ,
v (W Own Mgwa, -+ X, Aqn) < 9o (a0, INgu P Aqn)

£ (03 (0%
2 <a Hj:l |)‘dwj|b’ )‘dn> )

\

for all wy,wy. -+ ,w, € N7 and all n > 0 and letting a tends to infinity in (53]) one
can view that holds.

From (43), and (44), one can arrive

i (A alwllPn)

W (AL allw]|®,n)

(
(
{ 1 (A;ta,m),
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v (A;la,n),
V/ <)\LdW ()\dwv Adwv o ,)\dlU) 777> = V/ (L W(wvwa T ,’LU),T]) = V/ ()‘Z_l a||w||ban) ;

v (A allwl®,n),
for all w € N; and all n > 0.

For d=0; L:)\glzfy’l

pW(w) —¥(w),n) = (% W(w, w, - ,w),n> =/ (a, (v — 1)n)
)

v W(w) = ¥(w),n) < v (G257 Ww,w,- w),n) = (a, (v = 1))

-

For d=1; L=)\"=—==7

_pyb

b—1\1-0
v (W(w) = W(w),n) < v (G5 Wi, w)n) = v (a €l (v = 2*)n)

For d=1 L—/\b_lz—1 :Vlb
? d b—1
Y

1-b\1-—1

i V() = W(w), ) > 1 (G Www, - w)n) = ' (€l (7" = 7))

v W(w) = W(w),n) < v/ (G Wi, w)o) = v/ (a €l (5 = 7))
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£b—1\1-0
p W) = W(w) ) = 1 (S W, w, w),)

bel)lf()

v (W) = W(w),n) < v (G5 Www, - w),n)

' (a [Jw]|®, (v = +*)n)

Vv (a [|[w]|®, (v = v*)n)

1
For d=1; L=XN1=——=7"%
1—£by1—-1
pW(w) =¥ (w),n) = 1/ (% W(w,w,- - ,w),n) =1/ (a [[w]|®, (+** — 7))
1—¢by1—-1
v W(w) = W(w),n) <V (Yoa Www,-w),n) =2 (a llul® (7 = )n)

Hence the proof is complete.

Stability In Intuitionistic Fuzzy Banach Algebra

In this section, the generalized Ulam - Hyers stability of the functional equation
(12)) in Intuitionistic Fuzzy Banach Algebra is established.
Definitions and Notations of Intuitionistic Fuzzy Banach Algebra

Definition 4.1 A Intuitionistic Fuzzy Banach space A is said to be a Intuitionistic
Fuzzy Banach algebra if it satisfies the condition

(IFN14) p(z,t) * p(y, s)
(IFN15) v(z,t) o v(y,s)

for all x,y € A.

Definition 4.2 Let A and B be real Banach algebras. A mapping H : A — B is
called a Intuitionistic Fuzzy Algebra Homomorphism if

H(zy) = H(x)H(y) forall z,y € A

Also, in general

H (ﬁxz> :ﬁH(Z'i) for all z; € A.

Definition 4.3 Let A and B be real Banach algebras. A mapping D : A — B is
called a Intuitionistic Fuzzy Algebra Derivation if

D(xy) = D(x)y+xD(y) forall z,y € A.
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Also, in general
D(H%) Hxl z;); i<j<n i#j forall z; € A

To prove stability results, let us take M; be an Intuitionistic Fuzzy normed algebra
and My be an Intuitionistic Fuzzy Banach algebra .
Homomorphism Stability Result: Hyers and Radus Method

Theorem 4.4 If W : M; — M, is a function satisfying the inequalities and

M(‘I’ (Hﬁ%‘) —Hﬁ‘l’(wj)m) > p (W (wy, ws, -+ we) ,m)

(54)
v (9 (TTws) =TT wCwy)n ) < v/ (W (wi g, ) )
where W : M{ — (0, 1] with the conditions (14)), and
lm /(W (Y**Pwy, v Pw,, -+ 7*Pw,) ,7"*Pn) =1
a—00 (55)
lim »/ (W (,yﬁaﬂwh f}/aﬁw% U 77&1511}3) 77&157’}) =0
a—r 00

for all wy,wy,---,w, € My and all n > 0 with holds. Then there exists a
unique homomorphism mapping ¥(w) : M; — M, given in and satisfying the
functional equation and for all w € M; and all n > 0 .

Proof. In view of Theorem|[3.1], there exists a unique additive mapping ¥ (w) : M; —
M given in and satisfying the functional equation and for all w € M,
and all n > 0 . It follows from and , one can obtain

K <\1’ (Hf wj) - Hﬁ \Ij(wj)ﬂ? > = U ( ( (Hf 7mw]> _ Hj W(Veawj)> 77%{” > )
> (W (7 “wy, Y *ws, - - - ,”YZQUJE) yen )

1 as o — 00
0 0) - TE00010) = 07 (70) M) o)

.
V(W (w1, v wa, - -+ v we) ')

1

0 as a — 00

i
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for all w € M; and all n > 0 . Thus ¥(w) is a unique homomorphism mapping.

Corollary 4.5 If W : M; — M, is a function satisfying the inequalities and

’
v (

(0 (T ws) =TT @) ) 2§ (0wl m)
v (
 (

v (a3 lwlin)
v (v (T ws) = T W) ) < 3 v (i aslwsn)

v (@Il hwsl'sm)
v (T ashwsl ).

for all wy,wy. -+ ,wpy € My and all n > 0, with positive numbers a > 0 and
b,b;, b Z?:l b; # 1. Then there exists a unique homomorphism mapping ¥(w) :
M — M, satisfying the functional equation and for all w € M; and all
n > 0.

Theorem 4.6 If W : M; — M, is a function satisfying the inequalities and
(p4). Assume )\, is defined in and W : M% — [0,00) be a function with the
condition for all wy,wsy, -+ ,w, € My and all n > 0 . If there exists L = L(d)
such that the functions has the property for all w € M; and all n > 0.
Then there exists a unique homomorphism mapping ¥(w) : M; — M, satisfying
the functional equation and for all w € M; and all n > 0.

Corollary 4.7 If W : M; — M, is a function satisfying the inequalities and
for all wy,wsy.--- ,w, € My and all n > 0, with positive numbers a > 0 and
b #1, % Then there exists a unique homomorphism mapping ¥(w) : M; — M,
satisfying the functional equation and for all w € Mj and all n > 0.

Derivation Stability Result: Hyers and Radus Method

I*sathya24mathematics@gmail.com, 2drarun4maths@gmail.com Page 104 of



ISSN: 2456-8686, Volume 4, Issue 1, 2020:84-117
DOI :http://doi.org/10.26524/cm70

Theorem 4.8 If W : M; — M, is a function satisfying the inequalities and

p (¥ (T wy) ~ TEwelay)n ) = o (W (wr . ) )

(57)
v (0 (T ws) =TT (uwy)n ) <0/ (W (wr s, ) )
where W : M{ — (0, 1] with the conditions (14)), and
lim :u/ (W ('.Yeaﬁwla Vzaﬁw% e 7760{5,“}3) 7760{577) =1
a—00
(58)

lim v/ (W (/Yeaﬂwla ’Veaﬁw% e JYMBU)Z) 7’}/0{577) =0

a—00

for all wy,wsy, - ,wpy € My and all n > 0 with holds. Then there exists a unique
derivation mapping ¥(w) : M; — M, given in and satisfying the functional
equation and for all w € M; and all n > 0 .

Proof. In view of Theorem , there exists a unique additive mapping ¥V(w) : M; —
M given in and satisfying the functional equation and for all w € M,
and all n > 0 . It follows from and , one can obtain

\

o (0 (T0 wy) = T we (), ) = (S (W (T 7wy ) = T 7 wsW(r ) ) 2 )
> (W (Ywy, v ws, -+, 7" w,) v*n )

— 1 as a — o0
v (‘1’ (Hf wj) — 1w (w;), n ) =v <7¢% (W (Hf Vmwj) ~1I1; Vo‘ij(Vmwj)> 7N )

— 0 as a — o0

for all w € M; and all n > 0 . Thus ¥(w) is a unique derivation mapping.
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Corollary 4.9 If W : M; — M, is a function satisfying the inequalities and

" \
u( ]1|wj|”ﬂ7),

p (v (T ws) = TG wwg)n ) = 8w (S0 aglusl.n)
(o
u(

j1|wj|b )7

( j= 1|wylb >v
v (\IJ (Hﬁu@) - Hﬁwﬂll(ug),n) <<V ( i S aj|w;|b 777)
(oIT

|wj|b )v

¢ .
L v/ (Hj:laj|wj| ]777)7

/

for all wy,wq. -+ ,wp € My and all n > 0, with positive numbers a > 0 and
b, b;, (b, Z§:1 bj # 1. Then there exists a unique derivation mapping ¥(w) : M; —
M, satisfying the functional equation and for all w € M; and all n > 0.

Theorem 4.10 If W : M; — M, is a function satisfying the inequalities and
(57). Assume ), is defined in and W : M{ — [0,00) be a function with the
condition for all wy,wsy, -+ ,w, € My and all n > 0 . If there exists L = L(d)
such that the functions has the property for all w € M; and all n > 0. Then
there exists a unique derivation mapping ¥(w) : M; — M, satisfying the functional
equation and for all w € M; and all n > 0.

Corollary 4.11 If W : M; — M, is a function satisfying the inequalities
and for all wy,wsy. -+ ,wp € My and all n > 0, with positive numbers a > 0
and b # 1, % Then there exists a unique derivation mapping ¥V(w) : M; — My
satisfying the functional equation and for all w € M; and all n > 0.

Stability In Intuitionistic Fuzzy Banach Space and Algebra: Another
Substitution

Hyers Method of
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Theorem 5.1 If W : N7 — N, is a function satisfying the inequalities

i (W (Sher g ws) = i G W) m ) = ! (W (s, we) )

(60)
v (W (S g wy) = X5m G W) om ) <V (W (i, ) )
where W : Nf — (0,1] with the conditions
// (W (eaﬂwh Eaﬁw% .. 7€aﬁwé) .1 ) > /Ll (waﬁw (wl,w% ce ,’U)g) ,T]) (61)
v (W (Eaﬁwlv Eaﬁw% U 7€a6w£) 1 ) < v (waﬁW (wla L% PR wa) 77])
and
lim g (W (ePwy, €Pwsy, - -+, ePwy) , e*Pn) =1
i (0 ) ) o
lim +/ (W (eo‘ﬁwl, By, - - ,eaﬂwg) ,eaﬁn) =0
a—r00
for all wy,ws, -+ ,w, € N7 and all n > 0 with
w\ B
B=41 and 0< (—) <1 (63)
€
Then there exists a unique additive mapping ¥(w) : Nj — N3 given by
lim p (M = W(w),n > =1,
a—r00 ) (64)
lim v (@ — U(w),n ) =0
a—r0o0
and satisfying the functional equation ([12)) and
,LL(\IJ(U)) _W(w)’n ) > :u/ (W (w707 uO,w)7|€_W|77) (65)

for all w € Nj and all n > 0 .
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Proof. Case (i): Rechanging wy = -+ = wy_; = 0;w; = wy = w in , one can
arrive

(66)
vV ((L+0) w) = 1+ O)W(w),n) <V (W (w,0,---,0,w),n)
for all w € N; and all n > 0. Define
1+/0=¢
in , one can have
pW(ew) —eW(w),n) = p (W (ww,---,w),n) 67)

vW(ew)—eW(w),n) <V (W (w,w,---,w),n)
for all w € N; and all n > 0. The rest of the proof is similar to that of Theorem [3.1}

The resulting corollary is an immediate consequence of Theorem .1} regarding
the stability of the functional equation .

Corollary 5.2 If W : N7 — N, is a function satisfying the inequalities

( )

(a,n),
a (|w1|b + |wélb) a77> )

~

o
p (W (S5 g wy) =S5 G W) ) = 4 (
i (

arwi [ + aglwe|®,n)

0
[V (a.m).
v (W (e d ) = X5 G W) on ) 9 v/ (a (fwrl? + Jwil?) 1)
|V (a1|w1]b1 + a4|wg|b€,7]) -
(68)
for all wy, ws. -+ ,w, € Np and all > 0, with positive numbers a > 0 and b, by, by #

1. Then there exists a unique additive mapping ¥(w) : N7 — N, satisfying the
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functional equation ((12)) and

w (a;le = 1ln),
pW(w) =W(w),n ) =9 i (2a [wl’ e —€n),
' (an Jwl™ +ag [wl’,n (e — ]+ e =€),
V' (a, le = 1in),
y W(w) = ¥(w).n ) <4 o/ (20wl | — eln)

v (a1 lw[® + a, |wl®,n (|e — €+ e — eb’f|)) ,

/

(69)

for all w € N; and all n > 0.

Radus Method of 1)

Theorem 5.3 If W : N7 — N is a function satisfying the inequality (60). Assume

Ao = | (70)

a =
IS
I

—_

and W : Nf — [0, 00) be a function with the condition

: / a el . a ap) —
(XILHC}OM (W (AGwr, AGws, - -+, Aqwe) , Agn) =1 1)
lim v/ (W (AJwq, Aqws, - -+, Aqwe) , AGn) =0

a—0o0

for all wy,ws, -+ ,wy € N7 and all n > 0 . If there exists L = L(d) such that the
functions

(72)
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has the property

1 (/\de()\dw,o,... 70,)\dw)777> = (L W(w,0,---,0,w),n)

(73)
I// (ALdW ()\dwy 07 e 707 Adw> 777> = V/ (L W(w’ 07 e ’O7w)7n)

for all w € N7 and all n > 0. Then there exists a unique additive mapping ¥(w) :
N1 — N; satisfying the functional equation (12)) and

2 (W(U}) - \Il(w)fr]) > ,u/ (IlllT_LdW(U)vO? T 707w)777>

. (74)
v (W(w) = W(w),n) < v/ (EFW(w,0,-+,0,w),n)
for all w € N7 and all p > 0.
Corollary 5.4 If W : N7 — N, is a function satisfying the inequalities
. . W (a,m),
(W (S dws) =S G W) ) 24 S
K <& i=1 1Wj 777)7
7=1 J (75)
. , V' (a,n),
v (W (i gws) =S GW) ) <8 T
v (aZj:I |wj| 777> )
for all wy,ws.--+ ,w, € Np and all n > 0, with positive numbers a > 0 and b #

1. Then there exists a unique additive mapping ¥(w) : N1 — N, satisfying the
functional equation and

!/

a, |E - 1|77>7

b (W) — ) ) >
(20 ol le— ),

0
0
V' (a,le—1]n),

v(W(w) —¥(w),n) <
v (2a lw|®, e — €b|77) ,

for all w € N} and all n > 0.

Homomorphism Stability Result: Hyers and Radus Method
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Theorem 5.5 If W : M; — M, is a function satisfying the inequalities and

(W (wiwe) — W(w)W(we),n ) > p@' (W (wy,0,--+,0,w,),m )

(77)
4 (\I’[ (wlwf) - \Ij(wl)\lj(wf)vn ) < v (W (w17 Oa T 7Oa UJ@) 1 )
where W : M¢ — (0, 1] with the conditions (61)), and
lim g/ (W (eab’wh Py, - - 7€aﬁw£) ,Ewn) =1
a—00 (78)
lim v/ (W (e*Pwy, ePwy, - -+, e*Pwy) , €Pn) = 0
a—r 00

for all wy,wy,---,w, € My and all n > 0 with holds. Then there exists a
unique homomorphism mapping ¥(w) : M; — M, given in and satisfying the
functional equation and for all w € M; and all n > 0 .

Corollary 5.6 If W : M; — M, is a function satisfying the inequalities and

( )

(a,n),

a (lw + wel®) ,n)

ar|wy [ + aglwe|”, )
(a,n),

v (¥ (wiwe) — W(w)W(we),n ) <9 v (a(jwi]’ + |wel®) , ),
(

~

1
(W (wiwe) — W (w)V(we),n) = 4 (
i

/

I//

\ ar|ws | + Ge\we\b’faﬁ) )

for all wy,wsy. -+ ,wy € My and all n > 0, with positive numbers a > 0 and b, by, by #
1. Then there exists a unique homomorphism mapping e(w) : M; — M satisfying

the functional equation and for all w € M; and all n > 0.

Theorem 5.7 If W : M; — M, is a function satisfying the inequalities and
(™). Assume ), is defined in and W : M{ — [0,00) be a function with the
condition for all wy,wsy, -+ ,w, € My and all n > 0 . If there exists L = L(d)
such that the functions has the property for all w € M; and all n > 0.
Then there exists a unique homomorphism mapping ¥(w) : M; — My satisfying
the functional equation and for all w € M; and all n > 0.
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Corollary 5.8 If W : M; — M, is a function satisfying the inequalities (68))) and
for all wy,wsy. -+ ,w, € My and all n > 0, with positive numbers a > 0 and
b, b1, by # 1. Then there exists a unique homomorphism mapping ¥(w) : My — M
satisfying the functional equation and for all w € M; and all n > 0.

Derivation Stability Result: Hyers and Radus Method

Theorem 5.9 If W : M; — M, is a function satisfying the inequalities and

2 (\IJ (wlwf) - wllp(wf) - wqu(wl)’ n ) > /Ll (W (wlv 07 T 7O7wf) 1 )

(80)
v (W (wiwe) — wi W (wy) — weW(wi),n ) < v/ (W (ws,0,---,0,we),n)
where W : M{ — (0, 1] with the conditions (61)), and
lim g/ (W (6“’8101, Py, - - 7€aﬁw£) aﬁmﬁﬁ) =1
a—00 (81)
lim v/ (W (ePwy, ePwy, -+, e*Pwy) , €Pn) = 0
a—r 00

for all wy, wy, -+ ,w, € My and all n > 0 with holds. Then there exists a unique
derivation mapping ¥(w) : M; — M, given in and satisfying the functional
equation and for all w e My and all n >0 .

Corollary 5.10 If W : M; — M, is a function satisfying the inequalities and

\

(1 (),
p (¥ (wiwe) — wi¥(we) —wel(wi),m ) > ¢ 4/ (a (Jwi]’ + [wel’) ,n),
W

ar|wi | + ag|wg|®, ) ,

o ®2)
(a;n),
v (¥ (wiwe) — w1V (we) —weW(wi),m ) < 4 v (a(Jwn]® + Jwel®) ,n),
|V (ar]wr | + aglwe|™,n) )
for all wy,wsy. -+ ,wy € My and all n > 0, with positive numbers a > 0 and b, by, by #

1Then there exists a unique derivation mapping ¥(w) : M; — M, satisfying the
functional equation and for all w € M; and all n > 0.

Theorem 5.11 If W : M; — M, is a function satisfying the inequalities and
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(80). Assume ), is defined in and W : MY — [0,00) be a function with the
condition for all wy,ws, -+ ,wy € My and all n > 0 . If there exists L = L(d)
such that the functions has the property for all w € My and all n > 0. Then
there exists a unique derivation mapping ¥(w) : M; — My satisfying the functional

equation and for all w € M, and all n > 0.

Corollary 5.12 If W : M; — M, is a function satisfying the inequalities
and for all wy,wsy. -+ ,w, € My and all n > 0, with positive numbers a > 0
and b # 1, % Then there exists a unique derivation mapping ¥(w) : M; — My
satisfying the functional equation and for all w € M; and all n > 0.
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